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LEADING RULES OF THE SCIENCE. 

t 

{a) XH£ definitions^ and mode of notation^ laid 
down in the corresponding article of the preceding 
part of this work^ having been,, in general, suf- 
ficiently explained, it will here only be necessary to' 
ohsei*ve, that the difficulties commonly experienced 
by learners> in comprehending the nature of some 
of the first rules of algebraical computation, arise 
chiefly from the operations being performed by 
means of general symbols, instead of by numbers, 
and the consequent necessity of giving the sign 
— a more extensive signification than that of 
' barely indicating the subtraction of the quantities, 
hefore which • it is placed, from ^hose that are 
marked with the opposite sign + ; which circum* 
stances, as far as they relate to the addition of such 
quantities, may be elucidated as follows: 

(B),If the symbol a, for example, in the first 
case of this rule, be made, to represent any quan- 
tity, or thing, which is the object of calculation, 
it is obvious that 5a will represent five times that 
thing, and ^a seven times the same thing, what- 
ever may be the denomination or numeral value 
oia; and consequently, if the quantities 5a and 
7iZ are to be incorporated, or added together, their 

vol,. II. B 



2 LEADING RULES OF THE SCIENCE. 

sum wiirbe twelve times the thing denoted by a, 
or I2a. 

Also, in the other part of this case, which re- 
lates to the adding of what ar^ usually called ne- 
gative quantities, as —2a and —3a, it is plain that 
BO other idea can be attached to such expressions, 
than that of their producing, in any mixed opera- 
tion, a contrary efl'ect to that of the positive quan- 
tities with which they are connected; and conse- 
quently, after incorporating them in the same man- 
ner as the latter, the sign — « must be prefixed to 
iAie result; so that if a be greater than a, it is evi- 
dent that 2(a- a) + 3(a - a),or (2A - 2a) -f (3a -3a) 
will be = 5a — 5a, and therefore the sum of tl^e 
quantities —2a and —3a, when taken in their 
isolated state, will, by a necessary extension of the 
rule, be = — 5a. 

Hence, likewise, in the second case of the rule> 
where the quantities are supposed to be like, but 
to have unlike signs, the reason of the operation 
will readily appear, from considering that the ad- 
dition of algebraic quantities, taken in a general 
sense, or without any .regard to their particular 
values, means only the uniting of them together, 
by means of the arithmetical operations denoted 
by the signs + and — 1 ; and as these are of con- 
trary, or opposite natures, the less quantity must 
be taken from the greater, in order to obtain the 
incorporated mass; and the sign of the greater pre- 
fixed to the result. So that if 6a is to be added to 
4(A — a), or to (4a — 4a), the resnlt will, evidently, 
be 4A + 2a; and if 4a is to be added to 6(A-a), 
or to (6a -6a), the result will bf 6A-2a5 whence, 
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by making the tole general^ as in the former case, 
the sum of 6a and — 4a will be 2ay and that of 4a 
and — 6a will be — 2a. 

Also, with respect to the third case, where the 
quantities are supposed to be unlike, or of different 
kinds, it is manifest that they^ can be no otherMHse- 
incorporated, or added together, than by means *of 
the signs -f and — ; for if a, for example, be 
made to represent a pound, and b a shilling, the 
sum of a and b can be neither 2a nor 2b, that is, 
neither two pounds nor two shillings, but one 
pound plits one shilling; which must therefore be 
expressed hy a-hb. 

(c) This rule is founded on the consideration, 
that additioTi and subtraction are directly opposite 
to .each other, both in their nature and efiect, like 
the signs + and — , by which they are denoteil; 
so that to subtract one positive quantity from 
another, of the same kind, is equivalent to adding 
the same quantity taken negatively; and to subtract 
a negative quantity, is equivalent to adding the 
same quantity taken affirmatively; each of which 
operations may therefore be performed, as directed 
in the rule, by changing the sign of the quantity 
that is to be subtracted, from + to - , or from — 
to 4- , and then proceeding as in addition. 

Thus, if 3a is to be subtracted from Sa, the re- 
sult will be 8a — 3^, which is equal to 5a; and if 
2 b — c is to be subtracted fi*om 3a, the result will 
be 3a — (2i — c), which is equal to 3a — 26 -fc; for 
since, in this case, it is the difference between 2b 
and c that is to be taken from 3a, it is plain, from 
the quautity that is to be subtracted being less than 
2b by c, th^t if the affirmative part 2b be only taken 

B 3 



4 LADING RVJLES OF THE SCIENCE. 

away, too much will have been deducted by the 
quantity c, and therefpre c must be added to the re- 
sult^ in order to render it correct. 

(d) The rule for multiplying such algebraic 
quantities together as are affirmative, is the same 
as that for the iriultiplication of numbers, in com- 
mon arithmetic, except as far as regards the ge- 
nerality of the terms, and the practice made use 
of, in the former, of reversing the order of the^ 
operation. 

Thus, if a is to be multiplied by J, or b by a, the 
product, in this case, is usually indicated, without 
any particular process, by a x &, or ab; which sig- 
nifies, that the nqmber represented by a is to be 
taken as many times as there are units in the number 
represented by 6 ; or that b is to be taken as often as 
there are units in a ; so that, for instance, if the 
numeral Value of a be 1 2, and that of b 8, the pro- 
duct ab will b.e 1 2 x 8^, or 8 x 1 2, which, in either 
case, is 9^ (a). 



(fl) Several modem writers on algebra have thought it ne- 
cessary to prove, that, if a and b be any two unequal num- 
bers, the product of a by 6 will be the same as the product of b 

by a: or that 

ab — ba. 

And it must be confessed, that the proposition, though un- 
doubtedly true, is not so evident as our general habits, acquired 
from the practice made use of iii multiply ing small numbers, 
would lead us to imagine. In order, therefore, to satisfy the more 
scrupulous reader on this point, the following demonstration of it 
is here subjoined. 

Let a^^b, and suppose a to be decomposed into as many num- 
bers ^ as are contained in it, and put r= the remainder; then 
' a X A - i{^ + 6 + fe + ..... + r), or 
ab =^ bb + bb + bb 'i' . , + r6. 
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• And if any compound quantity, asi + c + rf&c. 
is to be multiplied by some simple quantity a, the 
product, according to the rule, will be found by 
multiplying each of the parts b, c, rf, &c. sepa- 
rately, by a, and then adding the results together, 
as below: 

h + c-{-d+ &c. 

^ ■ 

a 



ab + aC'\-ad+ &c. 

Which process is evidently right, since the sum 
of the products, arismg from multiplying the several 
parts of any one number by another, is equal to 
the product of the two entire numbers, as is shown 
in Bndid^s Elements, Book n, prop. 1. 

In like faianner, if the compound quantity c-hcf, 
is to be multiplied by some other compound quan* 
titj a + b, the product, in this cas^, will be found, 
by multiplying all the parts of the one by the se^ 

Where it is plain^ that thp order of ali the terms, bb, bh, &p« 
<can be inverted at pleasure. 

It therefore qn}y remains to show, that rh^br'^ for vThicli 
purpose, as rz:^« suppose 6 to be decomposed into all the num- 
bers r which it contains, as in the first case^ and put r'*^ the re-^ 
mainder; then 

r xb^r{r'^rj{-r^ + r'), or 

rb^rr^rr'^Tr-^ + rr'. 

Wfeere^ the order of the terms rr, rr, &c. are obviously con- 
vertible, as before. 

Hence, by. proceeding in this manner, with rr' and all the 
following products t-'r", r'V", &c. it is plain that we shaW, at 
length, arrive at a decomposition in which the remaiader will b« 
either or I. . 

And since, agreeably to what is aboy« shown, we can invert^ 
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veral parts of the other, and then adding the results 
together as before; thus, 

c + rf 



■!■ . ■?■ 



ac + ad+bc-{-bd 

Which result must also be just, for reasons si- 
niilar to those given above; and the same will hold 
for the multiplication of any polynomial whatever, 
of this kind, by another. . 

Again, if b, i, be any two quantities, of which 
p is the greater, and b — ft is to be multiplied by a, 
it is plain that the product, in this case, must be 
less than ab, because fi — b is less than b ; and con- 
sequently, when each of the terms of the former 
s^re multiplied by a, o^ above, the result will be 

in the first of these cases, the order of the factors in all the terms^ 
of the pro4uct correspond log with ah, it follows that ah itjltlf is 
likewise convertible into ba* . . - . 

Also, if n, in the second case, be made to denote the number 
cif accents, that should be placed over the remainder that pre- 
cedes unity, we shall only have to prove, that 1 x K*^«r^*^ x 1 ; 
which being of itself evident, the proposition is true. ' 

Hence, likewise, it may be readily shown, that the order of the 
factors, in the product of any three numbers abc, can be inverted 
at pleasure without altering the result. 

For since, from the former part of the proposition, we have 

ab^boy ac^ca^ and bc^cb, 

it follows, by a proper substitution of these equals in thQ,Qriginal 
and succeeding products, that 

<i6c « bac = bca === cba *= acb » cab^ 

And the same mode of reasoning may be applied to four, five, 
&c. factors; and so on, by degrees, to any number of factors 
whatever. 

Whence the rule is universally true, in all cases of this kind. 



hEABni^ RULES OF THE SCISNC£«. 

a 



UB^ab 

For if it were aB + a6, the product would be 
greater than an, which is absurd. 

Also, if B be greater than b, aad a greater than «j 
and it is required to multiply b — 6 by a - a, the 
operation^ accordiug to the rule, will stand thus : 

B-.& 
A-rt 



AC — aJ — aB + ab 



In which case the result must, likewise, be tru6; 
for the pt^oduet of b - i by a is a(b — &),or ab — a6> 
and that of b -~ & by — a, which is to betake^ from th6 
former, is — a(B *- i), as has been already shown ; 
whence b — 6 being le^s than b, it Is eridei^t that 
the part which is to -be tal^n awfty mtast be less 
than asi and consequently, since the first part of 
this product is — aB, the second pdtt must be -f aftj 
for if it were — aft, a greater paf t than rfB would be 
to be taken from a(b — S), which is absurd* 

Hence, from what has been here proved, it fol- 
lows, that like signs, in multiplication, give +j 
and unlike signs — , agreeably to what has been 
observed in the practical rid^, Part i: that is, 

1. +ax+ft=i4+flr6 

2. —ax +b= —ab 

3. +a X — &= — ai 
' 4. —ax —6= +a6 

» 

It is here likewise farther evident, that, although 
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no direct mode of reasoning can be applied to such 
operations as ( + a) x ( — J), or ( — a) x ( -6), when 
the quantities are isolated, or taken separately; yet, 
in all cases of actual multiplication, where — a or 
— h are mixed with real quantities, the rule for the 
signs of these products has been shown to be true, 
and therefore ought tp be made general (A). 

(e) The rule of division being merely the con- 
verse of that for multiplication, it would be need- 
less to offer any thing, by way of demonstratioUj, 
respecting the principles on which it is founded^ 
or the trath of the results, obtained in the several 
cases into which it is divided, as these will be 
found siiffici^ntly plear fro|n what has been deliit 
vered iq the last artick. . 

It therefore only remains to show, wliy, in dxmz 
sion, as well as in multiplication, like siigns. .prbr- 
duce 4-, aad unlike signs .— ; in order to which it 
must be observed, that, according to the nature of 
division, the product of the quotient and divisor 
pught to. be equal to the dividend. 

Hence, it i§ eyident^j that : 

1. -^= + J; because fa into -tft, gives 4- aft. 

■ « « . . * < * . 

I . I !■■ ■ .1 . |-— _■_ _,ll_ _ I, J l ~ ~ l ' ■ I - - 1 1 1 ,1 _ - JLJ U l ^ 

I 

{h) The method here used appears to be the only way by 
^hich, from evident principles, we can prove tl^e truth- oF the 
above rule; for the mode of illustration^ drawn from mercantile 
transactions, respecting the difference between real effects and 
^ebts, is obviously too vague and unscientific to be used in an 
investigation which is purely analytical; and that derived from 
hiultiplying (a — a) =0^ by -k-h ov —b, is founded upon a naani- 
fest sophism; for a^a cannot, at once, be put -0, and tihen 
cousidered in reasoning as a real quantity. 
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2. = — i; because +a into —J, crives —ab. 

S. __=-.J; because —a into —b, gives +a6. 

4, = +i; because —a into +i, gives —ab. 

Which four cases comprehend all the changes 
that can possibly happen, with regard to the varia- 
tion of the signs. 

We may here, also, farther observe, in addition 
to what has been said in the practical part of the 
work, respecting the first four rules of this science, 
that, even in these simple operations, the great 
advantage of the algebraic calculus over that of 
arithmetic, is sufficiently manifest, from the readi- 
ness with which it enables us to establish the truth 
of several general propositions, which, if numbers 
had been used instead of letters, could only have 
been inferred from induction. 

Thus, from the rules of addition and subtraction 
only, it . appears, that th^ half difference of any 
two quantities of the same kind, added to their 
half sum, is equal to the greater of those quanti- 
ties ; and that half their difference, taken from 
^heir half sum, is equal to the less : that is, . 

7 . 41 -j> b a-T b 
2- b=^—- — - 

2 2 

t 

It is likewise evident, from the rule of multipli • 
cation, tliat the product of the sum and difference 
of any two quantities is equal to the difference of 
their squares : that is, 

(a 4- 5) X (a-r ft) = fl' — J* 
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And consequently that the difference of the 
squares of any two quantities, as a^— 6% can always 
be put under the form (a^b) x {a — b). 

Hence, also, it follows, from the division of 
these quantities, as pointed out by the common 
rale, that 

1 . 7- ^a — 0. 

a+ b 

2. — f^a^h 

a—b 

All of which formulae the learner should care- 
fully retain in his memory. 

(f) The operations which are employed for 
finding the common measure of tw^o or more 
quantities, as given in Case i, of Algebraic Frac- 
tions, are founded upon the principle, that if one 
quantity be divided by another, and the remainder 
and divisor have a common measure, this will, 
also, be a common measure of the divisor and divi- 
dend, the truth of which may be shown thus : 

Let q = the quotient of D divided by //, and r = 
the remainder ; and suppose c to be the common 
measure of r and dy or that r^mc^ and d=nc; 
then, by the nature of division, D^qd+r^qnc-^- 
mc; and if the first and last of these equals be each 

divided by c, w^e shall have - = ^ = qn-\-ni=^a 

whole quantity ; w hen^e c is a measure of D, as 
well as of d. 

And, if ^' = the quotient of-, ;*'= the remainder, 

and c' be a common measure of r and r', it may 
be shown, as ]>efore, that this will, also, be a com- 
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mOJl measure of dy and consequently of d ; and so 
oq, for aoy oth^ remainder and the preceding 
divisor ; ^ which is conformable to the directions^ 
given in the practical rule, for finding the common 
raea$nre of two or more quantities. 

It may here, also, be farther shown, tliat the 
greatfist CQmiiK>n measure of two quantities will, 
in no re^pect^.be idtered, by multiplying or divid- 
ing either of them by any quantity which is not a 
divisor of the other, or that contains no factor, 
which is common to them both. 

For, 1^ the quantities >a6, ac^ be taken, of which 
tbe common measure is a ; then, if ab be multi-* 
plied hjdj they will become ahd. and ac; wliere it 
is evident, that a is the common measure^ as before. 
And^ ichaversely, if the first of the two quantities 
ahdy acy be divided by dy they will become aJ, ac, 
where a is « still the comtuon measure. 

But it will iK)t be the same, if one of the two 
quantities be multiplied or divided by ia quantity 
which IS a diyisbr of the other, or that has a com^ 
mbn factor with it; for. if the first of the two qnan- 
titles aby ac, be multiplied by c, they will become 
abc and ftc^ of which the common divisor is ac, 
instead of a; and conversely, if the first of the two 
quantities abc and aCy be divided by c, they will be* 
come ab and ^c ; of which the common divisor is 
Uy instead of ac. 

We" might here, also, have readily shown the 
reasons of all the other rules of algebraic fmctions ; 
but, as they are founded upon the same principles 
with those in arithmetic, any particular demonstra* 
tio'n of them would be unnecessarv. 



12 LEADING RULES OF THE SCIENCE.* 

(g) The rule for involving, or raising qnanthies 
to different powers, being similar to that of multi- 
plication, neither requires, nor, indeed, admits of 
any other proof, than that which arises out of the 
nature of the signs^ and the received method of no- 
tation. 

Thus, in the involution of monomials, a% a% 
&c. . . . a*, are only abridged modes ; of repre- 
senting aa^ aaa^ . . . aaaa &c. taken m times \ 
and therefore any farther illustration of the rule, 
in this case, would be superfluous. 

In like manner, if a' is to be squared, or a* to be 
cubed, we shall have, by multiplication, and the 
nature of powers, (a x a x a) x (a x a x a), or a x 
ax ax ax^ax a^a^, in the first case ; and(ax a) x^ 
(a X a) X (a x a), or a x a x a x a xa x a, which is 
also = a^ in the second case. 

And if a"" is to be raised to the nth power, th^^ 
result will be obtained by finding the' continued 
product of (a X ^ x a &c. to m factors) into (a x ax 
a Sec. to n factors) &c. repeated n times, or a x a x 
a&c. repeated nm times, which, according to the 
common method of notation, is = a'"". 

Also, in compound quantities, (a + x) x (a-^x) 
denotes that (a + x) is to be taken {a+x) times, 
which is evidently equal to (a + x) taken a times H- 
(a + x) taken x times ; and this, again, is equal to 
a taken a times -rx taken a times -fa taken x 
times + x' taken x times ; or = a^ + 2ax -f o?^. 
Whence, as above, (a-\-x)x {a + x), (a + j?) x 
(a + ^) X (a -f- a;), . . . (a -f .r) x (a -f. j?) x (a + J:?)&c. 
taken m times^ are represented by (a + xY;, 
{a + xy, I . . (a + cT)*. 
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And therefore 

(a -I- xy — a^ + 2ax + % 

(a + ir)'« = a™-|.ma"-*x&c. • . . . . a?*^ 
Hence, also, as like signs, in multiplication, pro- 
duce + , and unlike signs — , it follows, from the 
nature of involution, that every even power of any- 
positive or negative quantity will be positive, and 
that eveiy odd power will have the same sign as 
the quantity itself: thus, 

1. (.±«)'*={(±a)'}" = ( + aT=+«'^ 

^. (±a)^'^*=s(±£i)"*x(±fl)= -f-a^'x ±a = 

Where; if m be made to represent any whole 
positive number, 2ni w^ill always be an even num 
ber, and 2m + 1 an odd number. 

(h) Evolution being directly opposite in its 
nature to involution, all that it will be here neces- 
sary to observe, with respect to this part of the 
isubjett, is, that the methods of extracting the 
square, cube, and other roots of compound alge- 
braical quantities, are similar to those for numbers, 
having been chiefly derived from observations made 
on the nature and formation of different poAvers; 
and thence, by trial, finding the several terms of 
the root. Thus, having by involution, 
(a-f i + c + rf&c.)' = a'+(2«-f i)6+{2(a-|-i)+c}c+ 

{2(a-f i + c) + rf}rf&c. 
it is easy to perceive how, by the reverse operation, 
we can obtain the root a-\'h-\-c-\'d &c. according 
to the method laid down in the practical rule, 
Part I. 
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AIso^ if the same expressioa be cubed^ we shall 
have 

{3(a + ^y + 3c(a4-6) + c*}c4-{3(a + J-f c)^ + 3c/(a-f. 

From which, by a similar conversion of the formula, 
the method of finding the root a + i-hc-f rf&c, as 
in the common rule, is equally evident* 

And in nearly the same manner may the fourth^ 
fifth, or any other numeral root of a compound 
quantity be determined ;' but wlxen they are of the 

form (a-f J)", or (a- 6)", the extraction will be 
more readily performed by means of the liinomial 
theorem. Art. (y), Part i. 

It will, likewise, readily appear, from rcTeiting 
the formula in the latter part of the last article, 
that any even root of an affirmative quantity, as Va, 
or ^Va, may be either positive or negative, except 
when the proper sign is rndicated by the nature 
of the question; and that every even root of a 
negative quantity, as '/ — a, or V( — a), is impos- 
sible ; there being no quantity that, when multiplied 
by itself an even number of times, will give a nega- 
tive product, 

Also, Ijecausc every odd power of any positive or 
negative quantity always preserves the sign of its 
root, it follows, that every odd root of an affirma- 
tive quantity will be positive, and Qveryodd root of 
a negative quantity negative; so th:it, in the lat- 
ter case, 

V-a=-il/a, and'"+V-a= -'"n/ri. 

Where it appears that the sign — may be placed 
either before the radical or under it, as may be 
thought necessary. 
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(i) Most of the coiDfUOQ rales foF the management 
of surds being of themselves sufficiently evident, 
it will here only be necessary to notice snch of the 
mofe difficnk cases of this kind^ as, from their pe- 
culiarity or importance^ appear to require a separate 
demonstration. 

In the first place, then, it will be proper to 
show, by way of lemma to what follows, that 

1. If any two numbers, a and i, be each prime 
to another number, p^ their product, ab, will not 
be divisible by p (c). 

For suppose the division to be possible ; and be-* 
cause a and 6, by hypothesis, are each prime to j», 
let a^mp±r, and b^np±r^\ where m and nmay 
be so taken that both r and r^ shall be less than p. 

Then, since, by multiplication, ah = mnp^ ± mr^p ± 
nrp + rr\ if the first side, ab^ of this equation, be divi- 
sible by py the other side must also be divisible by it. 

But the first three terms, mnp^ ± mr'p± nrp^ of 
the latter, are evidently divisible by p\ whence the 
last term rr' must also be divisible by j|e>. 

And since r, r' are here each less than p, let, in 



(c) This proposition is one of the most important in the theory of 
numbers; as the doctrine of incommensurables, so largely treat erl 
of by Euclid, and other writers on Geometry, entirely depends 
upon it. Thus, in the next theorem, which is merely a simple 
deduction from the, present one, it appears that the roots of all 
imperfect powers, such as v'2, ^3, J^2, V3, &c. aie inexpressi- 
ble either in whole numbers or fractions, and can therefore only 
be expounded by non periodic decimals, that never terminate; 
on which account they are called irrational, or incommensurabltt 
numbers, as they cannot be compared either with integers oar 
fractions. 
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this case, p^fKr--7*'\ where jx may be so taken that 
r'' shall be less than r, and we shall have, by 
multiplying by r', r^p^^ixry ^r'r^^{d). 

Hence, because the first side of this equation is 
divisible by p, the other side must also be divisible 
by it. V 

But the first term y.rr^ of the latter is divisible 
by j9, because rr% as above shown, is so; whence 
the remaining term rV, which is less than rr^, 
must likewise be divisible by p. 

Also, by again taking JO = vr' — r'^', so that r'^', as 
before, may be less than r\ and mnliiplying by r'\ 
we shall have r''p = vrY^ — r'Y^' ; where it will be 
found, as in the last case, that r'V^', which is less 
than rY% must also be divisible by p. 

And, by following continually the same process, 
we shall, at length, necessarily arrive at a number 
y.Wy.cn+i)^ which is less than p, and consequently 
not divisible by it. , 

Whence, if a and b be each prime to /?> their 
product a6 will riot be divisible byj9. 

CoR. The proposition will also be found to hold 
equally true for any number of factors, abc^ abed, 
&c. when a, ft, c, &c. are each prime to some 
other number t. 



{d) It may here be observed, that r, r', and all the following re- 
mainders, in this demonstration, are supposed to be greater than 
vnity, for if either of them, as r, were «= 1, the proposition, in 

that case, would be evidently true, since — would then become 

P 

-, which cannot be a whole number, because r' has been taken 

P 

less than'j:?. 
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For since ab^ considered as a single number^ is 
prime to v, .^s has be^n shown above^ and c is also 
prime to it^ by hypothesis ; therefore abxCyOt abcy 
is not divisible by 7r. 

Also^ because ahcy taken as a single number^ is 
prime to ic^ and c? is likewise prime to it^ ahc x d^ 
or ahcdy is not divisible by r; and so on inde- 
finitely: 

3. Hence, also, it appears, that if two numbers 
a and h be prime to each other, the fraction ^ can- 
not be reduced to a whole number. 

For, by considering the factors in the last pro- 
position as equal to each other, it is evident, that 

«• -^ 1 a.x a X a . : . . . to m terms , 

-T-, or its equal 7 can never be- 
come a whole number. 

Also, by supposing -^ equal to some whole num- 

ber J, we shall have, in that case, y = ^?j a whole 

number, which is impossible. 

Whence, by proceeding in a similar manner, th«i 
same m^y be shown of all the other pdwers, 

"P"' T*' • ' ' * F^ IF* 

3; From the same principles it likewise follows^ 
that no Mj^hole number can have a vulgar fraction for 
its root. 

For, let v^«~r, where r is a fraction in its lowest 

terms, and we shall haye, by involution, •p: = w> 
which has been shown to be impossible. 

4. It. may, also, be farther proved, that th« 
VOL* n. c 



^ 
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square, cube, &c. root of a whole number, cannot 
be partly rational and partly irrational. 

For, if possible, let \/fl = j> ± v'y, for tlic square 
root. 

Then, by squaring both sides, a = a?'± 2a:\^y +y; 
and, by transposition, ± 1x\fy ^a — cr^ —y. 

Wbence, by division, ±/y= — - — =^= a ratio- 
nal quantity, whicb is contrary to the suppoBition. 

Also, let, if possible, Va^x^^^^y for tljecyiKe 
root. 

Then, by cubing both sides of the equation, we 
have a = 0?* ± 3xVy -f ^xy ±y/y« 
An d,by transposition^ Hh (3x' 4- i/)/y ^a — x^-r 3xy» 

Whence, ± ^y = , ' - = a rational quantity ^ 

which is also contrary to the suBposition^ , . 
Again, let, if possible, \/a^x± %/yy or Va — a? = 

± Vy^ . . . ■' ' ' • ■ ' ' ' ' ' 

Then, by involution arid transposition, v© shall 

have azj^Va - 3a? Va"= o^ - « ± y- » ' ' 

And„ by mialtiplying eiuoh!sid& of tins equation 

by Va, 3a?' Va* - 3ax = (o;^ - a + y)Va. 

Whence, multiplying the first of these equations 
l^"^, afid then adding it to 'the second*, '^*e" shall 
hkve 3iir^Va— 3<iftT«=a^'— fl^^i^'±«'^+ (03^ — a±y)Vfl. 

Where it will be readily found, by transposition 

a»ji'diviai»Pir. that;. . ' / . 

3* + lax ± jy . 



NOf'^ 



* ■ ■■* 



{ I • - . ■ If' 

Which, being a ratiortal quantit)^ 'the'^sUppo^ 
sition, in thi^caqe, is likewise iiupD^sibk. ^ ^ 



I 

\ 
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Aad in n^rfy-the ^ame way may the proposition 
be proved, fc* the 4th5 and other higher roots. 

5. In any equation of the form x±Vy — a±Vhj 
the rational parts on each side are equal, and also 
the iiraticti^ p^urts. 

For, if X be not equal to a^ let it be equal to a ± ^. . 

Then a±«±Vy = ^± Vi, or ±^/h= ±%±Vy. 

That is, ^h is partly rational and partly irra- 
tional, which has been shown to be impossible. 
Whence x = a, and consequently Vy = \/i. 

Tlie same is also true for the equation x±Vy^ 
a±Vh. 

For let x^a±Xf as before, then « ± « ± Vy = 
a ± VA, or ± V6= ± « ± Vy, which, by the last 
proposition, is also impossible; and so on for any 
other roots. . 

6. If v(d + Vb) = X + Vi/y then will ^(a — Vb) «= 
x — Vy; and if V{a + Vb) = x -h \/y, then V(a — Vb) = 
Jc — Vy; &c. 

For s^ince, by involution, « + \/6 == i?* + 2x\^y 4- y, 
we shall have, by the last proposition^ 

a = x*+y 
^ . Vb^2xVi/ 



»ii I mi i^i^^»^ 



Whence a — 'v/6=ir* — 2xvy+y 

And because x' — 2x>/jr + y ac (x — Vy)* s therefore, 
by evolution, V(a — V6) == 1? ~ >/y . 

Again, for the cube root j since a + Vb=x^+' 
3j?Vy + 3xy-j-yv/y, there win arise, as before, 

a=x'H-3jy • 

Vb = 3x Vy + y i/y 

— ^ ^-i 

Or a — Vi = x^ - 3xVy + *xy -yv^'y 

C2 
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f 

I 

Whence, because j?'-*-3J?V«/ + 3.iy— ^y=(ar-- 
a/?/)', wfj shall have V(a — V6)=J? — Vy. 

Aiid^ by expandi»g {x + Vy)'", by the binomial 
theorem, it may be proved, in a similar manner, 

that if {a + Vby=x-\-Vy, then {a^^hy^x—Vy. 

7. In any expression of the quadratic form px^ -f 
qx'^'+Vj if Afr^^y that expression will be a com- 
plete square. 

For, by dividing each member of the equation 
by 4j9, we shall have 

And if this value be substituted for r in tli^ 
original expression, it will become 

' - 'ps^'^-^qx'^^^. 

Which is evidently a square, being equal to 

8. It may here also be shown, how the square 
root of a binomial or residual surd, may sometimes 
be made equal to the sum, or difference of two 
other surds. 

Thus, let \/(a + V&)=a?+3/s then -/(a— Vi)== 
x—y^ as above. 

And, by squaring each of these equations^ 

a — Vh^x^'-^xy-^^y^ 



.4 



Whence 2a = 2^' H- 2i/' ; or a = x^ + «/' 

Also, by multiplying the like sides of the same 
two equations, V(a 4- Vb) x V{a — Vb) = x^—y^; or 
^(a* -- fc) = J?* — 3^^ , 
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Wherefore, by addition and subtraction, a + 
v'(a* — i) = 2a;', and a — V(a* — b) = 2^^; or x=' 
V{ fa + ^^{tf -b)}, and .y = ^^{ f a - f ^/(a' - b) ] . 

Whence 
v/(a + -/A) = V{ fa + i/(a' - i) } + ^/{ iff - iy(a* - J) } 
V(a-./i) = ^{fa + i^(a'-*)}-V{fa-iv/(a'-6)} 

And, if i be negative instead of affirmative, the 
two formulae, in that case, will become 
V(a + V-b)=z^{^a + iVia'+b)\+V{ia-iV(a''+b)} 
^{a-V- b)=V{ ia + ^V{a'+b) } - V{ ^-^{a'+b) } 
agreeably to what has been observed in the* practi- 
cal rule, given in the note to Case 11, Art. (i). 

9* Tlie cnbe root of a binomial or residual surd 
may also be obtained, in some particular cases, as 
follows : 

Let V(a + >/6) = X -H \/y, or, in order to render 
the form more general, X/{a 4- Vi) = (x + Vy) Vc. 

Then, by cubing each side of this expression, we 
shall hare 

And, by comparing the rational aird irrational 
parts of the formula so obtained with each other, 
a = c(a?' + 3jy), Vi=c(3x*-l-y)/y. 

Or,, by squaring each side of these equations, 

a* = c*(j?* + Qx^y + 9^y ) 
h = c*(9a?V + tJxy + y ) 
Whence, also, by subtraction and division, we 
shall have 

And consequently, by extracting the cube root of 
each side 
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^'-y=(^V=V{(a'^J)cl. 
Where let c be so taken that ?/[(a*-6)c} shall 
be a perfect cube, and pat -V{ (a? — 6)c } = c. 

Then, since a?* —y = c, and consequently y = ^* — c^^ 
if this value be substituted in the equation a = 
c(r^ + 3a2/), it will become 

4car' — 3 ceo: = a. 

In which case the value of x will be rational, 
when the extraction in question is possible; and 
consequently may be readily found by inspection. 

Let, therefore, this valne of oc, so determined, 
be put =r; then, because y = a?* — c, w^ shall have 

V(a + v'i) = r + v'{r*-c) 

agreeably to the rule given in the note to Art, (i);, 
Case 12, Part i; where c is taken as unity. • 

10. And by following a process similar to the 
last, any root whatever of a binomial or residual 
surd, may be determined, in such cases as admit of 
this kind of extraction. 

Thus, let V{a^-Vh) = (x + ^/y)Vc ; and w^ shall 
have, by involution. 

An equation which, by expanding the right hand 
member, and comparing the rational and irrational 
parts, gives 

V6 = c(tif-Wy -1- ''^"" l^i" — -.r'- Wy ..... &c.) 

Or, which is the same thing, under a diflerent 
form. 
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Whence, by sqnaring*each of these eqnations, 
and subtracting the latter from the former, we 
^hall have 

Or, leaving out the terms that destroy eack 
other, and then multiplying by |, 

a*^ A = cV-y)% or a:^-y = {^y 



-9 T 

Where, let c be so taken that — r- shall be a 



complete power of the degree w, and put ( — ^-)" = c 

Then, since a?^— 3/ = c, and consequently y = 
JC' — €y if this value be substituted fo^ y, in the 
equation 

We shall obtain an equation in which the value of 
X will be rational, when the extraction required is 
possible (e). 

(k) The signification and use of imaginary 
quantities, or the symbolical expressions commonly 
so called, having been sufficiently explained in the 
former part of the work, it will here only be neces- 

(f) Newton, Maclaurin, and other writers on Algebra, have 
given rules somewhat different from this, for extracting the »th 
root of a binomial surd; but they are all more or less tentative, 
and, except for the square and cube roots, are of little use ; as it 
is but seldom that any method of this kind wtU be found to suc- 
ceed when applied to the higher extractions. 
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sary to give some account of that part of the prac- 
tical rule which relates to the method of determin- 
ing their roots and products, as the rest of th^ ope- 
ratipns are either dedupible frpn^ these, or per-r 
formed in the same way as for real quantities. 

In the first place, then, it may be observed, tha.t 
since ( + a) x ( + a) and ( — a) x ( — a) are each, by 
the established rules of multiplication, = + a', it 
follows, reversedly, that when a^ is considered ah-? 
stractedly, or without any regard to its generation, 
the Va^ may be either + a or — a, there being no- 
thing in the nature of the quantity so taken, to de- 
note from which of these two expressions it waa 
derived. 

But this ambiguity, which, in the abovemen- 
tipned case, arises from our being unacquainted 
with the origin of the quantity whose root is to be 
extracted, will not take place when the sign of the 
quantity from which it was produced is known ; as 
there can, then, b^e pnly one roqt, which must evj^ 
dently be taken in plus or ^linps, according to the 
state it existed in before it was involved. 

Thus -/{ ( + a) X ( + fl) }, or V[ ( -f a)*}, cannot be 
pf the ambiguous form ± a, as it wo^ild have been 
if a^ had been unconditionally as^umed^ but is simr 
ply a, and, for a like reason, V{( — a}x{ — Q)}y or 
^/( «- ay is = — a, and not j: a ; sincei the value of 
Ihe equivalent expression Va*, in both these cases, is 
determined, from the circumstance of its being 
previously known how a* is derived (y). 



(/) It may here be observed^ that the restriction abovemen-* 
tioned is sometimes found to take place in the solution of numc- 
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Hence, if it were required to find the prodtict of 
the two imaginary factors \/ — 1 x >/ — 1 , or, which 
is the same thing, the root of the equivalent expres- 
sion V(— l)*, it is plain, from what has been 
above said, that this is = — 1^ and can never be of 
any other form. 

Also, if the factors, in this case, be both negative, 
the result will be the same as before; since — //— 
1 X -V--i=pV(-1)'= -1 ; but if one of the fac- 
tors be positive and the other negative, we shall 
have +A/--1 X -V-l = -V(-l)*=l. 

And if the quantities that are to be involved, or 
mxdtiplied, are of the form V^a and V — J, it will 

only be necessary to write a*V—l for a/ — a, and 

ft a/— 1 for V — by and we shall have v'( — «)*=: 

(aV-l)^=-a, and v^-fl>^ >/- J = aV-l x i V 
— 1= —//aft* 

So that, by always separating the quantities into 
such factors that — 1 only shall remain under the 
radical^ all the rules in the practical article, for in- 
volving and multiplying imaginaries, may be rea- 



r^I eqoation9 : thus, for example, if it were required to find the 
value of ;i: in the eqi^ation -/(l^ + ^) = 6 + V^, we gihall have, by 
operating in. the usual manner, x — 4 ; but the square root of 4, 
must, in this case, be —2 and not 4.2, as the latter supposition 
\yill not answer the conditions of the equation, on account of Vx 
having been first found « — 2, and then x = 4; whence, in re- 
tracing the steps of the operation, it is evident, that the manner, 
in which this 4 was generated, does not admit of its having two 
roots, or being denoted by the ambiguous sign a , as it would 
have been, if taken without any regard to its origin ; and th^- 
^^me may be shown of several other equations of this kind. 
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dily derived from the examples here given; and 
the reverse of these must be used for division. 

Wherefore, as the principle, last mentioned, holds 
in all cases that can be proposed, it is evident that 
there is only, in Algebra, the single imaginary 
quantity V — 1 • And it has been farther shown^ by 
D'Alembert, in the Berlin Memoirs, and since by 
other writers, that every imaginary expression, 
however complicated, can be reduced to the form 
a + i\/— 1, or a — bV—l{g). 

ARITHMETICAL PROPORTION AND PROGRESSION. 

(l) Most of the foreign writers on Algebra, at 
present, treat of arithmetical proportion and pro- 
gression under the denomination of equi-differ- 
enoes, which they consider, not without reason, as 
a more appropriate appellation than the fonner, as 
the term arithmetical conveys no idea of the nature 
of the subject to which it is applied. 

They also represent the relations of these quanti- 
ties under the form of an equation instead of by 
points, as is usually done 5 so that if a, &, c, d, taken 

(g) Some modern writers on Algebra have decried the use of 
all expressions of this kind, representing them as perfectly ab- 
surd J and consequently derogatory to the science into which 
they have been introduced; but as these symbols form one of 
the constituent parts of analysis, and have constantly been found, 
when subjected to the established rules of operation, to afford re- 
sults, which, in all cases, where a comparison can be made, 
agree with those obtained from the most rigid geometrical prin- 
ciples, they will always be regarded as useful instrupients of 
calculation ; particularly as they furnish the means of obtaining 
several elegant theorems, both in Trigonometry and Physical 
Astronomy, which could not be easily derived in any other way. 
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In the order in which they standi be fonr qtiantides 
in arithmetical proportion, this relation will be ex- 
pressed, according to the method above mentioned, 
by 

where it is evident that all the properties of this 
kind of proportion^ can be readily obtained by the 
mere transposition of the terms of the equation. 

Thus^ by carrying b to the righ-!: hand side of the 
equation, and d to the left ; or, which is the same 
thing, by adding b-^dto each of the two members, 
we shall have 

a-i-d^b+c. 

From which it appears, as in the common rule, 
that the sum of the two extremes is equal to the 
sum of the tw6 means. 

And if the third term, in this case, be the same 
^s the second, or c = &, the equi-difl'erence is said to 
be continued, and we have 

a-4-rf=s26; or6 = ^(a + rf); 



Thus^ among, others of a similar kind, that might be men« 
tioQed, the following well known formulae, 

Cos. a: = , sm. x = 

2 . • 2V- 1 

where t is any arc of a circle, and e the number whose hyperbo- 
lic logarithm is 1, are considered by Lagrange, in his Legonssur 
le Calcul (Us Fonctions, p. 1 14, as one of the finest analytical dis- 
coveries of the 1 7 th century. 

Professor Playfair, also, in a paper published in the Philoso- 
phical Transactions, for 1778, has given several examples in 
which these imaginary symbols are introduced to advantage ; 
and has observed, " that many researches concerning ^this 
Isiad of analysis, which, in themselves, might be deemed ab- 
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where it is evident, that the sum of the extremies is 

double the mean ; or the mean equal to half the 

sum of the extremes. 

In like manner, by sub|;racting c-^-d, and a + c, 

respectively, from each side of the equation a-^d^^ 

6 + c, we shall have 

a^c^b — dj 

d—c^b — a, 
which shows that the antecedents a and c can be put 
in the places of the consequents b and d; or, reci- 
procally, b and d in the places of a and c. 

Also, from the equality first taken, n — b^^^c — d^ 
there will result, by addition, 

(a + wi) — (6 + w) = (c -f- wi) — (rf + w), 
where it appears that the proportion is not altered, 
by augmenting the antecedents a and c by the same 
quantity w, and the consequents b and d by another 
quantity n. 

In short, every operation, by way of addition, 
subtraction, multiplication, and division, made 
upon each member of the equation a--6 = c — <f, 
gives a new property of this kind of proportion, 
without changing its nature. 

^m^mmammmmi^i M n ■! m^^^mm^^mimmmm n il — — —— — ^— — ^w^— — ^— — w^i— — m^— ^— — —li— — ^^^p^^,^ 

I • % • 

surd, are yet pot destitute of utility. John Bernouilli, for in- 
stancy, l^a^ shown, that if the radius of a circle be 1» the circum* 

ference will be ^^ — --^ — ^— ; which expression, it is tra?,whcn 

considered as a quadrature of the circle, is wholly insignificant, 
and would deservedly pass for an abuse of calculation; but at 
the same time, we learn from it, that, if in any equation, the 

quantity - — enters, it may be made to disappear by the 

substitution of a circular s^rc.'^ 
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ARITHMETICAL PROGRESSION. 

The same principles are also eqaally applteable 
to any continued set of eqai-difierences^ of the form 

which denote the relations of a series of terms in 
what has been usually called arithmetical pro- 
gression. 

But these relations will be more commodiously 
shown^ by taking the quantities a, b, c, d^ &c. so^ 
that each of them shall be greater or less than that 
which precedes it by 8; in which case the terms of 
the series will become 

a, fl±S, a±28, a±38, a±48, &c. 

Where, if / be pht for that term in the pro- 
gression whose rank is n^ its value, according to 
the law here pointed out, will, evidently, be 

/=a±(n-l)8, 

which expression is usually called the general term 
of the series; because, if 1, 2, 3, 4, &c. be suc- 
cessively substituted for w, the results will give the 
rest of tlie terms. 

Also, if s be put equal to the sum of any num- 
ber of terms of this progression, we shall have 

s = a+(a±S)-f (a±28) + (a±38) + . . . +[a± 
{n^3)^ + {a+ (w- 2)S} + {a± (n- 1)8}. 

And reversing the order of the terms of the 
series, 

s={a±(«-l)8} + {fl±(n-2)8} + {a±(»-3)H+ 
. . . +(a±38) + (a±28) + (a + S). 
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Whence, by adding the corresponding terms of 
these two equations togetlier, there will arise 

2s^{2a±(n-;' 1)8} -f {2a■±{n-l)^ + 
. { 2a 4 («— l)S}&c. to n terms. 

And consequently, as all the terms of this last 
series are equal to each other, we shall have 

Aft 

Or, by substituting / for a±(w— 1)8, as found 
above^j this expression will become 

« « 

From which two equations, if any three. of the 
five quantities, a, 8, w, /, s, be given, the rest may 
be found. ' 

GEOMETRICAL PBOPORTiaN AN© PROOBESSION- 

(m) The same reasons that induced the writers 
mentioned in the last article to give the name of 
equi-differences to arithmetical proportionals, alsa 
led thf m to apply that of eqai-quotients to geo- 
metrical propoitionak^ and Xo express then: rela- 
tions in a similar way, by means of .equations{fe). 



(A) This method of representing proportions by means of equa- 
tions, whicb has .hitberto been chiefly employed upon the con- 
tinent, is of great use in rendering it unnecessary to burden the 
memory with a multiplicity of Latin names, which are frequently 
iiaed to denote the transformations that such qiiantittes maiy^ be 
made lo undergo, by changing the oixler, or altering the values 
of their terms; and, except that the appellations i>i equi-dif- 
ferences and eq^ii-quotients are not so sknple or classical as could 
be wished, the notions conveyed by these new definitions ace far 
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Tbm, St there * be taken any four proportionals, . 
e^ by C5 d, which it has been asual to express by 
means of points^ aB below, 

a \ h w c\ dy 

this relation, according to the method above men- 
tioned, will be denoted by the equation 

* 

# • 

Where the ecjnal ratios are represented by frac- 
tions*, th*^ iinmeratori^ of which are the antecedents, 
and the deneonkiators the consequents. 

Hence, if each of the two members of this equa- 
tion be multiplied by hdj there will arise 

ad=l)c. 

Prom, which it appears, as in the common rule, 
that ihe {^rodjiicts of the two extremes of any four 
proportionals is equal to that of the ine^iw. 

And if the third term c, in this case, be the same 
as the second, or r = i, the proportion is said to be 
CQntinypd, and wie have ■ \ \' 

ad=b^^ Qi\b=sVad^ 

Where it >is evident, that the product of the ex- 
tremes of three proportionals is equal to the square 
of the mean; or, that the mean is equal. to thtt 
square root of the product of the two extremes. 

Also, if each member of the equation ad=bc be • 

more distinct, and conformable to the nature of the subject, than 
those arising out of the former denominations. Besides which, it 
may be observed, that the term proportion should oQily' be apj^bed 
to such quantities as have equal ratios, as those that ^re formed 
from addition or subtraction. hi.Ye a totally different relation to 
each other. 
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successively divided by bd, dc^ aCy &c. the results 
will give 



a c 

c"^ d 
b^_d 
a c 

&C» 



Or the 
proportions 



a I If \: c I d 

a : c :: b : d 

b : a :i d : c 
&c. 



So that, by following this method^ we can easily 
obtain all the transpositions of the. terms of the. 
proportion, that can be made to agree with the 
equation 

ad=^bc. 

In like manner, from the equality t=7^, there 

wiH result, by multiplication, the following equi- 
valent forms : 



ma nc 



Tfid mc 



mb nd * nb nd' 



Which being converted into proportions become 



ma 
ma 



mb 
nb 



nc 
mc 



nd 

nd. 



And, by taking any powers, or roots, of the dif- 
ferent sides of the same equation, we have 

I 

Or, putting the terms in the form of a proportion, 

a"^ : b"^ : : c"* . d"". 

In which cases m and n may be any whole or 
fractional numbers whatever. 

Again^ if there be taken the several equations ; 
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k"ht 



Which correspond 

with 

the propbttions 



a : b M c : d 



g 



e : / t : 
i ^, k :i I 

. : It . • 
« 



m 



we shall have, by mnltiplyiug their like terms,. 

a X € X t&c. c X g X ?&c. 

b X f X k&J2» dx hx m&LC*' 

Or, putting the expression into the form of a 
proportion, 

aei&ic, : bfkScc. : : cglS^c. : dhmSac. 
Also, taking t = j> as before, we sh^ll haye, by 

multiplication, -T-= -J ; and by angmenting or ^i- 
minishing each side of the equation by I 



ma ^^ t t 



ma ±nb mc± nd 



nb 



.nd 



Which, being expressed in the form of a pro- 
portion, givfes 

ma±nb : nb :: mc±nd i nd; or 
ma-Wnb : mc±nd :: nb : nd. 

And if I = ~j be put, by a simikr multiplication 

of its terms, under the form ^^~^> ^^^ then aug- 
mented or diminished by 1^ as iu the last case, there 
will arise 

., , ??,±?^ ; jpc + ^rf : : qb : qd. 
Whence, dividing each of the antecedents of 

VOL. 11. D 
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thes^ two analogies by their consequents^ the result 
will give M ' 

tnc±nd nd 3' pc*qd fi^ d* 

And consequently, as the two left hand members 
of thesis expressions are each =2, we shall have 

ma±nh pa±qb 
mc^nd pc± qd* 

Or, V converting the corresponding tern,, of 
ih\» eqtiation into a poportiozi 

ma ±nb : pa±qb : : mc±nd i pc± qd. 
Also, because the common equation t=5 gives 
-=2> ^^^® latter be put under the equivalent forms 

— =^, and ^=^, we shall readily obtain, by a 

similar process, 

ma±m : pa±qc :: mb±nd : pb±qd. 

Which two analogies may be considered as ge- 
neral formulae for changing the terms of the pro<- 
portion a : b :: c t d, without altering its nature. 

Thus, by supposing m, w, p, q, to be each ==1, 
and taking the antecedents with the superior signs, 
and the consequents with the inferior, wc^.hav^ 

a + & ; a-^b :: c-\rd : c— dj 
a + c : a-^c :: b-^d : b^d. 

Which forms, together with several of those 
above given, are the usual transformations of the 
common analogy pointed out in the practical article. 
Port I. 



« 

la libe lattanev:, betaking m and n eaeh ^l^ 
p^by and 9=30^ theie witt arise^ by trftuspasitioii^ 
and T^ectimg b m the two cqfmequtnts, 

a±b : a :t c±d : c, 
a±c I a :: b±d : L 

Each of which proportions may be easily verified 
by making the prodnct of the extremes equal to that 
' ofthe means^ and observing that ad^'bc* 

Lastly^ taking any number of equations of the 
form before used^ for expressing proportions^ as 

which; according to the common method^ ate called ^ 
a series of equal ratios^ and are usually denoted by 

a ; J :: c: rf :: e : jT : : ^ : A :: &c. 

we shall necessarily have^ from the fraetioils being 
all equal; 

And by nuoltiplyiiig q, by each of the denomi^ 
nators * 

a'=^hqyc^dq^ e^f^y g = %i &c. 

Whence, equatixig the sum off aU the teima on 
the left hind: side of the^e equatiom, with those 
on. the right, we have 

And consequently, by didsion^.and the properties 
of proportionals before shown. 

Which result shows^ that, in a series of equal 

D 2 



/ • 
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ratios, the sam of any nuinber of the antecedents is 
tp that of their eonsequents^ as one, or more of the 
antecedents, is to one, or the same number, of 
consequents. 

Having thus treated of proportion, we may now 
proceed to progression; which consists of a. series 
of terms so formed, that the quotient arising from 
dividing either of them by that which precedes olr 
follows it is always the same. 

Thus, designing the first term of such a series by 
a, and the common factor or multiplier by 5, the 
several terms of the progression, taken in order, 
will be 

ff, a}', cry', aj', a^*, ay*, &c. 

Where, supposing I to be the general term of 
the series, or that whose rank is w, its value will 
evidently be 

Also, if s be made to denote the sum of n terms 
of the series, including the first, we shall have 

And multiplying each side of this equation by q^ 
the result will give 

Whence, subtracting the first of these equations 
from the second, and observing that all the terms 
except a and atf destroy each other^ we shall have 

gs — s = ag* — a; or5 = a(^-— ). 

Or, substituting /for the last term aj""*, as abovet 
found) this expression will become 



GEOMETRICAL PROPORTION* * 3^ 

From which two equations, if any three of the 
quantities a, q, n, I, s, be given, the rest may be 
found. 

Whev the common factor g, in the above series, is 
a whole number, the terms a, aq,aq^^ aq\ . . . aq'"^ 
form an increasing progression; in which case n 
may l>e so taken, that the value of s shall be greater 
than any assignable quantity. 

But if q be a proper fraction, as -, the series 

will then be . a decreasing one, and the above ex- 
pression, by substituting this value for q^ will be- 
come " a ,,1. 

s = ; — or -—. 

r 

Where it is plain, that the term -will ^he in-- 

definitely small when n is indefinitely great; and 
consequently, by prolonging the series, s may be 

made to differ from' — — by less than any quantity 

that can be named. 

Whence, by supposing the series to be of the 

form a a^ a a a^ 

r r* r' f* f* 

and to be continued ad infinitum^ or without endjj 
we shall, in that case, have , 

ar 
S = 



Which is what some writers call the radix, and 
others the limit of the series ; as being of such a 
value, that the sum of no number of its terms can 

- . * 

ever exceed it, and yet may be made to approach 
nearer to it than by any given difference. 
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f * 

POCTRINE OF EQUATIOiNS. ' 

(n) The doctrine of equations being that branch 
of ulgcbra upon wMch the solatipns of all kiads of 
analjlix^al problems ultimately depend^ I dbatl bem 
lay down snch of the tiheoretical principles, relatmg 
to this part of the science, as appear to be most 
necessary for the elucidation of Ae fallowing arti-. 
eles, leafing the rest tP be treist^ o£ as thay 
pccur. 

In the first place, then, it may be obsei'ved, that; 
th^ term root, as applied to equations, has a more 
extensive signification than tSiat vhich it commonjy 
bears in arithmetic; being here used to denote suclj 
a number, or quantity, whether real or imaginary^ 
as, when substitated for tbe unknown quantity, wil} 
make both sides of th^ e<|uatiQU ^anish> or beeoQie 
^qual to each other, 

%^ This being premisj^, it may now be readily 
shown, that if a be a root of any equation. 



(i) The highest term of the equation^, in every ^ase of this kiod^ 
n ahvays supposed to be positive ; and if it has a coeffitienft pre* 
fixed to it, this must be taken away, by difidiog k\\ the rest of 
the terms by it; when it will be reduced to the form of that above 
given ; which is the state that tvery equation is supposed to be 
taken in, throughout the following articles. 

It is also to be observed> that the coefficients a, b, c, &c. of 
the proposed equation^ as well as the root a, may be taken either 
in -f or in — ; and that the proposition- will be equaUy true 
w4iet(ter the equation be complete or has soi^e <9f iis terrn^ 
^[vanting, , 



a 



DOCTRUiE. OF BOUAOTOXK 3^ 

tbe left faaosd indiiifaer of tiiat equation tvffl be cx*- 
$M^ll]r divisible by AT «^ a. 

For, sttbfltitQting^i^&nr^r, agrveablyio the abovi 
defifiitioiii^ "we sbaU nececsaarily hai^e 

Aud consequeittly, . by taking eacb of the terms, 
except the last^ to the other side of the equation 

v= — a"-Aa""^ — Bfl"*"' — ca"*"'— . • . — Tfl^. 

Whence^ if this expression be substituted for v 
in the first equation^ we shall have 

•' *ar" + Aa?^"^^- Bx^** + ca!^''+ . * .. +tx 
* — a"*— Aa**'*^— Brf***— ca*"*- • . . — xa 

Or, by uniting 'the corresponding termsy a»d 
placing them all in a line^ 

+ T(x-.a)5»o. 

WherCj since m is a whole positive nmmber, 
each of the quantities (af* — a"*),^ (a?*'' — a**"% 
(jc^'^-a**"*), &c. are,' by Art. (e)^ Part r, divisible 
byjf— fl. 

And^ therefore, the whole polynomial 

{sT-^ ory-i- a[x^' - a*-') + b(j;"^*~ a'-^y&c. 

which is equivalent to the first member of the pro- 
posed equation, is also divisible by J? — a; as was to 
be shown. 

But if a be a quantity gi-eater or less thail the 
root, tbi* conclusion witt not tdce phtce, b e caus e , 
in diat cajse, we ^hM not have 

v*= -rf*-Aa"**-Ba*''*-ca*''- . . . -tu. 

Wliich is an equality obvious^ly essential to the 
division in question. 
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2. Sapposing any proposed equation tobav^ bor^- 
root^ or xalue of the unknown quantity^ it can then, 
be shown, that it will have as many roots as. there 
are units in the index of its highest tenpiy and no* 
more {Jc). , , . 

For, omitting simple equal;ipns, which have evi- 
dently only one root, let us take, in the first placej^ 
the general quadratic equation 

Then if there be apy r quantity a, which, when 
substituted for a?, will satisfy the conditions of the 
question, ther^ is, also, some other quantity^ or 
value of X, that will equally satisfy ttese con- 
ditions. / ' ' • '^^' 'i^^' '-'^ 

For, putting a in the place of ir, we sliall have, 
according to the definition above given^ 

And consequently, if this value be substituted for 
q^ in the proposed equation^ there' wiu arise 

x^+px^a^-\:pa^ or 
a?* — fl?= —plx.— a). 

And therefore, by dividing this last ^i^res^ion 
by a? — a, we shall have 

a? + a= — /?, pr . 

« 

• 

Whence it appears, that if a be one of the values 



{k) The assumption here made, that every equation has, al 
least, one root, though perhaps not strictly demonstrable, .has 
yet been suiBciently established not to admit of a doubt — ^ee 
the reflexions of Laoroix on this subject, p. 15 of the Cobpltmenfc 
to bis Elemens d' Alg^bre. 
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of ^», ♦^-(ii -f j^) will necessarily be another valne 
of 'iC' • 

Which results will be found to agree with the 
two vaioes pf or comprised in the common formula 

For, taking a for one of them, as for ins^nce 
— X ^ ^(ip« 4. ^) . we shall have for the other 

Which- are, in effect> the two ropts of the equa- 
tion, as was to be shown. 

It can also be farther proved, that the proposed 
equation 

x^+px=iqy 

can have only two roots, or values of the unknown 
quantity. 

For, if possible, let i be a third root, diflferent 
from either of the forii;iQr. 

Then, substituting b for x^ we shall have, by 
proceeding as above, 

• ^ if^px^V-\^ph. ' 

But, from the preceding part of the investigation, 
it has been shown, that 

x^-¥px^a^+pa. 

Whehce^^ equating the right hand members of 
these two equations, there will arise 

a^+pa=^b^+pb, or 
a^^h^=^^p{a^b). 

And consequently, by diyiditfg each side of this 
last expression by fl — 6, we shall have 

a + b^ —py or 
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Which is one 0f the two roots befoiie fomid p 
and therefore the supposed root b can be only tf^ 
or —{a-hp). 

Ha:ving' thus Aoivp the tnidi of the proposttton 
in this case^ let us now take Uie general cubic 
equation 

and suppose its root, or one of the rakies of x> to 
be denoted by a as before. 

Then, if a be substituted for x, we shall have, : 
by the definition. 

And, consequently, if this value be put for r, 
in the first equation,. it wilLbecome 

Or, by transposing the terms, and uniting fbosd 
that have the same coefficieiits, 

♦ 
Whence, dividing each side of this last ex* 

pression by J? — a, we shall have 

a.' + <KP + «*+jp^+l'«= — S'* or 

op' + (a +^)x »= - a(a+/>) - q. 

Which is a quadratic equation havii^ the two 
following roots, 

^= -i{(^+p)+^H{^^py-a(a+p}^q]y 
^= -i(a+p)-V{i(«+»*-a(a+/>)-3f}. 

And therefore, since a, by hypothesis, is sdso 
another root, or value of T, the proposed cubic 
equation must necessarily have three roots. 

And that it can have po more than three h 



evident; becadse, bcBi^es tbe Toot first assubsii^^ 
the quadratic equation to which it is reduced can 
have only two roots. . , 

' Agai% let there be taken the general biquadratic 
equation 

And suppose its root, or one of the vahies of x^ 
as in the former instances, to be a. 

Then^ by Bub^tituting a for x^ as before, we shall 
have 

^nd, consequently, if this value be/ put for s^ in 
the first equation, it will become ^ / 

Or, by transpqsing an4 uniting.the corresponding 
ppwers of a? and a^ as in the last case, 

4?* - ^* -f y (a?' — a') ^{^ -^^)='y^ r{x - a). 

Wheticfe, diyi4nig each side of this equation by 
^^a, and collecting the like terms, we shall have 

fX^ + {a '\-p)x^ + (a'^ + op + 9)4?= -r- a(a* r\^ap*\'q)'^r^ ^ 

Which is a cubic equation^ having, as has bejpQ 
before shown, thrce^ roots, or valuer of x. 

And therefore as a, by hyppthesis, is anotherv^|ue 
of X, the proposed biquadratic must necessarily have 
foar roots, and no more, for a reason similar to 
that belore given for pvbic Equations. 

Hence, as it can be shown, by the same mode of 
reasoning, that an equation pf the fifth power has 
five roots, and no more ; one of the 6th power, s\^ 
foots, and no more; and so on; it follows, that ^n 
equation of any power wliatever inust have s^ 
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many roots as there are units in the index of its 
highest term (/). 

3. Also, since it appears from prop. 1, that every 
equation, when all its terms are hrought to one 
side, is exactly divisible by the unknown quantity 
in that equation minus either of its roots, and by 
no other simple factor, it is evident that the 
equation 

of which a, 6, c, rf, . . . /, are supposed to be its se- 
veral roots, is composed of as many factors 

(x — a)(x — b){x — c){x-'d) . . . (a? — /)==0 . . . (2) 

as the equation has roots ; .and that it can have no 
other factor whatever of that form. , . 

Whence, as these .two expressions are, by hyj<o- 
thesis, identical, the proposed equation, by actually 
multiplying the above factors^ and arranging the 
terms according to the powers of ^, will become 



sT-a^ x^^' + ab 



— c 
-d 

-r&C. 



+ ac 
•\'ad 
+ bc 
+ bd 
-\-cd 

+ &C. 



^«-«^ 



±{abc . . Z) = o.. (3)^ 



(/] The method here given for finding the number of the 
rootf of equations, independently of thie manner in which they 
are usually supposed to h^ g^nerated^ will, it is presumed, be 
found far more simple and perspicuous than any that has yet 
been proposed : and if the mode made use of in the second part 
of the next proposition, for determining the relations that subsist 
between the roots and their coefficients couM be made equally 
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. Which form is getietal^ whatever may he the 
different signs, of the roots, or of the terms of the 
eqaation, taking a, 6, c, a, b, c, &c. in 4- or — 
accordingly. 

In which case, the following well known relations 
between the coefficients and roots are sufficiently 
obvious. 

1. The sum of all the roots of any equation, 
having its terms arranged according to the order of 
the powers of the unknown quantity, is equal to 
the coefficient of the second term of that equation, 
with its. sign changed. 

2. The . sum of the products of all the roots, 
taken two. and two, is equal to the coefficient of 
the third term, with its proper sign. 

3. The- sum of the products of all the roots, 
taken three and' three, is equal to the coefficient of 
the fourth term, with its sign changed; and so 
on. . . * 

4. The continued product of all the roots, is 
equal to the last term, taken with the same or a 
contrary sign, according as the degree of the equa- 
tion is even or odd. 

Or, if the corresponding coefficients of the two 
equivalent expre'ssions (l), (3), be compared analy- 
tically, the above properties may be expressed 
thus: . 



general, the common theory of equations woald be rendeied as 
plain and satisfactory as could be wished ; buJb for. such of them 
as exceed the fourth power/the process there followed, though per- 
fectly easy and regular, becomes too eiCtensive to be conveniently 
continued in the fame way as for those of loweif dimensiooa, . . > 
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abc + a&2+ ae<£Scc. =s — c 



tficrf i=ss +Y 

Where it is to be obserred^ that whea ose or 
more of the terms of the equation^ in this or aagr 
other ease, are wanting, the correspoodiag func-. . 
tibns of the coefficients cxf those terms mittt he cob^. 
sidered as =0. - • > %: ;^ 

Hence it also follows, that any equation. Wanting \ 
its second term, will have both pontiTe and :iifl^ 
gative roots, as a + i + c&c. is then s:0 ; and diat 
the snm of the former of these is equal to die smD 
of the latter. 

To this we may likewise adid, that , if the rootle of 
any equation be all poiddve^ as 'in formula (2); 
where the factors are of the form 

(a? — a)(j?-^J)(a? — c)(j?— £?) . . . . (jr^/)=o, 
the signs of the terms-wilF be akernaitely 4- and — ; 
since the proHuct of an odd number of negadte 
quantities is negadve, and of an even number po6i^ 
tiye. 

But if the roots be all negative,^ in which case 

the factors will be of the form 

* .' 

the signs of all the terms mil be positive ; because 
the equation arises wholly from the multiplicadon 
of positive quantities. 

It is also sufficiently evident, from the bare in- 
apectibn of this formula, that equations of all or- 
ders, above the second, may be generated from 
others of an inferior order, besi^ aknple ones. 



'^ 
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Thn«5 by coosiderang th^ several ways in which 
these factors can be combined, it is plain, that a 
cable equation may be formed from the multiplica* 
tion of a quadratic and a simple equation ; a bi- 
quadratic from the multiplication of two quadratics^ 
or of a cubic and a simple equation ; and so on. 

Or, the relations which- have been thus found to 
subsist between the coefficients and roots of any 
equation, may be derived from the second proposi- 
tion heregiven, independently of the first, as 
follows: , , 

JM Ujb^ be the two roots of the general quadra^* 
tic equation. 

Then, by the definition given at the head of the 

present article, we shall have 

^'+j)a4-5f— . . . (l) 

^ 6Vj»6 + ff=0 . . . (2) 

And, consequently, by subtracting the latter of 

these two equations from the former, there will 

arise 

a'-i*+j9(a-J)=0. 

Whence, dividing this last equation by a — b, we 

shall have 

a + b+p^Oy or p^ --(a+b) 

And,^consequently, if this value oip be substi- 
tuted in either of the equations (1)> (2), it will give . 
a* — a(a + i)-f-^ = 0; oryssfli. 

Which results agree with those before obtained 
for the sum and product of the two roots of the \ 
proposed equation. 

Again, let a, 4, c, be the three roots of the gene- 
ral cubic equation 
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Then^ ' according to the definition before men* 
tioned^ we shall have 

a'+pa'^-hqa + r^iO • . . (l) 
b'+pb^ + qb + r^O ... (2) 
c'+/>c^ + g'C + r=0 . . .(3) . 

And^ consequently^ by taking the diffidence be- 
tween the first of these: equations and each of' the 
other twoj there will arise ^ 

IT* - (f + js?(a* -* c^) H- 5(a - c) =<). - 

Whence, if the first of these two last eqtiationar 
be divided by a — J, and the secorid by 'a^ey we 
shall have j, : ^ ^ 

a* + aiH-5*-fj9(a + &) + 5 = 0^- . • (4) 
a* + ac + c*+jp(a + c)4-^i=^,0 ; . : (S) ' 

And, therefore, by subtracting the las't of these 
two equations from the first, the Result will be 

Which, being divided by the common factor 
6 — c, gives 

a+6 + c+jp=0; prj»= -(a + J + c). 

Wherefore, by substituting this value of |?, in 
either of the equations (4), (5), there will arise , 

q z:^ ab -{■ ac -{■ be. 

And if the values of j9 and 5, thu^ found, .be Sub- 
stituted in either of the equations (l), (2), {3)^ we 

shall hav& « 

r^—abc. 

WTiich results also agree with those before.found 
forcubics. 

Lastly, let a, 6, c, d^ be the four ;rQot8 of the 
general biquadratic equation 

x^+pjif + qx^ + rx+ssso. 
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Tlieii> as in thte former 4nst2uices^ we shall have 
a*+/>a'-fya* +rtf + *=0 ... (1) 
6*+p4' + ^*4-r&-h*2=0 ... (3) 

c^+pc' +5ft'* + re + ^=0 . . . (3) 
rf* + »cP-l-9f? + rrf+^=0 . : . (4) 

And if the second, third and fonrth of these 
«qirtrtk)M be subtracted from the ISrst, there will 
arise 

ef-&-^p{€f-^(?) 4- g(rf^ - c*) + r(a - c) =e O, 

Whence, if the first of these three last equations 
be divided by rt — fr, the second by a — c, and the 
third by fl — rf, vre shall have 

r=o • . . . . (6) , 
a' -^^ o^€ -\- ac^ ^ i? ^p[a^ + flc + c*) + g{a 4- c) + 

r=0 ... . . (6) 

r=o *. . , . . . (r) ' 

And consequently, by subtracting the second 
and thifd of these last equations from the firsts 
there will arise 

+ 9(i-c) = 0, 

Wlicreforc, dividing the- first of these by & — c> 
annd the second by b'—d, we shall have 

flf -f a(ft + c) + ft* + 2»c 4- c* ^p[a -h J + c) + • 

flr = (8) 

a* + a(5 + d) + i^' 4 6^4- rf' 4-i?(a+ i + a) 4- 
?«0 ..... (9) . 

VOL. II. S 
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Aud, lastly, by taking tlie second of these #wc^ 
equations from the ftrat, there trill remain 

Whence, dividing this res^dlt by c — rf, we shall 

have • 

a + 6+^C4-rf-hjp = 0; or/?3= -(a + fifc + rf). 

And, by substituting this value of p in either of 
the equations (8), (9), the result will give 
qzsab'{-aC'\'ad'{bd-^bc + dc. 
Aho, if the value* ofp and 5^, thus obtained, be 
substituted in either of the eq\iations (5^), (6)^ (7)> 
there will arise 

. r = ^r(abd + (Ac ^ adc + bdc). 
And these values of j», q^ r, being ag^^n substi- 
tuted in either of the equations (l), (2), (3), (4), 

will give 

seabed. 

Which results are likewise the same as those be- 
fore found for biqiiadraficsi 

And by proceeding in the same manner with 
equations of the 5th, 6th, and other higher di- 
mensions, the relations, be^fore mentioned, between 
their roots and coefficients, will be ^rll found to 
subsist (/«). 

Hence if there be given the following cubic 

equation, 

x-'-f 2x*-23x-6o = 0, 

•. ... 

'■ •'■ >^ ■ — •■■ ' I . .1 .1-. , I. I II ^ * • M 

(m) The relations ^bove established between the roots of any 
equation and its coeiBcients, will be 'found insufficient for the 
determination of the roots themselves; since the several equa- 
tionf!, formed according to these conditions, will always givc> by 
elimination, results siniilar to those n?arked (1), (2), (3), (4) ; 
which, being of the same forai as the proposed equation, must 
evidently be attended with equal difficulties in their solution. 
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b^ wklch the robts ate readily found by trial to be 

+ 55 —4, and —3, 
We shall have, according to the properties above 
mentioned 9 

-20-15 + 12= -23, 
5 X — 4 X — 3 =3 + 60. 

And, if th^re be taken the incomplete cubic 
equation 

of which the three roots, found as above^ are 

+ 2, 4.3, and —5. 

we shall likewise liave, according to the same 

properties, 

2 + 3-5-0, 

6-10-16=-19, 

2x3 X —5= — 30* 

r ■ * 

4. By considering the subject in this way, we 
can also readily find the sum of the squares, the 
sum of the cubes, and other symmeirical functions of 
the roots of any equation, in terms of the coeffici- 
ents of that equation, without knowing the roots 
themselves. 

Thus, let there be taken the general equation 

of which the several roots are supposed to be 

a, 6, c> d, . . . L And for the sake of abbreviating 

the results, let 

a+i+r+d . • .. +/=Si 

a* + 6' + cVrf* • • • +^=Se 

(f Vbi^ + (f ■{- d^ . . .1 . +r=rss/ 

k • • • ••* • « • • 

a"-' + i*-^ + c'"-'+ . .. +/'»-* = s«.i 

E 2 



S3 tJOCTAINH OP EGttri!^TIO*($; 

Th^n5, if a, 6, c, rf, ; • . ^ be successively «trf)«tS^ 
tuted for x, we shall have, according to the definw 
tioB before mentioaed, . ' 

*"* + A&"*''4-B&*^^+ . -. +t6 + v = o 

?"* + a^"'4-b7'"-*+ .... -f T/4-v=a 

And, Gonsequeiitly, by adding these results toge^ 
ther,therewitt arise the following general expressiori^^ 

which involves only the coefficients of the givei^ 
equation, and the sums ef t^e several powers of it^ 
rootsv 

Whence, as this formula comprehends every 

Case of these powers not exceeding those of the 

Tnth degree, if m be taken =: 1, 2,3, &c. respectively^ 

7WV will necessarily become =a, 2B, 3c, &c. and we^ 

^ shall have 

S,+A = 

S2 + ASi + 2B=2Cr ^ 
. S3 + A9i + BSi + 3C = Q 
S4 -f ASs + BS2 + CSi ^ 4D = (w) 

&e. &c. 

Where the law by which th^ next succeeding 
equations may be formed is sufficiently obviows. 

/ 

iiC) These elegant formuisp, which were first given by Newton, 
without demonstratiou, in his Uniirersal Arithmetic, have since 
been investigated in various ways, both by our own mathemati^ 
clans and those of the continent; but it is conceived, that the 
process from which they are here derived, possesses a degree oF 
simplicity and coAcis«neM auperior to any that has yet been dt^... 
vised* 



Apd^if die. valaes of Is,^ St^ 1^3^ &c* iath^ Arsi:^ 6e- 
coiicly thtrSjcicc^of ibesb e^rpresMOKS^ be substitiated 
in eao]|' t)£4be fcdlaw^ng: oiueis^.thifi aboise lbrmid« 
may be exhibited as follows : . ; 

6i;*a +A -f-c +.. - .+i ?= 1-A . * ... M (l) 

From which it ^jfieurg, tbnt the &mx^ oi the s^ 
«reral entire fUidpMitt^ powers of tb^ roots of imy.. 
ieqaation, may be expressed iu rational fuactioQS of; 
Ithe coefficients of that equation. 

Also, by reversing the former set of these ex^ 
jpressioit^:, we chall h^c ' flie blowing forms ; ' 

A==— Si 

' ♦. 



y 
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By m«lin!i of whieh we «an readily find the €o-» 
efficients of any eqciation, when the soms ef the s^ 
^ireral powers of its roots are knowa. 

And if it should be reqaiired to find the sums of 
the powers of the roo^ thit are greater than the 
index ntj a similar theorem^ for this purpose, may 
be easily derived ffom the expressiom fiVst given. 

For if the proposed equation be multiplied by x"« 
it will then become of the form \ • 
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Where^ the roots being th» same as befbie^ we 
sEall bave^ by successively si:^bstitutiDg a, h, c^:dy &g. 
in the place of Wy and adding tjie xesnks together^ 
as in the former case. 

Whence, if w, in this last formula, be taken 
= 0, 1, 2, 3, &c. respectively, the values of s«, 
si+i, s,„+2, &c. may be readily obtained, as before. 

A similar formula may, also, be easily derived, 
in the same way, for finding the sums of 4he re- 
ciprocals of the several powers of the roots of any 
equation. - ^ 

For> if - be substituted for x, in the proposed 

equation, we sbaU b^ne^ after ^ - proper reduction 
of the terms. 

And therefore; sin^ya^-^, or a?'*] this fbrmiula 

will be the san\e for the n^ative powers of the 
roots, as the former is for their positive powers. 

Whence, denoting tbese powers by s.j, s_g, s.,, 
&c. and following a process ^imilar to that bejfbre 
used, there will arise, in this case, 

T 

s.,+- = Q 

s.g + -s.j+-s = 

T s 3 

V \ \ 

T s' n ♦ ' 

&c. &c. 



''Or, substitntkig these vahies of s.i, siq, &c, in 
^laich of die ' succeeding fonns, as in th"e instance 
before giveil^ we shall have 

111 T * ■ 

S.i = --f T + "^^C- = — - . . - • (2) 
a b ^c . V ^ ^ 

^ flS ^3 c* v** 

S_4=-: + r: + ~&C. = r (o) 

&^. &C. 

Where it maybe obseryed, that all the entire 
negative powers of the roots of any equation, as 
well' as those that are positive, can be expressed in 
ntioAsi^ functions of the ciDefficienta of that equa- 
tion. 

As an exjimple of the application of this method, 
let there be tak^n the following liquation of/ the 
fourth degree, which i^ that given by Ne^wtoa for 
tihe same purpose, 

i*-ir'- 100?'' + 49^-30=0. 

Then, since a a:-i^B=— 19, c=-*- 49* .and 
D= — '30, we stall have by formulae (l) 

(o) By means of tlie alcove formal® we might also have shown, 
that any rational and symmetrical algebraical function whatever of 
the roots of any equation, as a*2^c^&c. + &c. can be expressed in 
termt of the coefficients of t)iat equation $ ^nd that they may be 
advantageously employed in determining the nearest approximate 
roots of equations, as well as in various other, analytical invest!* 
gatfons. But these, and oth^r similar researches, would be in- 
compatible with the limited plan of the present performance, 
which is meant to comprehend such of the most useful and in* 
Uresiing pant of the science only, as can be brought into a mo*> 
derate compass. 
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To which we may farther add, by calculating the 
succeeding steps, 

83^ -2849, S6= - 16419, &c. 

And taking the values ofo, c, B, a, for those of 
V, T, s, R, in the formulae (2) last given, we may 
readily obtain, in a similar way, the sums of the 
powers of the negative roots of this equation. 

5. Any equation, having fractional coefficients, 
jnay^ be transformed into another, that shall have 
the coefficient of its first term unity^ and those of 
the rest, as well as the absolute term, whole nnm" 
bers(»), . 

For taking, instead of a general equation of this 
kiud^ the following partia,l example^ 

which will be sufficient to show the mBtho4 that 
should be followed in other eases. 

It i^ obvious, that if each of the terms ht 
multiplied by the leatst common multiple of all th# 
denominators, we shall have 

12^' + 6a?'' + 8x + 9 = 0, 

where the coefficients an4 absolute term are all 
whole numbers* 



T— «- 



' (p) The last term of any 'equation, agreeably tp what U here 
said, is freqisently called the absolute teron of that tquoifion; bm 
this is unnecessary* since it may always berconsidered as maktog 
a part of the coefficients as well as the rest; for x^ bemg eqtfal to 
unity, the last term is evidently the coefficient of «^ 



Ahd if IQx^ in thi$ oise^ be pujt i^y^ or 

j:^ jTf there will arise 

Which last eqimtit^^ when all the terms are 
multiplied by 13*, gives 

y + 6y* + 96y+ 1396 = 0, 

where the coefficient of the first terjso is unity, 
and those of the rest whole numbers, as tras re- 
quired. 
So that when the valne of y in thislart equation 

is known^ we shall have^fdr the proposed equation^ 

♦ • 

6p No equation, pf .which Ihe coefficient of the 
first term i^ unity, and th^ rest of the coefficieiitg 
whole numbers^ can have a fractional root, > 

For^ takiii^, as before^ any general eqwidon. 

Let, if possible, the root, or value of w, he the 

irreducible fraction r. 

Then, by substituting this value for a?, in the 
l^ven eqnation, there will arise 



tm-l 



.m-B 



or IT" a-"-- . ^ a ^ 

And therefore, by multiplying each of the terms 
by i*"', aud then carrying all the results, except 
the first, to the right hand side, we shall have 






• • 



M nmcTKinm or EmvMnon^ 

f WJiere; sittce »i, a, A, a, b, &c. are airwlrole 
pnmbers, the entire right hand memheir of this 
identity must also be a whole number. * 

But, by hypothesis, t, and consequently -r, (i)^ 

Art. f2, is an irreducible fraction; whence, if 

J w^re a root of the proposed eqiiation, wis should 

have a fractfon, in its Ip west terms, equal to .a 

. * - - ' 1* ' 

whold number; "which is absurd. 
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7. Any equation may be transformed in,to Wl*- 
Qth^r, that siiall have its roots of tha'^aime vahie 
a^ those of the formipr, bnt with cq^tr^yy signer 

For supposing, in the fi'rst place, the given equar» 
tion to be of an odd number of dimensions/ .as . ■ > 

« Then, substituting — x in the place <rf i-x^ the 

eqtkatioh wiH become * 

• • • 

And, consequently, by taking all the terms to the 
other side of the equation ; or, which is the fliavie 
thing, by changing their sighs, we shall have 

^*"'+'-Aa?^'*+.Ba?*'*-'- , . . ,/-fT^-v = 0. , . . (2) 

Whei!^ it is plain, from what has been shown iq 
Art. 3, that the positive roots of equation (l) will 
become negative in equation (2), and vice v^rsa. 

And if the proposed ec^uatiqu be of an eyen 
number of dimensions, as 
a?'» + Aa?^'*-' + BJ:"-*+ * • • • +Tx + v==0, . . . (3) 

we shall have, by substituting —or in the place 
of -ho?, as before, 

df^»-Ai?-'"-» + Bx'^^*-' ..... ^Jix+\^0. • • • (4) 



« Jifi MrMoh case^ also, it appears, thattberodte of 
tUs equatioQ will have o|)posite signs to t^ose of 

equation (3), and the contrary. 

Hence, fi-om this investigation, it follow^, ;|liat 
the positive roots of any equation may he changed ' 
into riegative roots; and the negative ro6ts int6 
positive ones, of the same value, by barely changtne 
the signs of all the alternate ^erms, beginning with 
the second. 

Thus the equation a?' — 2a?' — 5.r-f-6=*0, having, 
the negative root — 2, and the positive roots 1 and 
9,' will be changed, by this means, into the ecpia- 
tion ' '■ * • \ 

which has the positive root + 3, and the negative 
roots —1 and -^3, « ' 

. AlsOj, the incpmplete equation jf -? Jftr -^-Sp p Oi 
having the negative roots — 2, — 3,.an!d tb^.ppsil^y^ 
TOOt ^ .may be changed, when^nt lender thp fprm 

a?'iO-l9JP-?o=^0, to I,,...;, 

which last equation has the negativp T00t» «t- 5^ and 
the positive roots 2 and 8. .- \/ ^ . . ; 

)8,, Any equation may bs transformed into 'an- 
iO^r^ the roots of which shall be greater oc Je^ 
th^T^ those of;, tbe former by ?i given qiiantity*- . 
. Thijs, lettl^erp be taken, as b§for^, the folr 
lowing general equation, 

^+AJ?"""*+.B4Cf"*+CX"'"^+ • . . . +Tj: + V=sO. 

: . Alid rsnppoae it were required to transform k 
into another, whose roots shall be greater thaa 
l^iiose of tjhe gifven equation by A. / 
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t>b€irtlt)(& OV E&tJAltOML 



Theft, {f y be made to represent one 6f ii^^iM 
roots, we ^all have^ by the natare of the qoestitHi^ 

y=:3t + h, or x=^7/ — h. ^ 

And consequently, by substituting t/-'k for jp, 
IB the proposed equation^ there will arise . . • ( 1 ) 






»> M^-0 ;^..^.,.^ >*(>>>-i)f^- J)^3 
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m— 2 



B^< 



+ Q, 



^•-3&c.».0 



Which equation , will evidently fulfil the oon-^ 
&tions required, y being greater than j? by A. 

And if y be taken =ix — h, or a? =^4- A, we shall 
readily obtain, by a similar substitution, ^h equa^ 
tion whose roots are less than those of the giteij 
liquation hy h. ~ 

Whence, also, as %, in the above case, is fni- 
determinate, this mode of substitution may be used 
for destroying one of the terms of the proposed 
equation. 

For, putting the cosfficiefit '^mhi^Ast»0, Wf 
shall bavo « 

From which it follows, that tl^ second term^ o^ 
any equation may be taken away,by substitating for 
the unknown quantity some other unknown quan^ 
tity, augmented by the coefficient of the second 
Cerai, taken with a contrary sign, and divided by 
the index of the highest power of the equation. 

The third term of tlie proposed equation maf 



I 
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^ao be t^$tt i^way by ^oieam of tli^ coeffieitoV or 
formula 

-^----^A* - (W ^ 1 ) A/i + B = 0. 

Mb * 

4 

.. Where, the.determiiiation of h requires tliO' so- 
lation of an equation of the secoftd degre^« , 

And^ from the same general expression^ it ap« 
pears^ that the vahie of ky necessary for destroy^- 
ing the fourth tema, can be determined by. an 
equation of the third degree; and so on. 

Whence it follows, that the extermination of 
tlie last term of any equation depends upon the' 
ft^tion of :an tcpatiou of the same degree wfth 
the proposed equation ; and must, thesrefere^* be al^ 
tended with the same difficulties (g). 

In like manner, also, any defective equation, 
wheft necessary, iriay be rendered complete in ill 
its terms, by substituting y±h {(fv ^, as above. 

4 

9. Eirfery e(]|tiation may be transformed into- an- 
other, the roots of which shall be any mult|pl|^ 
or parts of those of the former. 

Thus, let there be taken, as iu the former in- 
stances, the general equation 

a?"' + AX~"V+Ba?""* + C2t^"'+ . • +T;r+v = o,,., 
And, in order to convert it into another, whose 



{q) tt ma^ be.imaginedj that by taking i =«^ + A + ^', instead 
^y-k- h, in the above process, it w<Kikl be possible to destroy two 
terms of the pmposed eqaatidki at onoe ; but tt mast be obserreil, 
that by substituting A ♦ ik for A in e<|uation (Ij, and then patting 
4he coefficients of any tvro of its terms «0« we shall have two 
eqtiatibnft between the same t\im k + k; which, except in some 
particular cases, .tritl ocft onalile \ift to d«t«rayine either k er &.■ 
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roots fiball be some miiltipkiof those of %be gitett 
equation^ let there be put 

nf^eXy or 4r=~* 

Then, by substitxitiiig this valtie for ^ !ri the pro- 
posed eqnation, there \Wll arise 

. And, consequently, , if this be multiplied by c*, 
we shall have .,!. 

/Which equation will evidently fulfil the condi-^ 
ticms required^ y being eq^al to ex. 

And if y be put =-, or x=ey, we shall readily 

obtain, by a similar substitution of this value for 
spy the equation 

where the roots are equal to those of the propoi^ed 
equation divided by e. 

Or, if this value of oj be substituted in the ori- 
ginal equation, as above, the roots of the resul^t- 
ing equation may be maHe equal to any part of 
those of th j5 former- . * 

A similar transformation may also be \ised for 
rendering either of the coefficients of any equa-* 
tion equal to unity, or to any other given number; 
' which may evidently be done by putting 

Ae, Be*, or ce*, &c. = 1 , or w, 

and then finding the value o^ f in terms of 1 or «^ 
and thd known coefficients a, b^ c, &c. 



Tha»> if it were requited to transfbnu the tqnar^ 
tioa 

into another that shall have 1 for the coefficient of 
the unknpwxi quantity, instead of a. 

We shall have, by pntUng x = 3?y, z^y^ — azt/ = 4 ; 
or, dividing by z^, - 

And, coriseqiiently, if 2 be now taken =Vtt^ 
Urn equation will become 

Or, putting, for the sake of simplifying the ex.- 
pression,^- = r.^ 

Where it may be observed, • that a cubic equa- 
tion, when brought to this form, can only fall under 

the irreducible case, vrhen 07 ^if*^ ^^ 

21 2 
3 3" 9 ^ 
which cauj only happen when the positive value of 

N 2 
^ttes between the limits f and -v^3(r). 

10. In nearly the same manner, also, may any 
eqeation be transformed Jpto another, the roots of ' 

■* » I ■ I III ■ I I II I I , ,1 .1 I ■ !■ I III mmm^mm^ ■ .1. . ^ . m ■■!■■■»■ 1 

\r) This principle is used by Clairaut, in his Etetnens d'Algthre^ 
for obtaining a more rapid approximation towards the root of 
equations falling under the irreducible ease oF cubics, than by 
the common method ; and may be turned to a good account, in 
the formation of tables for the ready solution of all questions of 
this kiud.« 



whkb shall be the reciprocal of the root^ of the 
former. 

For taking the same equation as above, and 
putting ^^1 

the transformed equation, when it» several terms 
are multiplied by the highest povyer of y, will giy« 

• And as the order of the coefficients, in this case^ 
is reversed, if the second term of the given equation 
be wanting, the last but one of the transformed 
equation will be wanting; ^nd^o on. 

It may here, also, be observed, that the greatest 
rooty, of the transformed equation, will correspond 
with the least root of the given equation ; and 
reciprocally. 

11. It can^ likewise, be farther shown, that any 
equatron may be converted into another, the roots 
of which shall be equal to the square roots of thoee 
of the former. 

For taking the required relation, as expressed by 

y=v^x, or x=y*, , ^ 

we shall have, by substituting this value ii| the pro- 
posed equation. 

In which expression, all the terms involving the 
odd powers of x are wanting, owing to v'x being af- 
fected with the doul^e sign -f and — ; and conse- 
quently y=\/a?. ' 

And, in nearly the same way, may any equation 
be converted into another, the roots of which shall 
be the squares of those of the former* 
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12' The superior limit of the positive roots -of 
anyi equation is the greatest negative, coeffifiient; 
of that equation, taken positively^ and augmented 
by unity ; and. the inferior limit is the fraction aris 
ing from dividing the. last term of the equation; 
bythe^ssune term, augniented by the greatest com 
efficient that has a contrary sign to that term, tak* 
ing them all positively (&)k 

For let the equation of which the lioiits of th^ 
roots are to be determined be 

j?"*~Aa?'""* + B!r'""*-ca?'"'"^+ .. — tx + v = . . (l), 

Then/ if there can be found a value of x,, which 
will ^render the jsum of all the positive terms of the 
polynomial . . . , 

greater than the sum of all the negative terms^ it is 
plaia that this value must be greater than the 
greatest positive root; of the^ given equAtio^u; which 
root would only give a result =0. 

Take, therefore, as the most unfavourable case 
ftr this purpose, that in which all the ooeificients 
A, 9,.c,' &c. are negative^ and each dqiiai to the 
greatest', which suppose to be n. , . *. 
: Theti^' if by any i assumption fq^r the valtie of Wi 
thfc p<il;^Hottii4l. ' .1^ 

• r , • • * » 

[■-"■ - - ■ ■-■■■_■»■■ ' ^ ^__^ ^ ._^_^ . ^ ^ I 

{$} By the superior limit of the positive roots of an equation » 
it to t«'iioderstood a number that exceeds ;the gre«itest positiTe 
root of that equation; and by ihe^irifenor'tifni^^ is mejaint a nuni'^ 
ber that is less thaD the least p&sitive root. Thus, the roots of 
tkb 'eqbJiUoD x^-^li^ 12«0y being ^ S aiid 4- 4', any' number 
greater than 4 is considered as the superior limit, and ahjr ottm^ 
ber less than 3 as the inferior limit. 

VOL. n. F 



I 
i 



^ DOCTRINE OF EaUATIONSw 

jj'^-.Nx*"* — nj:""^— NO?"*'— . . . — N^-N 

can be made positive^ tbe former expression must 
also be positive; and will consequently fulfil the 
conditions of the question. 

But this last polynomial, by collecting all it9 
terms together, except the first, is evidently equiva- 
lent to 

Or, by the nature of geometrical progression, 
pointed out in Art. (m), to the simple expression^ 

> Whence, if a? be here taken equal to n + 1, the 

result virill become -, or + 1 , which being positive, 

the superior limit required will evidently be n + 1 (/). 
In like manner, we may also readily find the in- 
ferior limit of the least positive root of the given 

equation, by means of the relation 

1 ... 

L For, if this value be substituted fpr ir iir 
equation (1)5 we shall have an equation in y, in 
which, when reduced to .the same fori\i as the 
miginal equation, the greatest negative cofifiSitiient, 
taken positively, and augmented by 1, will be th* 
superior limit of the positive values of y. 

— -: : ' ' '" ' " 

(0 By a similar, process it may be shown* that the valuftof Ike 
unknown quantity x in any polynomial 

j:'» + a;c"*-*'. + A»* "* + €»"*-• 4* • . . to + © 
t^at will render its first teyni greater than the sum of all the M« 
iewing term9t» is tbe greateat of all the coefficients of thai polyno*' 
mial (abstracting from their signs) augmented by I. 



And therefore, since it appfears, from the above 
relation, that x in the jplrbpos^d equation diminishes 
as y in^ the transfomed' eqnatibii ibicreades, it is 
plain, that the superior limit of y, thtis obtained, 
will be the inferior limit of a?. 

Whence, supposing "s^ to be the grefetteet liega^- 
tive coefficient of the ttansformed equation in y, 
the inferior limit of the positive valors <if arin tfao 

given equation* wiir be ^ .: . ' , 

1 '' ' " 



Or, if It ^bmld be fe^irpd to drt tooifine vdke iiif» 
Fior Icaiit of the positivo raoU immadiirtdy, lit 
terme^f^tltt co0flBk:ieiiU'X)f^heips^pc)ised eqtittid^ 

this may* Be readily 'done by means of'tlie trans- 
fomed equation 

y" • • • -T^'^-.r .• .+.T^y' -* f + 1 =0 ... (4) 

For, supposing P and n^^ot be' the greatest po^- 
tive and negative coeflScielits of the ptt^posed' 6(ju^ 
tion, the greatest negative cOefl&cient ' o( the trans- 
formed^ equation will be ' ' 

^fpr +.vv^ W,^/or .yX, , : V. 

- Hence, su bstituting the ftrrmer- of th ese vahies 
for N:, in the^expareasioii' ;lbove given> th« inftuiior 
limit, ttt the first of these dctee^, will be 

And> by a l^se sub^titi^tion of the latter y^W fw 
n', the limit in the second case will be 

F 2 



^ I 
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Whicli results agree with those that are stjated In 
* the propositicm. 

Thus, if there be taken, as a practical exaiuple of 
this rule, (he cubic equation 

the superior Imtit of all its. positive fopts mli b& 
6 + 1, and their inferior limit - — -. *' 

[2 + 5 

The rules above given are universally applicable, 
in^whalje^rer part of; the bqisatioei the gpcealest 'tfega- 
tlve coefficient inaj occurs but if two or uak^re of 
its^first terms he positiw, jother limits af the roots 
can be -found that will^ approach nearer to .their 
true values than the former (w)..r 

For let there be tal^en any general equation of 
the" form '^ - -' '- • '' : ; 

in which thie first terip,. t^iat is afiected ij^ith the 
jjiegatisre^sign, is -^ro?"*'". , ^ r , 

, Then^ suppressing all tlie intermediate teyms be- 
tween j?'" and ri?*"'*, and taking each of tpe rest 
with the greatest negative coefficient n; we shall 
only have 16 render the pol^ribmial 
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T':;^) .linva^hft'e.b'e obserWd; th&t miiny.ciibk.6q 110119 it i^ftht 
form a:3— rtjc + ^ «* 0, the Va-wi)! 1^ ^^^ter tbaft thefgrp^test root. 
For if this be substituted for *, we shall have a^a — a^a + i^ij 
which gives a positive result thstead X)f 0; 

And if the proposed cubic be of the form x^ — ax-^b^^Ot it will 
*be ftjtind; by a similar substitution, that Va-will be. \%m ih^n its 
least root. ....... " ' *. • i ' 
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a positive .quantity, as in the instance above given. 
But this, by the nature of geometrical progres* 
sion^ is equivalent to 

which last expression will evidently be positive, 
when 

X**3:n( — ), or (ir— l)j?*"*3:J^. 

Let, therefore, or— I =« ; and we shall now have 
to make «(«+ 1)*^^3:n; which it will manifestly 
be when ^ 

z{z'"% or. x"=Nj or z=^Vs, 

Hence, since ^ = 1 + «, the superior limit of the 
positive roots of the proposed equation, in this 
case, will be 

1+VK; 

where n is equ^l.tp the number of termd stand- 
ing before that which is afieeted by the first nega-^ 
tive sign. 

And if ~ be substituted for x in equation (2), 

the inferior limit, Tound as in the first case, will be 

_\ 

where k^ denotes the greatest negative coefficient of 
the transformed equation in y, and n the. number 
of terms preceding the first negative term, as 
before. 

Or, taking f and K for the greatest positive and 
negative roots of the given equation, the same limit/ 
when expressed directly, in these .terms, will he 
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n ■> or — — :, 



according as the last term ^r is affirmative pr ire- 

gative- 

' Thus, if we take, as a practical example of this 

method, the Equation 

x^ + 2x^^ 3x^ + x^ ^^x^ -Six -{• 30^0^ 
the superior limit of its positive roots will be 
1 + V81, or 4 ; whereas, by the first rale,, it would 
have been 82. 

And if there be taken the following equation, 

the superior limit will be 1 +\/100, or ll,<ftndth6 
inferior limit ^^ ^ ■ -, or tt ; whereas, by the for- 

9.8 + vice 54 ' •' 

jmn wde, tbey W9uld Ue 101, and r^, pr g. 

In like manner, if it were required t^ det^rmiBe 
the liinits of the negative ro^ts of the equation 

This may be <Ioiife by barely substittlting ~ Ic for 
X, and then finding the limits of the positive roots 
of this iast equaiiion, wlisjeh will evidently be those 
of ^he negative roots of the former. 

For this substitution produces no other altera- 
tion,- either in the root» or the coefficients of the 
gi\9en e^atioa, than that of changing their signi 

Hence, it^is fiaathei: evidBiit, that the superior la.- 
mit of all the roots of any equation, abstracting 
finMmr their sigRS^ is the greatest coeffiduent of that 
fit[iial!ion aDgmeBtfid by 1 ; ahd their iitferiDr limit 
is die fractaoDBiismg from dividing iSek^ lasttuini 
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I 

df the equation bjr tlie ^ame term^ ad^eated by 
the coefficient above mentioned. 

Thus^ the supeifior limit of all the roots of the 
equation : ' 

abstracting from their signs^ is 5 + 1, or 6, and 

their inferior limit is : — -, or ;; ; thonffh it is to ba 

observed, that the limits of the roots, obtained in 
this way, often differ considerably horn theit true 
veliaes. 

Newton, in bis Universal Arithmetic, (p. 204, 
English edition,) has given a method of determin-^ 
ing the limits of the roots above mentioned, which, 
in many eases, will bring them mmji Hearer to the 
truth than either of those here prd{>ased ; bat it has 
not the advantage which these possess, of being 
free from trials, and is, besides, too tedious to be 
generally employed for equations of the higher 
orders. 

The method consists in transforming the given 
equation into another (as ifi Art. 8) that shall have 
its roots less than those of the former by some 
quantity 4?, and then taking e in the resulting equa* 
tion so, that all the coefficients of that equation 
bhall be positive ; in which case the assumed num- 
ber e will necessarily be greater than the greatest 
root of the proposed equation. 

Thus, as a partial example of this method, let 
it be required to find a number greater than the 
greatest root of the equation 



= 
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Here^ by assuming x^y + e, we shall have.fdr 
the limiting equation 

+ 6y + 6e 

Where, if 2 be gubstituted for e, each of the 
quantities e^ — 4e^ + 6e — 1 , 3c* — 8e + 6, and 3e — 4, 
will be positive ; and consequently 2 will be greater 
than the greatest value of x. 

In like manner^ if the signs of the second, fourth^ 
^c, terms be clianged, a limit greater than the 
greatest root of the resulting equation will be less 
than the least root of the proposed equation. 

Thus, if it wi&re required to find a limit less than 
the least root of the equation 

^.s + 0~7a7-{-35, or 

a?'-7j? + 35=0. 

This, by changing the signs of the alternate 
terms, becomes 

a(r'-7a;-35 = o. 

Whence, assuming a; =2^ + €, the limiting cqua,-^ 
tion will be 



-7y-7e 
-35 



= 



Where, if 4 be substituted for e, every term will 
become positive; and consequently 4 is greater thari 
the greatest root of the equation 
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and -* 4 ks$ than the. least root of the equation 

13. If two different numbers, when substi- 
tuted for the unknown quantity, in any equation^ 
give results with contrary signs, one of the real 
roots of the equation will always be comprised be- 
t\ceen these numbers. 

For let there be taken, as in the cases before 
given, the general equation 

Which, by putting p equal to the sum of all the 
positive terms, and N equal to the sum of the nega- 
tive terms, will become of the forin 

j>-N = 0* 

Then, if some positive number p, when substii^ 
toted for x, gives a negative r^ult, and some 
greater number q a positive result, we shall have 



for 






the inequalities 



PzN 
Ps:N 



And as each of these functions contains only 
whole positive powers of a?, it is plain, that p and 
N will continually increase as x increases. 

But P being less than n, for x =p, the increase 
of p, for any augmented value of a?, must neces- 



■r*- 



(x) In ord«r to avoid all unnecessary trials in this method of 
proceeding, it will be suffici<ent, according to what has been be* 
fore shown, to take for the value of the limit e the greatest 
negative coeilicient of the proposed equation, augmented by 1« 
'tod then making it less ^nd less till it giyesi the l^ast positive result 
Ihat can be obtainedf 
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p 

warily be greater tliah t'hat of n, or dtherwke t — K 
could never be = O. 

If, therefore, x be supposed to increase uni- 
formly, by insensible degrees,from p to q^ p, >vbith, 
at first, was less than n, will, at length, become 
greater than n, when x^q. 

Whence there must be some intermediate value 

of X, between the limits p and g, that will render 

} 

P = N, or p — N = 0; 

which value, whether known or unknoAvn, must, 
evidently, be one of the real roots of the equation. 
Thus, for example, since the hypothesis x = 3 
and J? = 5 reduces the {Polynomial 

to —26 and +6, there liiust necessarily exist a 
Vahie t)f a between 3 and 5, that will reduce the 
same Expression to O; which is in effect H-4> as 
will be found by triaL 

The same principle might also be shown to take 
place when the numbers p 9LtAq are both negative, 
or one positive and the other negative; but the 
case here treated of Ivill be found sufficient to 
answer all the pbrpos(;s intended by thepropoi 
sition (y). 

It may likewise be Easily proved, that If two 



(y) The two polynomials, p and n, in the above demonstration, 
iDay be assimilated, according to the observation made by l.a- 
^nge, to two moving bodies, which ^t oint at the same time 
frtnon difTerent points, and prbo^d m th^ santae d^^ect'ion ; in whicli 
case, if the hibdmost moves faster than the foremost, it "wflt, -ftt 
length, pass by it; nnd conseqtrentfy; in sool^ part of thetitn«» 
they must have been exactly together. 



1 •• 



mttgftitlid^s, Wfe^n dubstitated foi* tie nriknowii 
quantily, give results with contrary signs, three, 
«r«ome Whfer odd hnn^er of roots, may sometimes 
lie between them. 

Aiid if the iresulfe arising froiA the substitution 
-of two fliagnittides for the unktiown quantity, be 
both positive, or both negative, eitherno root of 
the eq[lidtidn, or an eVen number of roots, must 
always lie bietweeli them. '*' 

Hence, it must not be hastily concluded, that 
because two substitutions for the unknown quan- 
tity give results of the same kind, thslt no root of 
the equatidQ can lie between them ; or that two 
rabstitutions^ which give results with contrary signs, 
can have only onp real root lying between them (z). 

14. Evei*y equation, of an odd number of di- 
mensions, has, at least, one real root, of a con- 
trary sign to that of its last term ; and every equa- 
tion of an even number of dimensions, which has 
its last term negative, has, at least, twp real roots> 
with contrary signs. 

For let there be assumed, in the first place, the 
equattmi 
^5«+i^^^^^^-i^ , , . 4.TJ?-V = ... (1) 



(z) From wbat has been shown in the above proposition, it 
is plain, that if any series of quantities can be found, which 
giv6 as many results, that ffre alternately poisilive and negative, 
as the equation has dinaensions, they wfU be limits of the several 
roots of t^at ecjvatian; for ^uce there are as many terms a^ the 
equation has dimensions, and an odd number of roots always lies 
between each two succeeding terms of the series^this number, 
in 4fh& cas« h^ m'^ntioti^d, cannot exceed one. 
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of an odd number of dimensions ; in which the" last 
term is — , and the other terms either + or — • 

Then^ if x be taken equal to O, the result will 
evidently be negative, being = — v. 

And supposing n to be the greatest negative 
coefficient of the equation, th% substitution of n + 1 
for Xf will give a positive result (Art. 12). 

Whence, by the last proposition, there must 
necessarily be some real .positive yaliie of -x, lying 
between O and N+ It ' 

Also, let there be taken, in the second place^ 
the equation 
,x"*+'+A^*'* + R2?'^"'+ • • / +Ta: + v=5:0 • . . (2) 

in wTiich the ; last term is positive, and the other 
terms 4- or — , as before. 

Then, if — x be substituted for + x, the given 
equation will be transformed to 

And by taking all the terms to the other side of 
the equation, or, which is the same thing, chg^ng- 
ing their signs, we shall have 

^.«+i_^^.«_^3^.r„-,_^ . . +TX~V=?0. ^ 

Whence, as this last equation is now of the same 
form as equation (l), it must, also, have a real 
positive root. 

And since — x was barely substituted for +x, 
in equation (2), this equation must necessarily 
have a real negative root. 

Again, for an equation of an even number of 
dimensions, let ^ 
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Then, : if ji? betaken 'ssO, as above ' the result 
will evidently be negative; beings as in the first 

case, :tt:^v; •' : " •. 

And^^npposifig n ta be the greatest negative ^co-^ 
efficient, the substitution of n -f L for i will give 
a positive tesult.' 

Whence there is "also, in this case, some real 
positive root, or /value of J?, lying between O ami 

• Also, if — i: be substituted for -f x^ in this last 
equatien, it will becarae:of the form ..',;;. 

where, the last term being negative, it must ne- 
cessarily have one positive root, as before, ^ . 

And as —0?, itt'thi§ base, is the same as -fa? in 
equation (3),. that equation must also have one 
rieal negfeiive root, ». .j : ; , . . 

Whence equation (3) has, at least, two real 
tootS) 0^ of which is "positive an3- the other ne- 
gative; is^Avas to be sh^oWn. ^ ■ . 

In ^ the: case where an equation of an eveii num- 
ber of dunensions has its Jjast term positive,, the 
SttbstittitionfS above employed will give tivo results 
with the same sign;; «oi that it cannot ' thence be 
concluded whether the equation has any Teal root 
4ir not. * ' . • 

1 Sri ■ 'I trfagih ary quan^ilies, wh ich . are i n ever;*' 
case "tif the forms a + fcv' — 1 and a -^ J/ — I , alwats 
enter an equation by |)atrs. 

For if a^fe'/— 1, taken as one of the roots, be 
substituted for x in the equation^ 
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the result will be ccnnpaied of two partisi ; . tm^ of 
whith consists of real, quaoftkiest ths^t lAV^ye tb^ 
powers of a and the even powers of b^/.-r I, an4 the^ 
other of imaginary quantities that involver tlte odd 
power& of 6\/ — 1 . 

Let^ therefore^ the sinm of the real qnafitities be 
denoted: by i% and that of the imaginary qnantities 
by a;^ then P + a will he the- whole resnlt. 

Again, if a — ftV — 1 be snbstitnted for x, the 
real part of the result wiU. atill he the^same^us be- 
fore; and the imaginary jmrt, which/ luri3ea fron» 
the odd powers of .i^~.l, will only differ from the 
former imaginary part by its sign; so* thdik the re* 
snlt, in this, case, will, b^ * p — «t-^ 

But since a-f fc/— lis, by hypothesis^ a root of 
the. eqaation^ p + a mudt be 7= o ; aud^^ asr ne^ pari 
of p can be destroyed by a, p and Qt wi^iU be each 

Whence^ dso, Pr-^?=Q; tb8.t is, thee, result 
arising from the substitotiiwa of a— 6^r- 1 {^w is 
O; and consequently both fk+W-^-l Attd a— bVr- 1 
will be roots of the equation* . 

Bnt this conclusion will not take pluioe if the 
equation be supposed:, to. haare^ an odd nuniber of 
imaginary roots. - , 

Hence, as imaginary quantitiesalwayii enter into 
equations hy pairs, an equation, of au odd 'number 
of dimensions cannofe.have an even number of real 
roots, and an equation of an even number of di- 
mension3 cannot have an odd number of real roots. 

l6. When the two members of any identity con- 
sist of the same successive* powers of some inde- 



like powers of x^ ip \\^ idi^fitity^ will be equal tp 
each otlmf* 

Eqr ev^afy expresB^cH^qf tUjs kiE4 a^^^titate^ aa 
eqm^ity^ i^l^qh otight to be trae for apy vdil^ 
-whatever t|iia!t c^n be giv^n to;^ (def. Part i). 

Whence, if the coefficients Qf;the sajiai^'po^wets <rf- 
4p wei?f^ p^ ^^alj, thje identity, by taking:; all its 
terupisto the satne si^e^ w<^^14 . becon^ ^ j^qiyiation^ 
^hic^ cm haye pijily^ ij^a^y va^ue^ of x aat ther«^ 
are units in the index of its highest pftwer. 

And, therefore, as this limitiation of the roots is 
contrary to the nature of . an ^entity, it follows^ 
that th^ co§0ici^j>te of all the lik? powers of; ^^ ift 
eaql^ of it? members, must he ecjgtal. 

Thus, for example, if there be tak^n the identity 

we shall n^cesss^ily h^Ye^. $tIom t^ Aat^re of the 
txpressioB,, 

A 5C a, B = 6, and c = c. 

Or, otherwise^ by bringing the tenns to the same 
side, there would arise the quadratic 

(c — c)a?* -f (b - i)x.-f- A — a = O, 

where x cannot have more than two values; which 
is contrary to the hypothesis. 

SIMPLE EQUATIONS. 

(o) Thp rul^ for resolving simple equations, 
that contain only on^ unknown quantity, . are 
foande4 ^^B: sudi^ evident principles, that nothing 
more need be said on this bead tb^m wh«t has been 
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already observed in the corresponding . article (o)* 
of the former part of this work (a)- 

But in the case where two or more simple equa- 
tions are proposed, involving the same number of 
unknown quantities, the question beeoines more 
complicated; and, on that account, may appear to 
require some farther elucidation. ^^ 

In addition, therefore, to the modes of solution 
pointed out in the practical niles before- given, it 
Ivill be here propei' to observe, that any two equa- 

• • , ♦ • • • 

tions of the form • 

may be readily reduced to a more commodious 
state, by multiplying the first of them* by some in- 
determinate quantity 7/^, and then siibtracting the 
second from this result • when there will arise 

{am — af)x + ( Jw — }/)y ^em-^&i -•■■ ' 
And as the value of m, in this equation, is not 

fixed, we can t^ke bm=^b\oT m=jr9 in which case 
the second term will disappear, a'lAlj^ '^]^l h$|ye 

cm — d' cb'—haf ^^ 



- — ; J--.., — . ' * . ■ TT" 

I -A * J - * ... .J. 

J. * k 



{a) It may here be remarked, as in the case of simple eqaations 
above referred to, that an inequality will not Jbe ahered, by per- 
forming the same operation on each of its two members. 

Thus, if 2x + fl 3: ^, we shall have 2Jt+a + c-ct t+ c j 2j; ^f a ^ 
c ^szh-^c; c{'2x + a)3s:cb; (2x + o)* at 6* !.. . . • : 

And if 5x-^azz:b,. we. ah^f 1 liate 5x-. a^^±ib +Vr ; Sx^a — ' 
c 3r ^ •- c ;' J5'(5ar - a) sc ;>'fr, &c. * . .' ... . :. . .' 
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Also, as i is now detennined^ we caiv tafce am^o^j 
or m = - ; according ' to which supposition the first 
term wil]: disappear, and the^ result will give 

Which proceeding has the advantage of greater 
brevity thaii that in con^inon use, as we can de- 
duce the values of each of the unjaiown quantities 
X and y from the same equation. 
• A similar n^ethp^ of solution may likewise he 
readily applied to any three equations of the first 
dqgree, containing three unknown qug^ntities, a* 

* * " I » • — 

I 

For, if idle, firk of these be multiplied by. m,. ^nd 
the second by w, we shall have, by subtracting the 
third from their sum, 
{am -hfofn— a^yxrj- (bm -f ¥n — l/^)y -I- (cm + c'w — c'^)z 

Whence, if there be taken cmi'{'C(n^af^=0 and 
bm + Vn — V^ =^0, there will roinaiii(cwi + c'n — cf') z = 
dm + d'n — rf'^; • which gives 

^dfii + d'n^d^! 
cm + dn-^d' * 

ft • . ^ • 

Or since, from the two equations in m and w, 
there arises 

' we shall readily obtain, by the substitutiop of these 
values,* 

_ d[hy^^ a'h") ^d'^ab^-'ha") » <^^^(W- ah') 
*^ *" i?(6'a"- a'6") + c'(a6"- ba") + d"(K- *^)' 
rOL. II. G 
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AIso^ fay taking mnt + tJ^n-^af^^O and cm+c^h-^ 
c''=0, we shall have, by operating as befoire. 

And, by again tsAiiing bm + h^n — 6'^ = o and cm^ + 
c^n — c'^ = O, the result, .obtained in the same man- 
ner, will give 

.Which results are similar to those given for the 
values of x, y, and z^ in the note to the practical 
rule, Part i (b). 

And in the same way may this analysis 1}e ap- 
plied to four, five, or more, simple e^atioiJks, con- 
taining as many unknown quantities ; but as these 
seldom occur in practice, it would be unnecessary 
to punue the suhject to a greater lengdu 

QUADRATIC EQUATIONS. 

(p) The general method of resolving ^tadratic 
equations having been already sufficiently explained, 
it will here only be iiecessary to point out some par- 
ticulars relating to the nature of their roots, and 
the signs of the terms, which could tiot be con- 
veniently introduced into the practical part of the 
work. 



(&) It may here be observed^ that the values of x, y, aad z, 
in thi» case» might have been obtaiDed by eliminating x in the 
first and second eqaations, according to the process pointed out 
in the rule. Part i; but the equation in z, after eliminating y in 
the resulting equations, would then have had a factor too mocb 
rn all its t^rms/ owing to the given equations not being e<|ally en»- 
]ployed inXbft^perMioii. 



I For tbis purpose^ th^refore^ let there be taken 

I ^ fcmr foUomng general foranvlfle : 

i 1. a^ + as- 6=0 . . where. .a:=s ^-±i/{^a^ + h) 



2 

a 



4. y-har+A==o ^= —oi'^Ci^*^*) 

which comprehend all the roots and changes of 
the signs that can arise |p any equation of this 
Jdnd. 

Then it may be observed, with ^respect to the^e 
forms, that 

» 

1. In the case 4?* + 00?— 5 = 0, where j?= — Jfl + 
v^(^a'-fi), or — ^a— V(Ja* + 6), the first, or least 
^ue of Xy abs^tracting from its «ign, must be posi- 
tive, beciLUfie V(|fl* + V) is greater th^n V^a*, or its 
equal \a\ and its second, or greater value, will 
evidently be negative, because each of the terms, 
of which it is composed, is negative. 

2. In the case a?* — oa?— 6 = 0, where ^=§a-f 
'v^(^a' + 6)> or §a-V(^a* + 6), the first, or greatest 
value of X, is manifestly positive, being the sum of 
two positive terms; and the second, or least value, 
will be negative, becs^use '/(^fl* + 6) is greater than 
^\(ty or its equal \ou 

3. In the case a^—ax^b^O, where .a?=^a4- 
V^o■— i), 6r fa — v'^a*-*^), both the values of 
X will be positive, supposing ^A* tq be greater than. 
b; for its first, or greatest value, is then evidently 
positive, being compoft^dpf two poisitive Xmm9 ; and 

Q 2 



84 aUADRATIC EftUATIOl^S^ 

its second^ or least value, tvill also be positive J 
because \^{^(^'^h) is less than V^a% or its equal ^i 

But if f a% in this case,^ be less than 6, the sp-^ 
liition of the proposed equation will be impossible; 
beipause the quantity :|a* — J, un^er tiie xadicjilj is 
then negative; and consequently V(:|:a® — i) will be 
imaginary, or of no assignable value, ^ 

Hence, in the first and second cases, x^ + ax — 
i = and x^ — ax — b = Oj \^hef e thfere is oti'e chafige 
of the signs from + to — , and one permanence -j- ^ 
+ , or — , — , one of the . yalues of x is always 
affirmative and the other negative; the po^itiV9 
value beipg the least of the two iathe former, and 
the greatest in the latter (c). 

And in the third case ^* — ax -f i = 0, where there 
are two changes of the signs, one from + to — , 
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{c) The obseYvation above tnade may be considered as a con- 
firirtatjon, in the partial instance hefe given, of the rule.fn^t laid 
down by Descartes/ that no equation can have a greater nuDiber 
of positive roots than ^ has variations of the signs, from + to — , 
or from — to + , nor a greater number of negative roots than it 
has permanencies, or continuations of tlie same sign, from + to 
+ , or from — to —1 ; and if an equation contain^ only real 
roQis, it wiH have exadly the same number of positive* roots as it 
ba« vai'iations of the signs, and the same number of negative rooU 
^s there are permanencies of the signs. 

Thus, the equation x^ + a* — lo!r + S » 0, whose roots are all real, 
has two positive roots and one negative; because tjie signs are + > 
+ , — , + , in which there are two variations, one from. + to — , 
.and tbfe other from .— to + , and o>re permanence .+ i. + . 

And if the roots of the equation x^-^ax — b^O be repl, two of 
them will be negative and the third positive; becadse^when it i» 
put under the form x^± — gx— ^ = 0, there wilt be t\k(i' pferrtia'- 
• nenciofi of the signs and one variation. ^ ' . 



and the other from -^ to 4 , both tl>e values :Qf x 
are affirmative^ if |a* be greater th^aii' A j but if ?<^ 
be less than i, eteh of the/se- roots will be imagi- 
nary, being of tbe form 

4 . Al§Qi iq . the ; .cJ^se . a?' + aa; + ^ =s O, wbere a; =* 
-§o + v'(^a!-j), or -fa-^(|a»-6), .the' two 
values oF a; will he botfh negative, or bhth imaginary > 
according as ^a^ is greateriw iess than b ; the ima- 
ginary roots, when they oceur, heing here of the 

fdm ■■'-■'''■■.■;,-'.,.■ ■ ■ ' . 

-(a' + iV-l) and.^,(a'-5V-l). 

Froni which it follows/ that if filltbe te{;ins oi a 
quadrs^tic equation, when brought to the .left band 
side, be positive, its two* rootr will be both. negative, 
or both iipaginary^ ;and, conversely,' if ;?ach of the 
roots be negative, or each ims^iuary, ^the . $igu& of 
all the terms will be^'positive. 

So ;that of all quadratic ^quatian^, : which caa 
have any real positive root, that of the third' fptxp 

' i^ — CO? + 6=0, 

.is the only oue^ where the solution, for certain nu^ 
meral values of a aYid J, will become impossible. 

With respe<A to the second rule in this 'article, 
which treats of the method of determining the roots 
of these equations by means of the tables of sines 
and tangents, the formulae commonly used for this 
purpose lilaj be obtained as follows : 

Let the igiven equation, as in the first case of the 
*f lile, be of the forpi 



IthtriAhe t#o roots, or vahieS of *, wlifeii pro- 
perly recanted, are 

^=^-{1+^(1+-)}. 

Whence, if there be taken -^ == tahi z, we shall 

• ,. a ^b cos, z^b ., ^^ ^^i.i^ 

nave-=-- — =— : ; arid, conseqawntiy, 

^ tSlQ* £ Sin* s 

~* 8in. z ^ ' 

^ ^ • 1 — COB* Z ^ 1 J 1 + COS. S ' ^ 1 

But since — : = tan.~2, and — - =cdt.-i?, 

tin. z 2 ' sin. z . 2 ^ 

these expressions will become 

x^Vbx fan. fir; i?=2 ^VJ)*ctdt.f^. 

*• Which are the two valtiei of x gv^eii in the prac^ 
tical rule. 

Again, !f the given eqdatibh, as ih thd second 
base, bte of the form 

iU two rodts, br the vahie| of ^^ induced iA b^ore, 
%ffl be 

^-|{l±^(l+^)}- 

"••'•-• 2^/b 

And^ consequently, by putting — - = tan. f^, and 

fi^lldwing the same process as above, we shall have' 
x^Vbx cot. ^z; 0?= -^ >/J K tan. ^Xk 



< >• !• **! 



(d) For a copious and methodicul col lection of formalse* of the 
kind here used, with their invesiigiitioAs^ s^e my Treatise on 
Plane and Spherical Trigonometry, where tlie admirable im- 
provements that have been made in the analytical branch oF this 
science, by Euler, Delambre, and other celebrated ibreigneHs, 
were first introduced to the notice of the English student. 



* Whidi are die two vahiet of » in tbfs seoond part 
«f tbe i^ole.^^ 

Lastly, when the proposed eqnalson is of thf 
form 

its two roots, or the -values of r, reduced m a sitri^ 
lar manner, are . 

Whence, patting . -^-^ = sm. «, we shall have 

•t 4.1, J 

« = ^{ I ±Wl -6in.«»)} =~<1 ±COS.2!). 

at smce — -. 5= cot, iz. and — r- — » ton .*;% 

sm.s , . * sin. z *^ 

the last expression will become 

x = Vox cot.Jss J a? = V6x tan.§». 

In which case it is to be observed, tiiat^ if b be 

greater than |-a% or — 3= 1, the question will be im- 
possible, as v^(^a* — &) is then Hnaginary, and conse- 
quently unassigQ^bie. 

CUBK3 EQUATIONS. 

(a) Having giveu, in the former part of the 
present work, all the most useful practical rules 
ikskt have hitherto been devised for determining 
the roots of coibic eqiuttions, J shajl here subjoin 
their demonstrations ; st^plying, at the same timeu 
such farther remaiics and observations, as may best 
serve to elucidate some of the more curious particu- 
lars relating to this branch of the science. 
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For this purpose^ let the equation that is! to be 
resolved, wh«n deprived of its second tecm^ be re- 
presented under the foim • «; ' : r '. . 

oif ^ax=b. 

In which case, a and ^'niay be any positive or 
negative npimbers whatever (^). : ,r. ... 

Then, if there be taken a:=yTf «, ..^he gjven 
equation, by substitution, will become 

. OT,$iace3^^fii+37/f=^33/z(2/c^:^^^^ 
a{y + «), it will be 

y + ^^ + (3y« 4- «)(y + «)'= i ; "' ' / - - • 
where, ^s both y and z are unknown quantities, 
the value of one- 'of them may be taken at pleasure, 
priov:ided ^iie' Qther be the coji^lemetit of ^^ . , . r 

Let us suppose, therefor,e^ ;? to be of such a value, 
that ' ........ 

. T . • . . . , - •: 

... . 3y« + a=0, or«=--. 



I ^ 1 i 



O • . . . J.J, t , . . '■'**'• I; )i 



In which case there will ; evidently remain tho 
equation ' '' ' ^ -' '^ '• - '^ 

Whence, by substituting — r^ for'i, in thi$ last 

expression, and reducing and transposing the 
terms, we shall have 



I « > .1 I . I » I < «» ■ «i| I > <»— ^w^^ 



(c) Themethod of iiivesti^tion {leVe folio wed^' is tliMwiiich 
'is genenllly attributed to Cardan, whose iiaine the foffrmla for the 
solution of cubic eqbatioiui cop^moply bear^; but Lagi;aQg^con- 
.siaers it as due to Hudde^ a Bytch analyst, of cansiderable repu* 
tation, \tho flourished about the middle of th6 seventeenth 
century. *^ ' ...•-'... , . • 



.• ij i ' « 
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Which equation, being resolved after the man- 
ner of a qaadratie, gives 

. Andjj cqnseqpentlj^, since ^= — — , we shall also 
nave , ;. 



•Or, jHfAltiplyiiig' both the ' numerator and 
denominator of the ri'ght hand niember bjr 

^iHi^t^)}, , ..;. ..'■';•.. . 

Hence, kccordiiig" to the supposition first made, 
Wfcsh&ll'hkle '■"■ ■ '■■ ■ "■'■'■'■- 

r 

Which expression^by taking a addoi either in 
+ or in — , as they:niayiia|>pen to be, will give the 
firstTQetdfthe proposed ef]piation;.for;.each of the 
casesilaidjdown in the practical ral^/; - 

And since one value ofaria.nowdetiinnined, the 
equation may be deprefssed to a quadratic, and the 
other two roots fotand, as in the note to the above 
mentioned rule. 

Or, the two latter of these roots may be obtained 
in A diiiefient.iiianner^ as follows. '' ; . 

Let there be put, as in ,the case of the practical 
rule, ' '" 

Then we shall have, by the addition and mul- 
tiplication of these two expressions. 
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ar^tx, + 3, and aj3 =^-a, or SctlS = dr. 

And, consequently, if a + be substituted for Xj 
in the original equation tliere will arise 

(flfc + 0)' + a(a + 0) = 6. ... 

Whence, equating this value of h with th« for- 
mer, and transposing the terms, we shall have 

fl^_(a + 3)^ = a{x-(a-h^)}:5=-aai3{a?^(a + 3)} 
And dividing the first aild last itieifil^rs of this 
equation by a? — (a + ^) tb^ rest^It will l^e . . 

Which last equation, when resolved in* the usual 
way, gives 

for the other two roots of the proposed equation^ a? 
was required. 

' Hence') if the values of « and ^ be now restored, 
.ihe; three roots of the gqaation ' : . / 

x' + aras+t, . ■. , 

imttiag r for the valoe of the first, and rukag dit 
upper or tinder s^, accordiag as & is pdsitiire or 
negative, wffl be as foUows. 



^(1**+^)^ ♦ • • W 






Aift'+^«'a}/-3 



And if tbe coeffident a of the second tdnn be --^ 
1^ which esse tfat lequation is of the form 

its tliree roots^ pttttilig r for the value of the firsts 
und tftldng the signs as before^ will be ^ 

Bat it & to he obde^yed, that only the ftrsbof the 
three roots here given^ for eitch of th^se eqaations, 

is real^ Except when —a*. In the latter, is greater than 

>; ill which case, they are all real, though nei- 

thel* (df them can be found from the above formulas, 

■ 1 1 
on actoant of V(-6* — ^=c^) being imaginary. 



4 27 

This, therefore, has been usually called the irre- 
iltfci&&cit&e of cubic equtttiond; because the common 
rtde, which succeeds when there is only one real 
^root, here fails ; and to other formula, purely al- 
gebraioil, has yet been discovered, by which either 
dPtbe roots, in this case, can be determined. 

It as proper to remark, however, that, although 
the compound expression, here given, for finding 
the vahxe of a?, in this case^ oons^ts of imaginary 
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smdsy jet the whole ex^p'esi^ioD will not b'fe' imagin- 
ary, as may be readilyshownbyconvertiag-itiiito 
a series, lyhere the radical parts will disappear. 
TUe ^aiii« will also take place, wbeja- thci'two 
branches of the formula, in any nmneral exaibple.of 
this kind, are, each, complete cubes. 

Thus, if it were required, for instglnce, to jSpd 
one of the values of a? in the -equatipn 

x^ - 30.r = 36, 
we shall have, by substituting 30 fpr ay arid 36 for 
b, in the first of the three last formulae,^ ' 
a?=: V(18 +26a/-' 1) + V(18 -^ 26^/- 1) 
where^ it can be fcgand, ,either by cubing^^ or fron^ 
(i)Art. 8, that \ ' !' ' *. ' 

V(18 H- 26^^- 1) =.2 4-V- 1, 
l/(18~26>/'-l) = 2-V-l. 

' Aad, -Consequently, thfe Bttm of the itv^Q. radicals 
, =4; which is the root sought. . . !..:.. 

Hence, some of the early analysts, who, in their 
attempts to resolve equations of the hijgher orders, 
-observed tlie species of paradox abave mentioped^ 
endeavoured to free the expression fronji imii|^nary 
surds, by extracting the cube root of each of its two 
branches. . " ' 

It was in this manner,, says Lagrange, 
(Seances des Ecoles Normal^, T.iii. p. 296), that 
Bombeili convinced Inmself of the' reality of the 
imaginary expression, in the formula for the irrei- 
ducible case ; but as the extraction could not be 
always- effected, except by means of series,, he 
failed in obtaining a general demonstration of the 
proposition in question. 

This defect, however, does not take place with 



respect to • Iqtia^ i*adic£(^, /oi* ilidlse -which have 
some exact power of 2 for their exponent. 
. As, f*-iustance, if we have' the • cjohipound quan- 
tity -.. .• ^ ' 

^/(fl + 6v^-l)4■^(a~ft^/--l), * ' 

Tvhich is composed of two Imaginary radicals, its 
square 'will he ' , i •- > . 

which is a quantity neciessarily positive^ ■ 

And, consequently, by extracting its square 
root, weahallhave ' :- ' • .S . '. 

for the real value of the quantity proposed. 

fiat if, ir^stead of the ^iim, we bad the <lifference 
€>f the same two radicals, it:s ;M|uare igifQUld b^ 

2a-2^/(a* + i*), 
^ which Js a quantity uejt^essarily negative^ 

And; consequently, by t^ing its square root, we 
shall have the simple imaginary expression. 

Again, if the compound quantity paropos^dbe 
V{a + b^/ - I) fV(a-bVr- I), 
we shall have, by elevating it to the second power, 

V{fiaH^2v'(a*+5*)} + 24/(ix*Vft%. • •' 
which is a real positive quantity. 

Whence, extracting its square root, we shall have 
a real value of the quantity proposed ; and so on, for 
other even roots.* . ' . ' 

But if we would apply this method to cubi? 
radicals, we shall again fall upon an equation of 
the third degre^e, in the irreducible casie. 
'For let tfa^fe be taken the compound quantity 
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Then we shall have, hy m^ing- it to the thinl 
power. 

And, by sabstitotion and transposition, 

which is a general formula for the irredacible icase^ 
because 

And if by in the proposed expression, he taken 
=0, we shall have 

It therefore remains to be proved, that when b 
has any real value, x will also have a corresponding 
real value. 

But from the precedis^ equation it appears, thaft 



^(aHi^) = 



Sx 



And, consequently^ by cubing each of its sidesj 
we shall have 

a +6= ^j^ . 

Or, by taking a^ to the right hand side of the 
equation. 

Which expression may be put under the form 

i 

Where it appears that 1=^0 when af^Sa,; and 
that^ afterwards b augments, without inteitr^ptlon^ 
as X augments: for the factor (.;i^ +.a)% io^that case> 



i 



incteSises coirtiiraally, as does also (1 — rr); because 
as th& denominator x^ augments^ the negativje part 
-^ Hvdoiich is at first sl^ becooMs eiwajB les^ 

tJian 1. 

Thus €jen, in augouenting, by insensible degrees^ 
tbc value of x^, from 8a to infinity, tbe value o£ 
i' also augments by insensible and corresponding 
degrees from to infinity. 

^d ilief^OFe, reversedly, ^or eveiy value of h\ 
from O to infinity, the,re is a corresponding yaloe 
of a?^ comprised between 8a and infinity ; and as 
this is the case for every possible value of a, we 
may safely conclude, that whatever may be the 
values of a and 5, the corresponding value of x^, 
aaid coDsiequently that of x, will always be real. 

But, notwithstanding the reality of the root is 
thus confirmed, it does not appear that it can be 
represented in any other way, than by the imagi- 
uaiy^^^resdicm 

or by the seri^f which ^risiBs from its* develop- 
ment (jT). 



^tmittk^^m ■< t I I ■«' III 



(/) It may here be worth While to observe, that several cubio 
equations that fall und%r the ineducible case, and which cannot 
therefore be resolved by Cardan's rule, may yet have their roots 
completely ascertained by other means, which are .purely Jftl' 
gebraical. 
' Thus, ifcrr i»eample, in the*equ«ti6n a:*— 6a:*» 1 + 5^2, wlifere 

(t)K or $, it greater than ( — r^?/ it puy be ahown that 
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r 

We mtist^ therefore, riegard such imaginary ex- 
pressions, that answer to real quantities, as form- 
ing a new class of algebraical formulaef, which, al- 
though they have not, Kke others, the advai^age 
of being estimated in numbers, in their usual jStaJe^ ' 
have yet that, which is the only necessary quality 
jh algebraical operations, of being employed as ijf 
they were not imaginary. 

It may here likewise be farther shovs^n, that 

1 . ' 1 ' *" 

when —d is equal to, or greater than ja^, th^ other 

two roots of the equation 

as well as the first, will also be real quantities.. . 

For suppose r, according to what has b^e^^^prQyCjd 
above, to be one of- the real roots of this e(;pat;ioni 

r' — ar~6 = 0, or . / 



>: ' '•;'• 



Whence, by substitution, we .gh^L have \ 

o^' — r' — a(j? — r) = 0.f . , 

And^ consequently, by dividing by ar — r. 



,« I «.« I «« 



0? -l-ra?-hr* — a=0, or 

Which last equation contains the othei* twouroot^ 
©f the proposed equation, the solution of it giving 



ap» 1-3^4 -3/2; though it is nol easy to pereieive how the. 
knowledge of this circumstance can be turned to any account in 
the general solution of cubic|j9. .. ^ *>' 
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' WbeM, ill order that each of these rootis may be 
Ireal^ w6 must. have 

a= or ^-f^K ot r^ or ^2y/-a. 
Biit if, in the second member of the equation. 



:6 = r»- 



ar, 



there ^ be put, in .the place of r, the equal, or ksd 
quantity SV-flr, we shall also have 

r 

r 

8 1 -1 

i =^ or 2= (Tflf'/o fl — 2aV-a) . 

Or, bringing the terms to the same denbmiha* 
tor, and taking their difference, 

• .2a .1 

And conseqneiitly, by squaring each slidSa, and 
dividing by 4, we have 

ii^= or :*=^a'* ' ^ 

4 27 

Whence it appears> thatj if ~^'^= or ac^ra^^the 
three roots of the proposed equation ^ill be all real* 

1 i 

and if -6*3=— a', one rx>ot only is real ;^nd two ima- 

ginary. ' . 

Having said thus mticb oil this part of th^, sub- 
ject, it will now be proper to give the investigation^ 
of the ruJes for resolving cubic equations by means ^ 
of the tables of. sines and tangents (^)« 



J-M lll 



{g) The first hint respecting the solution of cubic equatioris, by 

fkieans of the trisection of anartgle, appears to have been given 

by Bombelli, in his Treatise of Algebra, pririled at Bologna^ 

1^79; but this method, by using the analytical instead of th« 
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. For whic^ pnrppsq let therq b^ takes, M in. Am 
first case of the practical rule^ ttiQ eq^ti^il r 

wliere the root, as found by the tisusd method^ i^ 

. Or, w,bezi.recliiced to a form mors s^ljtfble to tlw 
present investigatjioii^ 

x=V{i&+iMi+^>}+V{iA-lMi+^)}. 

, . -- . 

Then, by tjaJqng g;j:|^ = tan.* %y or, which is the 
same thing, ' 

Ire shall hais^e, by substitution, and the commiontii- 
gonometrical formulse used iii the bust article^ < 

^^ • & - a . ^a . ^ 1 1.+ .COS. z . % 

Or, si»ce -i^ r- V-Ty 1 -f '^ * i '^ ^ ' > > ana 

' 2 3lan. z 3 cos.-sf cos^z ' 

i — • = — -^ ^, this expression will t)ecbme 

COS. % COS. Z ' *^ ' 

^ 3 3^ COS. z tan. z' ' ^3 3^ cos. z tan. z< *. 

'But V(-V-) = V-, -^— = : = cot. ~», 

^3 3. 3' COS. z tan. z sip^ z. 51 * 

, I — COS. Z 1 — COS. Z ^ 1 - 

»»^ COS. « tan.^ '"HITT- ^ *^- 2^' ^^^»<=^ 

« =i a/-(V cot. -;s — V tan. -z). 



geometrical form of invest! gation> bag since been greatly lOVt 
proved^ and will> it. is hoped, be here found as simple and pes* 
MOiicttou^ as the n»ture of the subject will ftdmit,. 
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Or, jmtting Vcot^«= cbttt; which gives, at 
the same time, 

Vtan.§2;= tan. tt, (2) 

we Shalt have, by the trigdtiametrical f<^ttla^ be- 
fore referred to, 

X = >/-(cot. u — tan . «) . 

Hence, also, because cot. u — tan. te = 3 cot. 2U^ 
the first result i^ill be 

_ * • 

x = 2\/-x cot. 22<, (3) 

where the equations 1, 2, 3, by taking the tadius 
= 1, ar^ the same as those given ia tfafe practical 
rule. 

Again, let the proposed equation be, as. in the 
second case, of the form 

where ji* is^ supposed to be greater than ^r^, ot 

27V^4c?. 

Then the root, found by the ccmimoiii rale, as 
before, will" be* 

And hf tdcmg ^ygi^ smi*«, or, whieh is th» 



same thingg 






35 3- 

we shall have, by transposition, and the commoti 
trigonometrical formula, 

* 

H 2 
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h 



Of, because - = ^. — V-. as appears from tlie 
preceding formala^ this last expression will become 

L«l IV Bin « /-J • L^ *l\ ftin. « -'-i 



1 — COS. « 

% 



ut V(-\/-) == v-, — r-— — = cot. -Zj and — r- 

^3 3^ 3' siQ. « 2 ^ sin. 

tan.^; whence 

A Y 1 

a: = V-( V cot. -« + V tan. ;r jt) . 

Or, putting V cot. \% == cot. % which gives, at 
the same time, 

Vtati. §«« tan. t/, (2) 

we shall have, by the same trigonometrical formu* 
1«, as before, 

X = ^/-(cot. M + tan. ii)*, 

\ 

2 

H^nce, because cot. u -f ta|i.»= -: — ^t" — 3 cosec*2Wj 

' . sin. 9m * 

the result will give 

a?=r V- X -r-— - = 2V- X cosec. 2m. ... (3) 

3. 8in.2u 3 . V / 

And if the absolute term i, in this caie, had been 
negative, or a? — o^ = — ft, the result would then be 

a 2 A • 

a?*= — v-'x-r — —« — liv'-x cosed. 2»; 

3 sin. 2tt 3 

< 

where the equations 1, 2, 3, taking, as before, the 
radiud =s 1, are the same as those given in the rule« 
In the third, or irreducible case, where the equa- 
tion is still of the form 

but having ^^h^^Ad^ another mode of solution 



* - • • 
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must be adopted, on account of ^(tJ* — ^ra*) being 

imaginary * 

For this purpose, therefore, it is necessary to 
observe, that if any arc of a circle be denoted by z^ 
we shall have, by trigonometry, 

4 COS.' z-'S COS. z = COS. 3z. 
Or, by substituting -z in the placis of z, in each 
of the terms, 

4cos.'j— 3cos.-= cos.;^. . • . (l) 

Whence, in order to reduce the given equatioQ 
J?' — ax S3 & to this form, let there be taken 

j?=5~co8.- (2), 

Then, by substitution, there will arise -, cos.' -r -*' 
- COS. - = i ; or, multiplying by 4^, 

4 COS.' - — 4ay* COS. - = 46y', 

. And, consequently, putting 4ay*=3, QV y^ 
->/-, this last equation will becpma 

4 COS.' -r — 3 COS. -r == r^\^-. 
3 3 2a a 

Whence, as this is now similar to equation 1, we 
shall have, by equating the two right hand members, 

1 3 

And, therefore, by substituting -V- for y, in 
equation 3, 

*=:2a/|x cos. I (4) 
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Wl^icb two last f^rpiulsip wUl eniible us to deter- 
mine one of the roots of the proposed equation, ac- 
cording to the direction^ given in the practical rule. 

And since it is kuowi^ from trigonometry, that 
any arc of a circle, increased by one or more cir- 
cumferences, will have the same sign, cosine, &c. 
$ts before, it follows, that not only cos. z^ but also 

S& 3 

cos. (sGcP + ^), and COST. (720 4- 2) =^V-. 

Whe^e?, by taking -^ of eaclj of thc^se last ex- 
pressions, and th^n finding the supplements of the 
results, we shall have . . 

jc=+2/3.x.coa.^ 
?;--?/|x c,os.(^°-|) 
a;=.-sv|><<.p&.(6o'+|) , 

"Which ace the tliree ropts ef the proposed equar^ 
tion(A). '^ ^ , 

And if the absolute term ft, in this case, be ncr 
gative, the three roots of the equation 

will be the negatives of the former; viz. 

' • f • » 

(A) ^ It may he^e be ri^m^rkjed, tbat if mor^ , than two circQiii« 
ferences of the circle had been add^d to the arc z, in this case. 
Wip 'i^i^^^bafQ &ll^n 9gaiB up^P^ the sanpij^. values of a: as those 
befo3^6fdund ; iRrhkh circumstance serves to confirm the commoa 
theory of equations, as far as regards those of the third d^^e; 
aince these, ^s has been already sbQyvOK C9n neyer have morte 
than tbree roots. 



0?= -.2V--X COS. -J- 

«?*=: 4- fl^J X COS. (60® - 1^) 

x= +2v'~x COS. (6o'^4--) 
In each of. whicli cases, cos. zs^^-x-^V-. as above 

' 2a or 

shown. 

With respect to the determmalibn of the toots 
of cubic eqtiations, by means of deries^ let there be 
given^ as in, the first case, the eqaation(t) 

Where the root, by transposing tlae terms of each 
of the two branches of the common formnla, is 

Or, by puttings for the Sake of greater simplicity, 
^(76^ + ^a^) = s, and reducing the expres^nj^ 

Hence, extracting the roots of the right hand* 
member of this equation ^ by the binomial theorem, 
there will arise 

• ^(1 +^) = i + 3(27)- la^ij) +1679(27) - 



3.6.9.12^2« 



^(^ 2*^""'^ 3^25^*"3.6^12j^*'"16.9^2«^ "" 



'•'•' ih'^c. 



36.9.12^2« 



(e) This method of solviag <)ubk Equations, by n^eans of 
series, was first given by Nicole, in the Memoirs of the Acatfemy 
of Sciences, an. 173d, p. 99 ; and, afterwards, at greater length, 
by Clairaut, in his Elemens d'Jlgebfe, 1746; but it is presumed 
that the investigation, given above, will be Ibcrnd far more per- 
spicuous and complete, than the one here mentioned* 
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And, consequently, if the latter of these two se- 
ries be subtracted from the fornaer, the result, by 
making t^he first term of the remainder a multi^ 
plier, will give 

Qbs^. 2.5, iv«. 2.5. 8.11, 3 V. 

2.5.8.11.14 17 ^ ,. 
6.9.12.15.18.2P25' * 

But since s ^ -^(76* + 27^^^ ^^ ^hall have 

2bs^ 2ft 2& 



6* 6s^ M2(27ft«+4a')] 

Whence, by substitution. 



_ 2b . 2.5. 27ft' V 2.5.8.11 

^■~3^[2(27ftV4a3)]^ "^6.9^27ft'+4a3^'*" 6.9.12.15 
. 27ft^ x g 2.5.8.11.14. 17. 27ft^ yp , • 
^27ft*+4a3^ ■^6.9.12.l5.l8.2r27ft«+4a3^ ^'^ 

Which is the same expression as that given for the 
value of X in the practical rule. , 

Again, let the proposed equation be, ^s in the 
second case, gf the form 

a^^ax= ±b, 

where -b^ is supposed to be greater than — a% or 

Tlien the root, as found by the common formula, 
when properly reduced, is 

2 1 1 

Or, putting, as in the last case, -^^(^b* — ^(^)y or 

1 /a7ft'-4a3. I 

Its equal ( ^^^, ■ )^=5, 



CUBIC SaUATlONS. 105 

Whence, extracting the roots of the right hand 
member of this equation^ there will arise 

And, consequently? by adding the tw6 series to* 
gether, and t^dcing the first term of the resnh as a 
multiplier, we shall have 

. «s^^f, ^ ft 2.5.8 . 2.5.8.11.14 -o 1 

Or;, by «ubstituting ( — J^, )^, as given abpve, 

for its equal s, 

-•^ 2I- S.O^ 27 A* ^ 3.0.9.12^ 27^* ^ 
2.5.8.11.14 ,27*=*-4a9 o. 



I » > > '1 It. 1 1 -»■ 



S.d.Q. 12. 15.18^ nb* 

Which expression is likewise the same, for this 
case, as that given by the rule. 

Also, if the equation be, as in the third, or irre- 
ducible case, of the form 

where -6' is supposed to be less than — a^, or 2*lV^ 
Ad^y we shall h^ve, for the first of the three roots, 

— a.o»/ri 2 . 4a3-27&\ 2.5.8 . W-'nV ^ 
2.5.8.11.14 / ^^''276' o -| 

Which expression is obtained from the last series, 
hy barely changing the signs of the numerator and 
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denominator in each of its teriiis ; wliich does not 
alter their value. 

Heiicc, in order to determine the other two foots 
of the equation, let that above found, or its equiva- 
lent expression, 

V[l6 + V(l6'-ia')] + V[i6-V(ij'-ia')] = ±r. 

Then, according to th6 formula that has been 
before given for these roots, in the former paii of 
the pr^ent article, we shall have 



Ajh-^m 
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Or, putting |>/(j&^-'^a')fc^, and rediicing ihe 
expression. 

Whence, extracting the cube roots of the right 
hand member of this last equation, there will aris# 

V(I+«)=l+i.-^-+|^s'-^|^'&c. . 

And, consequently, by taking the latter of these 
series from the former, and making the fir^t tern^ 
^ of the remainder a multiplier, we shall have 

2.5.8.1 1. 14. 17 (JO -1 
6.9.12.15.18.21^^' J 

But Since ^=-^(^i--^^) = (___)., ..^ 

'i7i'-4a' 4a»-276» , M^-'^^i\oo . x 

-^i^"^ 27r^^^=^( 27^ )^> Wefeatf 



i 
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also V-5x5./^3 = V-^6x^5-v'(— -^r~) = -V-6x 

Hence, if these values he substituted for their 
equals^ in the last serieSj the result will give 

^2- 93/26* ^ 6,9^ 27 6» ^ 
a.5.$.ll . 4o^-fl76V g g.3 &1M4.17 .4fl »->276* ^^ ^ 
0.9.1«.15' 276* ''^6.9.12.15.18.21' 276* J^^M 

Which expression, taking ^^ when i is posi^ 

tivc, and + - when it is negative, is the same as 

that given in the practical rule^ for the two remain- 
ing roots of the equation. 

Again, fpr another solution of the same equa- 
tion, we shall have, by transposing the terms of 
the common formula, as in the first case. 

Or, by putting, for the sake of simplicity, as be^ 
fore, V(-6* — — a^) = •?, and reducing the equation, 

4'=i/*{V(i+^)-V(l-^)} 

1 ' ' ' 

Whence, extracting tlie roots of the right hand 
pember^ as in the for^nier instances. 



J.6.9.l2^i« 

vf 1 — \ - 1 _ 1(1.) - ^r A\* - .^(Ly _ . 

2.5.8 /b \AQ 



3.6.9. IS ^2s 
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And, consequently, by subtracting the latter of 
these series from the former^ and naaking the first 
term of the result a multiplier, we shall have 

_264^, 25. b .^ 2.5.8.11 . b^ 
^"~ ds ^ ^6.9^^^ "^a.9.12.15^2*^ "^ 
2.5.8.1 1.14..17 / ^ Mjo 1 
6.9.12.15.16 2i^2«^ ^ 

11 b 

But «ince ^ = ^^(ji*-»-j^')> ^^ ^^^e (^)*=» 

27i5» 27&« .b.. . 27 6« v,o « 2^*^ 
276'- 4a3 4aa-276^' ^2j^ Ha3-27*«^ 65 

26 _ 26 2b _ q6' 

Whence, if these values be substituted for. their 
equals in the last series, there will arise 

_'^ 26 . 25. 27 1« , 

^"" '^M2(4a3-.276')]^^ e.9Ha»-276*^ "*" . 

2.5.811 . 276' v^ 2.5.S.1 1.14.17 . 276* w^ .. 

6 9.1^.15^4fl3_276'^ 6.9. 12.1.5. 18.2lHa3-i?76«^ * 

Which is another expression for the first root of 
the proposed equation, agreeing with that given in 
the last case of the practical rale, 

' And if we put the root thus found, or its equiva^ 
lent expression, 

'V{ V(i**-^') +i*} - V{^(l6' -^a') -16} ^.± r, 

we shall have, according to the formula before 
given for the other two roots. 

Or taking, as before,* '^(tJ*—^;^^'"'*^ ^^^ s^oi* 
plifying the result. 
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Whence, by extracting the roots of the right, 
hand side of this equation, there will arise 



^ 2,/ * 3V2«^ 3.6^2«^ 3.6.9^««' 

1.6.9.12^27' **^* 

And, Consequently, if the latter of these series h^ 
lidded to the former, we shall have, by making the 
first term of the result a multiplier, 

3.6.9.12.15.18^25^ '^ 

Butsince5 = ^/(-^-27^') = (— ^;^)*^, w:e have 

* ,fcv, : 27&" 275' J 4- , « 

also (— )' = ^,., ., = — .^ rvfi ^c* ^d tfV— 3c=: 

4. ' 

Hence, if these values be substituted foil» their 
equals in the above, series, the result will give 

-r^^6/«'-27ft« _ ,2, 276^ .' 



2.5 8 ^ 276' .^ 2.5 8.11.14 . 27&' vgg, . 



3.6.9. l2Ha3- 27 6'-' ^ 3.6.9.12.15.1 8^4a»- 27 1« 

Which expression, taking — ^, or +-, as before, 

is the same as that given in the last case of the 
practical rule, for the two remaining roots of the 
equation. 
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BiaUADRATIC EQUATIONS, 

(r) Various methods Kaving been proposed, by 
different stuthors, for the resolution of biqoadratic 
equations, I shall here give, in as persrpictroiis a 
manner as possible, the investigations of such of 
them as appear to be most deserving of notice ; 
leaving it to the judgment of l3he reader tor decide 
upon their respective merits. 

In the first place, then, it may be obseiTed, that 
th^ earliest solution of equations of this kind» that 
has come to our knowledge, is that pf Louis Fer-. 
rari, given by Cardan, in the 39th cliapter of his 
Algebra,, published at Milan, 1545; which is as 
follows: ' i 

Let there be taken the common numeral' equa- 
tion 

a^ + 6x*-f.36 = 60ir^ 

which is one among several of those proposed in 

the above mentioned work. 

Then, if 6x^ be added to each of its sides ^ tihie , 
left hand member will be a complete square^ the 
re$uit helpg / 

And, hjr taking any unknown qutoti#yy^ and 
adding Syix' + G) +y ta ^afk side of this last equa- 
tion, it will become 

/Where, since the left band member is stilt a 
square, we shall have, by simplifying the eqvatUMH^ 
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. Seaee it o^ly remains to make the right band 
member also a square; which is done by potting 
^e Jst term x 3d = ^sq. 3d, or 

(6,+ 22/)x^ X (12y +y?)=;.J(60x)\ 

And^ consequently^ by actually multiplying the 
tV!0 coBiponna terms of this expression together, 
and squaring the 3d, we shall bare, after expunging 
the GOHimoa^ factor 1^, 

y + 1 5^* -h afiysa 450. 

The root of which last equation, as found by the 
rule before given for cubics, will be 

Anf}^ t}i^r<^^^. aince equation 1, (which by the, 
above process has each of its sides a square)^ can 
bepntundei^ tbiefarm , , 

(a:* + 6+yy={V(6+.2^)x4|L4-V(l2y+y«)}% 

yf^ shall ksf^e; by e^^traptiAg the square rpot of 

cfli::^ qf it§^ two? nae^ifews,, 

a»« + 6+y= ±{^(6 + 2y)}:f + V(l33^+y).. 

for th^cucj^e .\Yl;fc^ fio^^ in the-gjiveQ equation isf ppsi- 
^ye; as4, 

for the case when the -same quantity is negative. 

From which two quadratics, and the above value 
of y, the fcfiir roots pf the proposed biquadratic can 
be readily fofmifk). 



(<0 Thi3;^^(l^^ of resolving^ ^j^uadralic EqasbtioM^ whicb 
was afterwards copiously explained and iU^^^ed by fi^mbelli. 



^ 
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TTie second method^ i^ that given by Descarte*^ 
in the third book of his Geometry, first published 
in 1637 ; which is founded upon the following prin- 
ciples* 

Let the equation, whose roots are tequired to be 
founds be of the form 

in which the second term is wanting; and assume^ 
as a first step in the investigation, ^ ^ 

Or, which is the same thing, let the proposed 
biquadr'atic be considered as produced by the mul^ 
tiplication of the two quadratics 

oc^+px + q^Oj and a?*-f ra: + *=0. 

Then, since these equations, as w6ll as th^ 
given one, are each = O, there will arise, by taking; 
their product, ; • 

X* + (/? + r)x^ 4. (5 + y + pr)x* + {ps + qr)x + qs^ 

ai^-^ax^ + bx-hc. ' 

And, consequently, by equating the homologotlsf 
terms of this last equation^ we shall have the four" 
following equations^ 

p^r^O; s + q+pr=:ai ps + qr=b; qs^c. 

Or, if — j9, which is the value of r ip the first 
of these, be substituted for r in the second and 
third, they will become 



^ 



?+?=«+f; *-?=«; ?^-^- . 



p 



a 



in his work before mentioned, continued in use among mathema-* 
ticians for near a century after its 6rst invention by Ferrari; 
an«l is, perhaps, in its general principles^ inferior to none thai 
has yet been discovered. 
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Whence^ subtracting the square of the second 

t>f these from that of the first, and then changing 

the sides of the equation, we shall have 

b* • 
a* + 2ap*+y — -,==45^5, or 4c. 

And, therefore, by multiplying by ^% and placing 
the terms according to the order of their powers^ 
the result will give 

^rom which last equation, if there be putjp* = «, 
we shall have 

z^ + 2az^ + (a* - 4c)z = b^ ; 

where z, and consequently />, may be found by the 
rule before' giv.en for cubic equations. 

Hence, also, since * + y = a + ^% and 5 — y = -, there 

will arise^ by addition and subtraction, 

1 1 4 ft 1 1 ft * 

where/? being known, s and j are likewise known. 
And, consequently, by extracting the roots of 
the two assumed quadratics a?®+/?x + g' = 0, and 
x^ + rx + s = 0, or its equal a?*— /?cr + *=0, we shall 
have 

which expressions, when taken in + and — , give 
the four roots of the proposed biquadratic, as was 
required (/)* 

(1) Since, !n the above investigation, p + r«0, and qs'**c/iii% 
evident that the reducing equation in r will be the same as in p^ 
and that in q the same as inj; bat the latter is of a form whish 

VOL. II. I 
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It may here be observed, however, that this 6a^ 
Intion, as well as^ the four folhiwing ones, can 
only be applied to those cases, in which two roots 
of the biqtiadFatic are possible and two impossible* 

For let us suppose, as has been done by Wood,, 
p* 156 of his Algebra, that the four roots of the 
biquadratic are a, hy e, and --(«+&+c). 

Then,^^ since jt?, the coefficient of the second tenn^ 
of one of the reducing quadratics, is the sum oF 
two of its roots, all the different values of which 
this sum is susceptible are 

a -I- 6, a + c, i + c, — (a + J), — (^+ e), and — (i + c)^ 

And, consequently, all the different valuea^ that 
jpV or z, can admit of, are 

(a + 6)', (a+cY, and(6^-c)^ . 

Whence, as these are all possible, the cubic falls^ 



was constdered by Waring (p. 135, Meditations A1g€breica&} 
and other writers^ as irresolvable^ being 

«^-as«-cj*+ (2&(^-ft*)a3-cV-ac** + c»«0; 

But, by dividing it by fi, and arranging the terms according^ 
to the powers of » and their reciprocals, as was first shown by 
Woodhouse, it will become of the form 

a8 + --fl(«' + -)-c(j.*--) + 2ac-^«0; 

c c* 

where, putting « + -«», we shall have j^ + — -«•- 3c, aiut 

6' + -- ■= ifi'^Scvy and, consequently, by substitution,. 

■C 

Whence, since * + - = r, or «• — w + c = 0, if th« value of v m 

s 

ibe former of these equations be substituted for v is the latteiw 
the Talue of «^ may bt r«ad)Jy deteoniaed. 
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• * f • ■ 

under the irreducible dasd, and therefore cannot 
be resolved by the cbmmpn 'formrtia^ ^xicfept in some 
particular cases. 

Agaitf^ supj>ese the )foots of tlie biquadratic to be 

a + 6V-l, a-bV-lj -Ah-'CV'-I/ And 

Then, takiog the suifis of f hem as b^fbi-ei the 
different values of p^, or ^, will be found to he 

(2a)% -(&-fc)** and ~(6-c)^ 

which are all possible, ais in the preceding case. 
But if the roots of the given biquadratic be 

a + bV^l, a — iv^— 1,. — rt + c, and — a — c, 

the values of j»'| or s, will, » that case,, be 

(2a)% (o + &• - 1)^ and' (c - *• -^ t>*) ' '■ 

two of which being impossible, tie cubic may be 
resolved by Cawlan's rule. 

And the same may be shown to take place^ in 
nearly a similar manner, in all the following me- 
thods. 

The third method- is that given by Simpson, 
p. 1 50 of his Algebra, second edition, which consists 
in supposing the given biquadrsitic to be formed by 
taking the diflference of two complete squares, being 
tbe same in principle: as that df Fe]l*ari. 

Thus, let the pTC^sed equation be of the form 

having all it^ terms complete; and assume 
{x^ -{-^ax -^pY — (qx + r)'=a:* + aa^ -i^ bs? + ex -{• d. 

Then, if x^ + ^a^c+pBnd qx + r be actually in- 
volved, we shall have 

I 3 



li6 
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x* + ax^ + 2pb^ + ap 



i«« 







-f ax^ + bx^ + cx + (L 



And^ consequently^ by equating the homologous 
terms^ there will arise ^ 



1. 2p+^a^-q^±:b 
3. op — 2qr . = c 
3. f^r" =i 



6r 



.9 



ap — c = 2<yr 



'-(/ =r* 



Where, since the; product of the first and last of 
these equations is evidently equal to ^ of the square 
of the second, we shall have 

2/ + (|a* - %» - 2<^ - rf(ia' - J) =» 

' • ft 

Or, by bringing thd unknown qiiantities to th6 
left hand side, and the known quantities to the. 
right, and then dividing by 2, 

p'^y' + {{ac-^d)p^^e^aH)-y>d.. ' 

^ Prom whicli lasf equation p caii be cteierriiined,; 
as in the former inethod, by the rule before jgiveh ^ 
for cubics. 

And since, from the preceding equations, it ap-' 
pears that 

5 — '%/{2p + -a^ — h) and r c= 2^^, or ^{p^ - rf), 

it is evident that the several values of x can be 
readily obtained from the quantities thus founds 

For, because a?* + oai^ + 6ap* + ca? + rf, or it§ equal 
[x^ + ^ax +pY — [qx + r)^ = 0, it is plain that 

{x'' + laxVpY=^[qx^T)\ 

And, therefore, by extracting the roots of tach 
#ide of this equation, there will arise 
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Whence, by sabstituting the above values of p^ 
q, and r, and transposing the terpas, we shall have 

X* 4- { ^a + 1/( 2p + ^a* - i ) } ^ + ;>. qp a/( y^ - li ) = 0, 

for the cas^ where ap-^c is positive ; and 

a?'4-{ia + V(3p + ^a*-i)}a:+j9±i/(jp'-d)=0, 

for the case where a/> — c is negative. 

Which two quadratics give the four roots of the 
proposed i^quatiop. 

And by putting p =« a + -, in order to destroy the 

second term of the reducing cubic^ the several steps 
of the investigation may be readily made to d^ee 
with thj& (expressions given in the practical rul^^ 
Part I (m). 

The fourth method is that given by Waring, in 
chap, iv of his Miscellanea Analytica, published 
at Cunbridge in 1/63; which, being also z, gene-^ 
lalizatioH of the one befo?e aacribed to Ferrari^ 
may be investigated in a (Similar manner, as follow^ : 



■ 1 ' 1 " ' 1^ 



(m) If eacb of the tbrfee valoes of p, io the redttci»g cubic 
above found, render the expression •(2/> + ^i*— 6)«0« this 
SQ/ethod of resolotlon will evidently fail, as the coefficient q^ ia 
tbat case, becoqles indeterminate. 

But this cjEin only happen when the equation is of the form 

3 1 I 

^ • *8 10^ 256 ' 

Vfx which caae it has each of its roots » — ^^. 

The same restriction also takes place in the rule given by 
Waringy next follow ing« as also in the extension of that of Des* 
cartes, to the form x* ^. lu^ + (x* f ex -i- ii{ - 0, as given by MacUu» 
rin, p. 829 of his Algebra. 
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Let iJM proposed; biqua^ra^it; be of the forin 

X'*' + aoB^ = bx^ -^ can A- d.. 
Thenj ?wse by scji^aring th^ assumed expressioi^ 
oc^ + ^ax -^ p, we shall have 
(^* + ^ax +py = a?* 4- a3o^ + (^a* + 2p)x^ + apx +/?^ 

If da* 4- 2p)i* 4-^^+^^ be added to each side 
of Ae prigib^l equ^tit^, it wilj become 

where, since the first member is- a sqilifffe, it only 
remains to x^ake tl>e second <j^ square^; which is 
done by t«iking, 

jWl^nce^ miiltiplyipg. the twp compound; t^rflas 
of this expression together, and squaring the t^ird^ 

we shaJ.Vl^e,: .,.,•., '.,:; " \^ )\ .. T .• \ ■ '>. 

. jQ^ brijj^ng all thit.uiiknjDCrirn; rquantfties M» ilte 
l4Cl'h&ttd<iti4^9 ip^di tbe^ known) qukntides tb tbei 

i:igtolJ^tidi.th^ft,diYidiiig.%:8vi '. *^ : - - -- ■'<''• v ' 

• From w>Mdhl<l«iteqtiatioti %fie i^^e 6^7) ban be 
determined/ as in 'th^ foriher methods! * . . . 

And since equation 1, frpin it3^ right b^ind. jrpemr 
l^er hay^ijg ^^j:^; ^^s^ia, sqwv^^.qa© be,. put,.wider 
the form 1 ' ' . ': 

(4^* + \ax -^pf ==Wi^a' -{^.2p'+h) XX + ^/{p^ +.rf) }% 

we shall have, by extracting* &16 roots of its two* 
sldtis,'=: ■""'''• • •.>::.. : 

X* 4- ^aa? + ^ =' it {. A/d'a* + 2jo + J)" ] a? + V(|>* + <i[), ojj ' 
i' + { ^a T -/(^a' + 2p + b)}x.^. -r-p.-ir i^ifi' +>d.)^ • . 
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for the case where the jsecoiid term «/)f+ c, of eqiia- 
tion (1) is positive) and - 

J!'•^^ax■^p=±{^/{^a^■\'2p + b)}x-ir{p^^d), or 
x' + { |a T ^(f«* -f lj> + &) }a: =« - j» - ^(/ + e/j, 

for the case where the same quantity is ti^ati^e: 
-which two quadratics will, therefore, give the four 
roots of the proposed ^biquadratic, as was required. 

The Jtfth und last metkod, which it Will be here 
necessaty to explain, is that of Eulerj first giveu 
by him in vol. vt ^f the aticietit Commentaries of 
Petersburgl>> IT^S) fmd, afterwards^^ mc^atli^i^e^ 
in hie Treatise of Algebra,, which was translated 
from the German into French in 1.77^^ and since 
into Engl^h, in 2 vols. 8yo. 

This method, which differs considerably from 
either -of the former, consists in supposing the 
root of the given etjuation 

^* + or* 4- &a? + c = 0, 

to. he of the trinoHiial surd form 

where /?, ^, r, denote thcJ roots of tht cubic equa- 



tion 



of which the coNcfficients J] g*, and the absolute 
term hi ar-e tiie unknoi^^n quantiti*^ thai are to be 
^ktermitied. 

Then, agreeably to the theory of equations be- 
fore given, we shsdl have 

J> + j + r=-/; pq^^pr ^r qr—^ y. pqr=:h. 

And, by squaring et^ch ^ide of the formula, ex- 
pressing/ tl>^ value of ia?, 

x^ tsip j^}qjf r ^ ^V^q-\- 2Vpr -V 2Vqr. 
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Or, substituting f for its equal —(p + ^ + r), 
and bringing the term, so obtained, to the other ' 
side of the equation 

^ + jf = 2 Vjpy + aVpr + 2^/qr, 

Also, by again squaring each sid^ of this last 
expression, we shall have^ . 

Apq + Apr + Ayr + %^]^qr 4- 8V^*pr + SVr*/?^. 
Or, substituting Ag for its equal 4pj -f Apr'^ Aqr, 

and bringing the term to the other side, as before, 
X* + qJ^x^ -fc y * — 4^ = ^'^pqr{'yp + Vy + Vr). 

But sincc^j, fVwhL what has been above laid down, 
we have 

V;, + ^^ + ^r=^, and v>?r-V^ 

if these be put for their equals in the last equation, 
it will become 

Whence, comparing these coefficients with 
those of the given equation, there will arise 

2/=a^ -8VA = 6;/^^4^ = c, 

Or 

And, consequently, by substit^ting these values 
in the assumed cubic y^+y^*-t-^y=.A> we shall 
have 

The three Voots of which last equation, when 
substituted for p, 9, and r, in the first formula, 
iviU give, by taking each term of the expression 
both in + and — ^ all the four values of x. 
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Or, in order to render tbis result mpye commo^ 
dious in practice, by freeing it from fractions, let 

Then, by substitution and reduction, we shall 
haye the corresponding equation 

r 

the three roots of which are each evidenitly equal 
to ^th of those of th^ former. 

Hence, using this equation instead of the other, 
and denoting its roots by r', r^', ¥*\ the assumed 
formula,, taking each of its terms in + and — , as 
before, will give the following valoes of 4r^ 

1. When b is positive, 

5. fFhen h is negative, 

ar = ^ ( - ^V + Vr" - v'r'<') 

Which expressions are the same as those be*- 
fore given, in the practical rule. Part i(n)* 



(n) If we were to take alHhe possible changes of the signs* 
in this case* which the termd of the assumed formula admit of, 
it would appear that x shoidd have oight difierent values ; hut it 
is to be observed^ that^ according to ihe first part of the abovo 
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RESOLUTION OF NUMERAL EQUATIONS OF THE 

HIGHER ORDERS. 

(s) .The foregoing articles . will be found to con- 
tain most of the useful formulae that have hitherto 
been devised for Vesolving equations of the first 
four degrees ; but for thdse of the tffth and other 
higher, orders^./i^f.general rule; ad before ob$(^rved» 
has yet been discovered, by which their roots csui 
be deteisniped:; though it* is well kjoown^ that 
every equatiotr,^ whatever may be the liumber of 
its dim^sion]^ jp^^t .h^ye^ at leasts one root^ 
either real ^^ UnaginawFyM , , 

Thus, for example, .the following equation of 
the fifth power; 

has been shown^ in Art.(N)l4, to have, at least, one 
real root, which must iaeceBsarily depend upon the 

investigation, the product a/j^ x^g x //r*=\//<, or -b; and, con- 

sequent! y, when k is posi^jye, ei^i^r ^11^ tlie three radicals must 
he taken in + , or tWo in — and one in + ; and when b is nega- 
tive, they must.elfker be li^ — , or two + and one — ; which 
considerations re<ki^e the s^cpb^ef-of roots to four. 

Mr. Lea, in a very ingenious vsmall tract, entitled^ Treatise 
on the Resolution of the higher Equations in Algebra, of sonae par- 
ticulars of .which I have availed myself in the present artiole^ has 
shown, how all the methods here given for solving ciibics and bi- 
<)uadratics> a$ ^veil- »s those* proposed by TscihTrrtft^tis, Bczont^ 
Euler, and Waring, for the resolution of equations in genera), 
may all be derived from one principle. 

He has kutre Ukev^'ue been tbe' first to remurk, that tlie method 
ef sttfd dLvisorst so largely theated «n by Madanrin, Simper, 
^nd ether writers, is, with respect ta i>i(|«a)draftic fqvatioDs, en- 
tirely uselesa. v .* . 
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Tdiues of its coefficients a, b^ c^ &c. ; because .r will 
evidently vwy as the«e vary ; but, notwithstanding 
tliis centaifat^/ we are. still unable to exhibit the 
value of J7^in any function of the quantities a, i, c; 
d, e, Jiowever they may be expressed or combioed. 

Hence, in cases of this kind, where no general 
fecmiila- can he obtained, we niust content otir- 
selv^i with fiiidti^, either exactly or by approxv< 
ibtitiQU, the roots of such liquations only as have 
nuu^eral eoefiicSents^ or df th<>be that can be re- 
duced to' that state; which is,' indeed, ail that is 
required for the fioal solution of any analytical 
]Hroblem (a). 

: With this view, therefore, it maybe obseiTcd, 
that if any of the roots of an equation, of the ccnu- 
iROU form, . be whole niuubers, they may be deter-* 
mimed by sdbstituting ly U^ 3, 4, &c. successively; 
both in plus and in ndmiSy for the unknown quaiH 
tity> till a result ia dbtained equal to that in the 
question ; when those that are found to 3ucceedi^ 
will be the roots required. 

But as the ipeumber of snbstitutixius, which it would 
be necessary to make in this way, will be often very 
great, the inrdulble Itrisiiig. from so n^any operations 



* io) Lagrange, has observed, in his treatise De la resolution 
des equation nttnterique, p. 7, that, if we couW by any nieans ar- 
rive at a general solution of ^q^uaAions of tlie fifth and other 
higher dimensiont, ' we ahouy oaly obtain certain formulae, 
which^ though highly valuable to themselves, would be but of 
little use in the effective resol^tijOR of numeral equations of these 
orders, as recourse must still b^ had, for the sake of a more 
easy computation, to some of the methods of approximation 
u&fiady giretL . 
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may, in most cases, be considerably abridged, by 
first finding the limits of the rdots^ of tbe proposed 
equation, according to Art. (n) 1 2, and then substi- 
tuting only the whole numbers thitt lie betweenr 
them; among which all tbe commenstirate root& 
must necessarily fall. 

Or, since tbe last term of any equation is al- 
ways eejual to the continued product of all iter 
roots. Art. (n) 3, these trials may be frequently still 
farther diminished^ by finding all the divisors of 
that term, and then substituting such of theni, for' 
the unkno^im quantity, as are comprised within the 
abovementioned limits ; when fhose that give th# 
proper result will be the rational roots sought : 
but if none of them are found to succeed, it may ber 
concluded that the equation cannot be r^olved: by 
this method ; the roots, in that case^ being either 
irrationai or imaginary. • 

Thus, let the equation, wliich is proposed to b«r 

resolved, he. . 

x'-r:4af-7x+lO=0^ ' 

Then all the divisors of the last term^ in this cascj^ 

will be ' 

+ 1, -1, +2,-^2, +5, --6, 4-10, --10. • 

And, consequently, by substituting as many of 
these numbers for Xj as are necessary for obtaining 
the three roots of the equation, we shall have 

+ 1 +1-4-7 + 10=0 

-1 -1-4 + 7 + 10=12 

+ 2 +8-16-14 + 10= r- 12 

-2 -8-16 + 14 + 10 = ■ 

+ 5 +125-100-35 + 10=0 

Whence, as +1, —2, and +5, give results =0, 



tylilch is that of the proposed equation, they must 
necessarily be the. roots sought. , 

In this case^ also, if the divisors of the last (erm 
be too numerous j they may be diminished by trails^' 
forming the given equation into another, that sfaaU 
have its last term less than that of the former; 
which may. be done by increasing or diminishing 
the roots by 1, or some other known quantity, as^ 
in Art. (n)8. 

Thus, let there be taken, as an exan^le of this 
kind, the equation 

Then^ in order to change it into another^'the 
last term of which shall have a less number of di- 
visors, substitute y + 1 forx; and the transformed 
equation^ ia this case, will be 

y-6y*-l6y + 2l=0. 
Where the several divisors of the last ietm will 
. now be 

1, -1, 3, -3, 7, ^7, and 21, -21. 
Which being successively substituted for y, we 
shall have 

+ 1 I 1-6-16 + 21=0 

-1 1-6 + 16 + 21=32 
+ 3 81-64-48 + 21=0 

And, consequently, from this part of the process, 
it appears that 1 and 3 are two of the roots of the 
equation. 

But as 7 Ai^cL — 7^ ^1 ^^d —21, will be found, 
upon trial, to give ^results greater or less thanO, 
the other two roots n^ust be either irrational or 
imaginary. 

In effect, their sum being =s —(1+8), and their 
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prodact = -^y ^^ 7* they must necessarily be 

both imaginary; an(^> if determined according to 
the above conditions^ will be found to be —2 + 
V — 3, and — 2 — ^ — 3- 

Whence, if each of these roots be increased by 1 ^ 
we shall have 2, 4, — 1 + a/ — 3, and — 1— a/-.3, 
for the four roots of the given equation. 

Also, if the proposed equation be a literal one^ 
which has all its terms homogeneous^ or of the 
form 

it may be resolved in the same manner, by 'finding 
all the divisors of the numeral part of the last 
term, as before, and then multiplying such of them 
as are found to succeed, by the known quantity^ 
for the root. 

Thus, if there be taken the following liter^ 
equation of this kind, 

J?* + 3aj5* — 4a^j? *- 1 Sa* =s^ o, 
we shall have, for the divisors of the numeral part 
of the last term, 

1, -1, 2, -2, 3, -3, &C. 

And if these be substituted successively for x, 
without regarding the known quantity a, there 
will arise 



J 

-1 



2 8+12-8-12 = 



r-2 

3 
-3 



1+3-4-12= -12 
-.l^-3 + 4-12=-6. 



-8 + 12 + 8-12=5=0 
27 + 27-12-12 = 3:0. 
-27 + 27 + 12-12=0 



Whence^ the numbws that succeed in giving 
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results ^ 0^ being 2^ -: 2, and -- 3^ the roots of tlie 
given equation will be 2a, —2a, and —Sa. 

The integral roots of any numeral equation, of 
the kind above mentioned, may also be fecund, in a 
difierent manner, by what is usually called the 
method of divisors ; which is founded upon the 
following principles. 

1, Let any equation, similar to those before 
given, be represented under the form 

where the binomial x+a denotes one of the fac- 
tors of which the equation is composed, and a the 
product of the rest. 

Then, if three or more terms of the arithmeti- 
cal series 2, 1, O, —1, —2, be successively substi- 
tuted for J?, the divisors of the results, thus ob- 
tained, will be 

a + 2, a+ 1, a, a— 1, and a— 2. 

And as these are, also, in arithmetical progres- 
sion, it is plain that the roots of the given equa- 
tion, when integral, will be some of the numbers in 
such a secies. 

Whenc^e, if a progression of this kind, whose 
common difference is 1, can be found among the 
divisors of the results above mentioned, by taking 
one number out of each of the lines,. that term of it 
which answers to the substitution of for x, taken 
in 4- or — 1, according as the series is increasing or 
decreasing, will be generally a root of the equation^ 

Thus, if the equation which is proposed to be 
resolved, be 

»?-^*-10ji: + 6=o. 
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the operation^ according to the method ahove de« 
gcribed^ will stand as follows : 



Not. 


Results. 




Divisotg, 


Prog^. 


2 


-lO 




. 2 . 5 . 10 


5 


1 


-4 




* 2 . 4 • - 


4 





+ 6 




. 2 . 3 • 6 


3 


— 1 


+ 14 




. 2 . J^ . 14 


2 


-2 


+ 14 




. 2 . 7 . 14 


1 



Where the only arithmetical progression that 
ean he formed from the divisors of the several 
results in the second column, hy taking one term 
out of each line, is 5, 4, 3, 2, 1 ; and therefore, as 
the series is decreasing, —3, which is the number 
that stands opposite to O, will be found, upon trials 
to be a root of the equation. 

In like manner, if the equation that is to be re^ 
solved, were 

the work, agreeably to the same mode of proceed- 
ing, would stand thus : 

Divisors. | Ptogtessiansi. 

1 . 2 . 5 . 7 . 10 . 14&C. 1 2 5 7 

1.2.3.4. 6, 8&C. 2 3 46 
1.2.3.4.5. 6 &c. 3 4 3 5 

1.2.4.5. 8 . lO&c. 4 5 2 4 
1.2.3.5. 6. 9&C. |5 6 1 3 

Where there are no less than four progressions^ 
whose terms differ by unity, that can be formed out 
of the results in the second column ; and as the 
two former are ascending ones, and the two latter 
descending, -f3, +4, -3, and -5, will be found 
to be the roots of the equation. 



Nos. 


Bombs. 


2 


70 


1 


144 





180, 


-1 


i6o 


-2 


90 
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i. If the highest power of the nnknown quan- 
tity has any coefficient prefixed to it^ let the equa- 
tion be assumed of the forln 

^nd substitute 2, 1, O, — 1, —2, successively for x, 
as before. 

Then, if — be a root of the equation, the divi- 
sors of the several results, arising from this substi- 
tution, will be the terms of the arithilietical series 

2w4-a, n^-ay «, — w + a, and — 2« + a; 
where the common diflference n must be a divisor of 
tbe first term of the equation, or otherwise the di- 
vision would not succeed. 

Hence, in this case, the progressions must be so 
taken oiit of th^ divisors, that their terms shall 
diflfer from each other by some aliquot part of that 
coefficient. 

And, therefore, if the terms of these series, 
which staftd opposite to 0, be divided by the com- 
mon difference, tlie quotients thus arising, taken 
iti + or — , according as the progression is in- 
creaising or decreasing) will, in most cases, be the 
roots of the equation (/?). 



mmimmtmmi^amtr^^i^m 



(p) The reason why t*he numbers, thus founds do not always 
succeed, is because the first series 2, 1, 0, — 1, —2, is not con- 
tinued far enough to show whether the corresponding progression 
may not break off^ after a certain number of terms ; which il 
never can do when it contains a real rational root. Thus, in the 
example given in the following pages, if the operation had been 
continued only one term farther, the first of these progressions 2, 
3i 4, 5, 6, Would have been found to fail ; whereas,^on the contrary, 

VOL. II. • K 
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Tbiiis^ let di^ere be takeii> as an ex&mple dFf tliisr 
kind^ tli^ eqaatioa 

2a?' ^ ^:r^ + 1 6a? - 24 = 0. 

Then, sabstitntii^ 2, 1,0, — 1, aftd — 2, sue- 
qessively for x, as m the former catecs, we shalt 
have. 



Nos. 


Result. 


r 


2 


f2 


£ 


t 


-9 


1 


^ 


-24 


1 


-1 


-46 


1 


-3 


-84 


1 



Dwisors. 

2 .3 .4.6 ,12 

3.9 

2.3.4. 6 . 8 &c. 

3 . 5 . g . I§ . 45 

2 . a . 4 . 6 . 7&C. 



2 
3 
4 
5 
6 



~1 

+ 1 
+ 3 

+ 7' 



Whefe the progressions being both ascending, 
the numbers to be tried are -, or 4, and - ; but the- 

I jC 

latter of these only is a root, as the otlier will be 
foutid, by substitilting ii for a?, to giv« 12C> for the 
result, instead of 0, as it ought. 
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(t) The methods laid down in the foregoing" 
Article, win be found saflicient for determining tho 
integral, or commensurate roots of eqtiatibns of 
all orders; but far those which have their roots 



f ■■■ 
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the latter, — I, 1, 3, 5, 7, will hold, however far the progrestioa 
5, I, 0, — i, — 2 may be carried. 

It may here, also, be fanrthcF remarked, that if an equation, of 
four or more dimensions, does not admit of a binomial fiictor of 
the form nx^r, it may have a tiinomial one of the fornv 
fnx'^^nx+ r ; and so on ; but this mode of treating the subject, 
though not devoid of ingenuity, is of too little practical import^ 
ance toreq,uire any particular notice in this p]ace» 



irroticxnal^ or incofmniensiirabld, recomnBe nmst be 
had to a different process ; as they can then only be 
obtained by what is usually called the method of 
a|9pro9dmatioii ; whicfa^ as far as regards tlie prac- 
tical rule that has been giyea under this head, in 
the former part of the work, may be explained as 
foilowsi 

Let there be taken the folkwring general equa- 
tion 

Then, supposing a to be a near value of x, found 
by trial, and z the remaining part of the root, we 

shall have (^) 

xssia + z. 

And, consequently, by substituting this value for 
X in the given equation, there will arise 

t{a + z) -i-u^O. 
Which last expression, by involving its ternjs, and 
taking the result in an inverse order, may be 
transformed into the equation 

Where p, €i> r, &c. are polynomials, composed of 



—.-■■- - ■ . ^ - j . . , - — ■ .- -. ^^ ^ II 1 1 



{q) The first appxoj^imate value of the unknown quantity^ 
here mentioned, tnay» in general, "be readily foundi by taking 
two such mtmhers in the series 0, 1,2, S, &c. as when substi- 
tuted for X, will give results w^ith contrary signs; in ^hich case, 
the root sought, when positive, will lie between these tiuitibers, 
being the nearest to that which gives a result differing ibe least 
from the one in ihe question. 

And if the successive substitutions <jf O, I, 2, S, &c. fof or, give 
only positive results, as they will always do, when the given 
^nation has two, or some other even number of roots, that differ 
from each other by less than unity Art. (n) 13>the root sought wi^ 
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certain functions of the known terms a, m, p^ 9, f*, 
&c. which are derived from each others according 
tp a regular law. 

Thu8^ by actually performing the operations 
abdve itidlcated, it will be readily found, that 

Which value is obtained by barely substituting a 
for X in the equation fitst propolied^ 

And, by collecting the several terms of the coef*- 
fiicieftt of «, it will likewise appear, that 

Which last value is found by multiplying each of 
the terras of the former by the index of a in that 
term, and diminishing the same index by unity (r). 

^ ^ 

lie between that pair of these numbers which give results that are 
the nearest to that in the question.. 

Thus, as an example oF the latter cas&, let there b« taken the? 

equation 

Then, if 0, 1, 2, 3, &c. be substituted for x, thfe results will be 

47, + I, + i, + 13, +43&C. 

All ofwhich> after the third, deviate more and more from the 
true result. 

Whencej as the roots of the equation are in this case all reat, 
two of them must lie between I and 2. 

And, if 1 + z, or 2 — z be taken, as iathe common rule, the va- 
lues of jr, after a certain number of operations, performed in the 
usual way, will be tbund to be 1.356S95 and 1.6S)2021, and the 
negative root is —3.048916. 

(r) The method here pointed out, of deriving the coefficient of 
% from the value of h, is equally applicable to all the terms of 
the traasformed equation ; or to any polynomial, 

. X* + jpa"*" * + qx^'* + • , . -f 5x' + tx + tt, 
which is to be converted into another, by substituting x -»- z for 
4:; Qf ch»oging it to . 
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Hence, since », by hypothesis, is a small frac- 
tion, if the terms that involve its several powers, 
z^y z^, z^y &c. which .are all much smeller than t!^ 
be neglected in th^ transformed equation, we sliall 
have P4-«« = 0, or - ... 



And, consequently, if the numeral value of this 
expression be calculated to one or two places of 
deciitials, and pat equal to ^, the first approximate 
part of the root will be 

^ = &, or 4?j^a4-i^a. r ' 

Whence, alsp, if this value ^of x, which is nearer 
its true value tfian the assumed number a, be sub- 
stituted in the place of a hi the above formula, it 
irill become i 

Which expression being now calculated pQ tifxp^ or 

. . . r 

'■»■'■■ I >f I I I ■■ ^H i I I I W^M— »y ^ .^— ^— — ^r— — >■ ,^ 

. , ' ' ' # ' ' 

For, if the several terms of this last ei^fessioa b.e inyol^ed, 
apd arranged according (o the ascendipg ppwer^ of z, it caif al? 
ways be exhibited under th6 form '^ 

• • 3. • 2.3: • ' ^ •• ;c : ; 

Where th.e respf ctive yalu^s pf %, x', %", ^c. whifih a^e s^^ 
Biany difTerept functions of s;^:$tr^ ....",, 
x = x* + pj:"*' ' + i7:r'*"'+ . ••. +«x*+iJ: + tt> 
jc'-.f«jtf*-i V (w- f)pi-«-t + (;„-.' 2)gx—' + . . . +''2« + V, 
x''*j3|(m-l)Jc*-*+ (tt-lX«»--2)^^T5^ (.«»*,2){flt-3)^x^-«^ 

&c. &c. 

> V • I 

Each of which, it is evident, may be derived from that imme- 
difrtely pv4ciKikig tt, by rmiltiplying its Several terms by the indes 
'Of X in those terms, and dimiaiAsiigihie index, by nattj^. . ^ ' * ^ 



't 
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four ]ilaces of decimalsi and put eqnal to c ; we 
ghall have^ for a secofid approximatioit towards 
the unknown part of the root, 

% = c, or afa=a + cs=0. 
And if this value of x, which is still nearer the 
truth than the fotmer, be again substituted for a, in 
the same fonnnla, it will become 

^ "" OT/3»^» 4- (^- i);?/f*-''+ » • - -f <* 

Where, if thfe right hand member be calculated 
to six or seven places of decimals^ and put eqnsd to 
rf, we ^hall have, for a third approximation, 

3f^d, or x^fi-hd^y. •: 

And^ by proceeding in this manner, the app6xi« 
ftkaiidn ma^ be e^irriod QT^ to any assigned d%rra of 
e:ii;actness. 

Any negative root of an equation may, also, be 
found in the same manner, by; first changing the 
signs of all tbei alt6tniatet^iHfe, as in Aft, (k) J, and 
then taking the positive Tooty of this equation, 
when determined as above j fc^r the negative roots 
of the proposed equati6n. 

It may likewise' be observed, as a useful check 
upon this niethod of approximation, that the seve^ 
ral values of z, in the successive steps of the opera- 
t^ion, must eontinnally decrease, or otherwise the 
value of X will not be rightly ascertained, '^ 

When the coefficients of the proposed equation 
are Wga nunibers, the call&mlatio|i may be gene* 
rally abridged, by converting it into another, that 
shall liave its coefficients ismaller. 
. Thus, if it shauld be reqjoired tQ find a .iM|ar ap<* 
pro^dmate root of tht^ vsq^gtAhm ' ' 



0^ ^ SiQO(Kttr- 5000000 -O^ 
Liet »»]«CK{;; atid we sliall h^pre, l^ Mbstitatiou 
and ditkion^ .... 

Whciy^ i£ the vaJhb 9^ zhe now foond as before^ 
that of X will be obtained bj^ nmltipljring this mua- 
ber by 100. 

And if^ iastead^ of tbe elation abpre given^ 
«re Bad 

«'-«0!jc-5123=«, 
the fiuhfidtution of lOz for #^ or pistting jr^^tOjz:^ 
will give 

Wiiete^ since the rocrts difier botiittfo from thosie 
<>f s^^2z-Smo^ tfiejf aiej^ he .cidc^dlfKbed as fior 
that equation, without any materiad erroi*^ and then 
multiplied by 1 for ar. 

The equQtioii also, botib in this and most otfier 
case^y WAj often be more readily re&fArM, by 
ttieansi of the form that has heen giireti fay Lagrange 
to thi« itlethod io{ upproximtttion, in his Treatise 
4^ la. R^soiutwft des EgtuaHom Num4riqu€^\; 
which hos^ likewise, ithe peooliaff •d'^soitage of 
^howrorg the degfee of accuracy ohtahaed by every 
resiilt,' at each step of the operation (s). 

(i) Lagrange, iq the work ^re inentioiied, ^ has been before 
'Observed^ lias attso laid dowj^ a general niettiod'for determft^ing 
ihe roots of nqmeral ^({uaUons^ i« aTl rases where they are real, 
wUhf>ut its being necessary fur us to have any previous knowledge 
of their nature or magiMtude^ which consists in finding a quan- 
ifify, or the limit of a quantity, that shall be iWs than the kast 
Ijdifferfence between any two roots of the giv%n equation; and then, 
by means of what is called the equation of dijBferences, and thax 
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ThuS; as a particalar example of this methodj^ 
let there be tak^n th^ last mentipoed equation 

or*- 2^- 5 = .... (1) 

< 

In which^ having founds by trial, the nearest whole 
nmnber, immediately below the root sought, tp 

be 2 ; put 

1 * 
a;=2+-, where vsii. 

Then, if this value be substituted forx, in equsv- 
tion (l), the result^ after plearing it of fractions^ 
^nd changing the signs, will be 

y-10y«-6y-l=0 .... (9) 

Where, having found, as before, the nearest lUr 
tegral valuaof y, below the true root, tpbe 10, w^ 
^hall have, fori a first approximation, , 

^ , 1 ^1 

► . t «. . . - 

I, 

first .{NToposedj to cletermtne the rooti, as above, y l^t although 
the theory^ which he has established for this pprppse^ ^s highly 
ingenious^ and worthy of his great taleats^ yet the practical ap- 
plication, of it is burdened with so many separate considerations 
and embarrassing operations, that, for equations of the higher 
:orders, the labour becomes intcjer^bje; which circoihstAiice he 
appear^ to have bee.n v^ell aware of, a^ hp; has no wbeff ap- 
plied it' to any equation above a cubic. It seems, indeed,, that 
this operose mode of proceeding was chiefly intended to* obviate 
what he considers as a great defeel hi Newton's method of ap<- 
proximation, above given, which is, that by the bare substitution 
pf the numbers. 0, 1, 2, 3, &^c. for the unknown Quantity, some of 
the roots of the equation, which dillfejr from each other qnly by a 
^n\^\\ fraction, may be passed oy§r without their being per- 
ceived ; but this diiEculty, which is only apparent, can be aU 
ways ayoided, by> finding, as in the example to the last, note, b«tt 
^ween which of those nun^bers the roots must lie> and then pri^ 
(:eedin^ as usual. 



r 
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/A#d . if. In Qonfonioity widi the priucipW k^xt 
U^ed, we now put . . 

y=lOtj, where «3rl, 

ftod substitute this value for y ip equation (2), 
there will arise^ after clearing the result of fraf t 
tions^ 

6li?;^-j94«*-29«^l==0 , , , . (3) 

From which having found, as in the former iib-" 
(Stances^ the nearest int^al value of ;s; to be 1, wo 
^hall have^ £br a second .approximatiooi^ 

y=ll. andx — !24-7r = 77. 

Also, by again taking, according tp th^ B^mtf 
piethod. 

;esz 1 +- where tt =c K 

And wbetitutiiig this value for z in* equation (3), 
there wfll arise 

5V+25v*-89w-6l=p. ' . 

Where the integral valine of u being 1^ we shall 
^ave, for a third approxinoation, 

^ = 2, ysf 10 + ^, and x?=2 + ^;5— =jy. 

And by pjrbceeding in this way, thrpugh ten suc- 
cessive substitutions, the^si^veral values of the root, 
thus obtained, will be . . 

£ ?i 2£ It ill 11^ 576 731_ 1307 16415 * 
1' 10' U' 21' 53' T4**' 275' 349' 624' 7837 

Which results are alternately less and greater 
than the true value of j? ; but each nearer the truth 
than that imtnediately preceding it. 

So that, according to the doctrine of continued 
ff actionsj by which thesQ res^lts may h^ more tea- 
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dily derived^ the last of them will dilfer frdm the 
root sought by less thajn 

jif~ or .0000000164. 
' Whence, hy convettfaag into decimals, we 

gliallliave \, = 3.09455 148. 

Whitoh is correct, as far as to the last Agnre in- 
dttsively^ 

J^tiA if the equation that is to he resolved has 
more than . one real root, they may be all deter- 
mined, either by this method or the former, by first 
finding the limits between which they lie, and then 
proceeding as above (/). 

(/) Various metbbcU of afiproxrmatiiig to tte roots of equations, 
besides that of double position, given in the former part of 
Oie Work, ftdd thosfi above mentioiied, havd beenifiropoeed by 
Simpson, p. 162 of his Algebra, and p. 215 ^% ^q. pf bis.Setect 
Exercises, in which the number of figures in the root may b^ 
doubled, tripled, or even quadrupled at each operation. 

But one of the most ^omtnodfou^ formula of this Itind, which I 
have yet seen, is that .gWen by Mr. Bafloiv in the latb ufaitibtr 
of Ley bourn's Mathematical Repository; which is as follows: 

Let Of" + px^' ^^ ye*-* + ra:*-* -f &c. « tv, be any general equa- 
tion, and. let a be an approximate ^alue of x, so that • 

(ben will * 

(n- \)tv OTV + (n + i)a"+ (n- l);?tf*^-»7^--S)<7a»-« + &c, 
be another approximate value otx, (using v;, or v, according as a 
ii iategraf or decimal,) wbithiwiil, in M casefi, at- feast double 
Ike numbtr of figwetf in^i arid i a nlos« of them tfct ^prauns-^ 
lion will be considerably greater ; sa that by repeating the op«. 
ration* with the last obtained value of x, the root may be speedily 
obtained to six or eight places of decrmals. 
Thid. foi^mtaU, for ftie solutien^ of cubic equMioW, becomei 
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« 

RECIPROCAL EQUATIONS, 

(u) As the rules that have been given in Art (u). 
Part ty for resolving reciproGftl equations, depend 
chiefly upon their being reducible to others of lower 
dimensions^ it will be here proper to show how 
this reduction is effected^ and the means it affords 
of obtaining the solutions there mentioned. ' 
' For this purpose, therefore, let there ht taken 
the reciprocal equation 

which, when m ii an integer^ is always of an even 
number of dimensions. 

Then, if this be divided by «*, we shall have, by 
uniting the terms that are equally distant fron^ 
the two extremes,. . ' 

I 

Whence, putting 4? + - = «, . the values of a; V ^^ 
1?* + --, &c. as derived from each other/ will be 

• t 

readily found tp be a^ follows.: 

« r 

r .'f I 1" , .... .J . ■ ..■■t i^.i_^..^^ _ .t ,t .. . ^. . ■ J ■ .. 

' And fotf tbe BoUuioQ of b^/aadraticv ,\ 

4w or 3v + 5a^ -f 3^fl» ^p ^«*- a 

And so on/ for equations of the fifth, sixth, &c. power, the pa»» 
ticular expressions for which are all easily dbduced from the ge« 
oerri 
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1 .t« 

0?' + -, = ^' - 55i' + hz 

From the law of which expressions, when they 
are pantinued to tjie ijepesgary extent, it will appear 
that 

0?'" + — = «"'-m;s"-* + -^; — -z"^"^- — J — -— -V^ 

x* '2 2.3*- 

■^ — .2.3.;^. . ' .'^ ~^''- • " 

where it is to be obiierved, that, i^ taking the nu- 
Qieral values pf m. the serie;s is to, b.e . continued 
only as far as the powers of z ar6 positive. 

And as Zy ip this case, only ris^s to the 7wth 
power, it is plain that equation (l), wheli all it& 
t^rms i^re tak^n accordins" to their values in' tlie 
general formula, and collected -together, will bnly 
be of half the dimensions of the given equation^ 
agreeably to the practical rule. Part i. 

Again^ let the proposed equiition be of the form 

which, when m is an integer, is 'always of an odd 
number of dimensions. ' / 

Then, collecting the terms tog^hW^ ^s 4ft the-' 
former instance, we shall have 
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And if this be •divided l>y x-f 1, which, by 
Art (e). Part i, earn always be done, there wfll ^m^ 
by taking the terms of the several quotients of . 
^9m+i ^ j^ j»x(j?*"*-f 1), &c, in their proper order, 

«*"-.(! -py»-* + (1 -_p + ^y"*-* - (i - jE> + y-r) 

which being a reciprocal equation one degree lower 
than the given one, and of an even number of di- 
mensions^ it i^ plain, that, like the former, it may ' 
be depressed to one half its present po-werv 

Whence, in general, every reciprocal eqaatiou 
of the degree 2m, as well as those of the degree 
2wn- 1, are always reducible to others of the y/ith 
degree. 

Hence, ip order to exemplify the rules before 
mentioned, let there be taken the equation 

Then, by dividing by o^, and uniting the terms 
that are at an equal distance from the two extremes, 
we shall have 

And, conseqw^ntly, by putting x-f-=5;, and 
substituting for x+p ^* + iS> and ^' + -7,, their 



X 



values z, «*-a, and «'-3«, the equation will 
.become 

which being a cubic, if its three roots be respectively 
substituted for fim the quadratic equation 



^ + J - Sf, or 
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we shall have, by fitidhig the several corresponding 
Values of X, all the six roots of the proposed cqua-^ 
tioB. 

Again, let tl^re be taken the following eqpatiou 
of the fifth power> 

Tben> by collecting the terms^ as in the generai 
case above given, we shall have 

(i?* + 1) +pa?(^ + 1) + ya:''(x+ 1) =0; 

which being divided, as is there pointed out, by 
X -f'l, the quotient will become 

x^ - (1 -J»K + (1 -P + ?)'^''~ (1 -P)^ +1=0. 

And, if this be agdn divided by x% the result, 
when the terms are properly united, will be 

Whence, substituting for x + - and x'^ + '-z, their 
Values z and z^ — 2, as before, we shall have 

which being a quadratic, if its two roots be respec- 
tively substituted for z in the equation 

. 1 

the four values of x, thus arising, and — 1 , which 
is always one of the roots of an equation of this 
kind, will be the ftve roots of the given equation* 

And in ^e san»e maimer nay aoy .other rei;^]{»rqcal 
equation be resolved, as far as to the ninth power 
inclusively; after whifch, the I'educeil equation will 



\ 
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be of the fifth order; which, in the present state of 
idgebra, <;aiinot be generally resolved* 
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(v) TriE theory of reciprocal equations, laid 
down in the last Article, may be readily applied to 
the resolution of binomial equations^ or »uch a» 
are of the form 

» 

4?* ± 1 ss 0; 

which, like those that consist of a greater number 
of terms, have always as many roots as there are 
units in the index m of the unknown quantity. 

In order, therefore, to render the practical rules 
that are given in the first part of the work, more 
perspicuous, it will be proper to divide them i&to 
the four following cases. 

1 . When the equation is of an even ntimber of 
dimensioTls^ and has its second term positive, as 

This, by dividing each of its terms by ap", will 

beconra 

1 
J?'" + — =« 0. 

And, therefore, ptfttin^ as in the case of re<U' 

procal equations, 

1 ; 

X + - = 5r, or 



Ve sliaH have, by the general fgnnola thore ^y^ 
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which, as in tl^ former case, is to be coiitioiieci 
only as far as the powers of z are positive. 

Whence, finding the several values of z in 
this equation and substituting them successively^ 
for Zy in equation (l), the roots of the proposed 
equation, may be readily 6bta?ned, as far a^ t6 the 
eighth power inclusively; being, in this c&se, all 
imaginary (w>. 

2. When the equation is of an odd number of 
dimensions, and has its second term positive, a» 

x*"'^* + 1=0. 

This has, evidently, one of its roots == — i ; and,^ 
therefore, by dividing it by j?+ ly ^e sball have 

And, by again dividing this last equation by af"^ 
and collecting the terms that are equally distant 
from the two extremes, there will arise 

Whence, putting, as in the former case, x + - = «, 
we shall have, by substituting the several values of 
«"• + -;;, ^'"'* + -;rT^ &c» io the general formula 
above given, 

(?-^ + 3);.»-&c. = 0. 



(tt) After the eighth degree here mentioned, and the ninth and 
tenth in the following cases, the equation in z ^ould rise* to th(t 
iifth power, which,, as. before observed, cannot be resolved by. 
toy general adgebtivcal formula y^i known. ^ ' 
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Ao4^ consequeQtly, if each of the values of z, in 
this lastcqu^pn, be sQCcesj^iyely stkb^titutedifqr ^ 
in the general equation 

the several roots of the proposed equation will be 
obtained as far as to die ninth power inclusively ; 
one of them being — i , and the other imaginary. 

3. When the equation is of an even number of 
^imensions^ and has its ^cond term negative^ as 

0?** -- 1 = 0. 

This has, evidently^ two real roots, one of which 
is = 1 and the other = — 1^ and, therefore, by di- 
viding it by J?' — 1, we shall have 

And, by again dividing this last equation by x""*^, 
^nd collecting the lerm's that are equally distant 
from the two extremes, there will ari§e 

^ . I 

Whence, putting, as before, a?-H-=«, wie shall 

have, by substituting the several values of x"'*-H 

-;;^77, x*"' + -vr7> &c- ^^ ^be general formula before 



given 



« 

5^"*' '-(/»- 21)2;'*"* -h (^ - -^ -i-e)*"-* 



,wi» 5m* 37m ^ .«-7ikr^ «. 



2 2 

(i-^+T^-ao).-%c.=o. 

And, consequently, if each aS the values of z^ in 
Uu9 l|i9t equation, be successively sabstituti&d'for s^'^ 
in the general equation 
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the several rbots of the proposed equation may he 
obtained as far^^s to the tenth power iiidbsiVely ; 
^he two first, mentioned above, being real, "and tht 
rest imaginary. ^ 

. 4. When the eqoatijpn is of an odd number of 
dimensions, and has it9 jsecond term negative,; , as 

This :has,. evidently^ one of its roots =s Ij and, 
therefore, by dividing it by 02— 1, we shall have 

And^' by again dividing this last equation by a?*, 
and collecting the terms as before," there will arise 



l^tL k 



. WIie^ce> putting, as in the former instances; 

» J • • ,• ' ' ■ • 

vT + ~= ^, we shill have, by substituting the several 

values of x^^-'—y ^'^"*4--;;rrr> &c. in the general 
formula, ^ ' 

And, therefore, if each of the values of z, in this 
equation^ be substituted for z in the common equa- 
tion . 

x^ — ^x + 1 = 0, 

the roots of the pro'posed equation may be obtained 
as far. as to the ninth power inclnsiVely; the first 
of which is real, and the rest imaginary. 

Hence^ according to . the ab^ve formulae, the 



../ • • 
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ieveral roots of 1 and -l^ as far as to Vl and 
V — 1, inclasively^ may be exhibited as follows: 

* 

VI = +1, -1; V-li =^/-l 

1^-1=.-!, i + iV-3, i-^z-a^^ ' 
Vi =1, -ij^ +V-1, -v-i • 

It may here, alsb, be observed,' that if, the index 
of the unknown quantity^ in apy binomial equation^ 
be a composite number, as.ia^the case • . .^ 

x"" - 1 ;*= O* . 

the roots of every such equation may be always de- 
termined by the resolution of two or more similar 
equations of the forms ^ 

For of* and x" being, here, each = 1, it is evident, 
that J?'"* 3=1^ or X*"*— 1=0; and, consequently, the 
products of every two corresponding roots of the 
latter Equations will be roots of the former (x). 

Hence, since it appears, from what has been be- 
fore shown, that the roots of the equations 

j:'-1=0, r'-l=o, x'~l=0, 

• • ^ « • 

may he obtained solely by means of a quadratic 
equation, it follows, that we can always resolve 
any binomial equation .. 

x"-! =6, ■ , . 



1 ■ . ' I tn 



(x) When each of the two jnembersiof i|^e equauoi) x? «■ I are 
elevated to thenih power, it is plain that we introduce 7»(n-> 1) va-* 
lues o( X, which are foreign to the proposed equation; for x*«> I 
has only m roots, and x^*^l ha»'«Miiroot«;:i>f which the diffe- 
rence is fTtn — m; an^ the ^anie. it tfuje ff tiie^quaiion^'*^ -» K 

L 2 
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pfben it has no other simple factors than Sj 3^ aad 
5^ or when it is of the form 

And, in admitting the resolution -of equations of 
the third degree^ we can determine the roots of the 
equation 

a?' -1 = 0, 

and^ consequently^ also, those of the above men- 
tioned equation 

jc* - 1 = O, 
when the index m has no other simple factors 
than 2, 3, 5^ 7 5 oV when it is of the form 

2 X S'^ X 5 X 7 * 

Some particular cases of hinomial equations 
may likewise be resolved directly^ without having 
recourse to the equation in si. 

Thus, if the equation a^±lszO^ or a?*=Tl, 
which has — 1 or + 1 for one of its roots, according 
as the second term is + or — , be divided by a:± 1, 
the quotient will be 

X* T a? + 1 = 0. 

' From which irhe other two roots will be found to 
he-|±fv/ — 3, or — ^±iV — 3, as above. 

In like manner, the equation x* — 1 = O, or j?* =« 1 , 
gives i^^±l, orx=£iv'±l; and x'^—ltsO gives 
jc^ = ± 1 , the roots of which can be found as in the 
first case. 

Also, 'since the equation a:^ — 1 == 0, is the pro- 
duct of af* + 1 and af*- 1,. we shall have, by putting 
^* ^ 1 « and a?*- 1 s=0, 

• a:*- ±1, or 0?== ±v^±l; and 
tf^s^i-Z-h or«=5 ±V(±^/-.l): 
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which ore the eight roots or vahies of x ia the 
given ex]tiation. 

And if the proposed ei^oation be o;^ — 256 =? O^ 
where 0:= V256 = 2, its eight roots Mali be 
±2V±l, and ±M±^-l)(y)- 

In general^ when m is an even number^ tfad 

(Squatio^ 

X*— l=»p, or a?"™.!, 

has two real roots^ + 1 and — 1 ; and when m it 
an odd number^ it has only ape real f oot^ which is 
+ 1 ; the refit of thie roots in each of these cases 
being imaginary. 

In like manner^ if m be aQ odd nnmber^ the 
equation 

jtr + l=o, or x'^as -1, 

has only one real root, which is ^^ 1 ^ the i^t being 
imaginary; and when m is aA even mimber^ it 
has no real rppt, because V— 1^ in that case^ is 
imaginary. 

|t may^ also^ be farther observedi that ^e ima* 
ginary roots of any binomial equation^ in which the 
index m, of the unknown quantity, is a prime num* 
ber, have the remarkable property of being al! of 
the form 

a, a% 0*, <*% &c, 

I !■!■ II I ■ II I ■ II. I M l I M il II I IIW 11 II ■■ M^— »— ■ !■ I IB M , , I mtmmm^U^m I VH 1 

{y) These examples are $uiScient to sfaow that every equation 

of the iorm 

X''' -^ a • 0, or a?** -p a » 0, 

bas as maqy roots real aod imaginary, as there are units in m ; 

and though thie latter of these. cannot be considered as real quan- 

titie^y but merely as pure algebraical symbols, of no determinate 

Talttie, yet when they are submitted to the operalioiis indtcated 

by the equation^ the two ipembers of tbat equation will be always 

idtotical. 
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Thus^ let there be taken^ ^as a partial example 
of this kind^ ,the equation 

V - 1 = O, or a:* = 1 ; 

. ' ■ . . , . 

of which the three roots, found as above, are 
. 1^ -f + i^/^3, and -§~^a/-3. . 

Then, putting — i + i^/ — 3 = a, and -i^|V'--.3 
==3, we shall have, by the theory of equations. 
Art. (bt)^, ' : ; ' 

1 X a X = 1, or ai3=5: 1. 

And, (Consequently, since a*=l, and .3^4 1, 
there will arise, by multiplying the last 0(|uatipnj 
a0=l, bya^'or^^ ' 

a^^ = a^ ^^d^'a^fy'; or i3^a% anda = ^^ 

Hfence it follows, that jeither of the twoiimagw* 
»ai:y roots^ in this case, is. equal to the square of 
the other- . . ' 

It likewise appears from the equation a0 = I| 
and the one last giveii, that 

* 

J $0 tljat the same two imaginary. i:0ots arey also, 
the reciprocals of each other. 

And if there be taken the other case of this 
equation 

a?* + 1 ^0, or x* =« — I, 

where the three roots, found as before, are 

-1, i + i^-3, andf-i^/-3> 
we shall have, by putting ^ -f ^v/ — 3 = a, and ^-^ 
^v^— 3 = ^^ as in the former instance, 

j»= -0« and^= -(**; or a=--,,and0= -g^/ 
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^ Hence the three roots/ or yjilijes. o{ w, iatfae 
equation 

'^ = 2, are V^s, aV2, and a? V2. 

And the tlwree rootfe^ *or vahies 6^0, in the eqiia- 

. . a?'= — &-, are r-i^ -^oS^aaid -^a*6. 

Or, imdependently ' of this rhethod of proof, it ^ 
may be shown, in a more general vray, that ail the 
roots^ both real and imaginary, of the equation 

a?«^l?=o; or a:'^=^l, . ' 

when m is a prime number, ^re di^rent powers of ; 
the saxne quantity. 

For let a represent any pn^ of the imaginary ' 
roots; then, since a'" = 1, we shall, alsoi, have 

ot""=l, a""=l, a*'"=l, a"*=l, &c, 

I 

And^ consequently, if a be a root of the given . 
equation, so likewise will eyery t^rm in the spries^ 

,.\;^9.^.9 «» «> . .^» . . 9cC^j or 1.! 
Also, supposing w, as above, to be a prime num- 
ber, and a 'tp be one of thp yoots pf the equatiqn 

j?*^-l=:0, ora?'"=—l, 

the several roots, in this case, will be found, by ^ 
similar mode of reasoning, to be 

— a, — a^, — a% — a*, ,..,..— a*, or — 1 ; 

where it may likewise be observed, that any one of 
the roots, iil each of these cases, may be repre- 
sented by ±a", provided fi be not a multiple of m. 
Thus,for example^^'takirig, in the first case, m == 3,the 
roots w511 be a, a^, and a%or 1 ; and if a* be put iti theplagc 
of a, we shall have the tfare« roots .a% a*, a% which. 



I 
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on account of t^ being ^ 1^ become ot^ a, and et^, as 
before. 

Also^ when 711=55 ^h^ roofs will be a, a*, a', a% 
and a\ or I ; aiid if ot^ be sobstitated for a, ahd 
then raised to the first, second, third, fourth, and 
fifth power, we shall have a?, a*, a*, a?, a***; which, 
from a* beifig «= l>.will become a', ct*, a, flc*, and at^ 

And the same results will be obtained, by substi-* 
luting a% or a% in the place of a; and so on for 
any other case of this kind. 

Hence, likewise, because Qt'"^}^ we shall have^ 
by the nature of powers, 

a* I 

1 



«"" 


• 1 «^ 




_1 




-a 

• 




_1 








1 


1 


1 


1 





which are, also, the several roots of the same equa-r 
tion, except 1 , taken in an inverse order, 
' And, consequently, if these expressions be sub^ 
$tituted for 8«, in Art, (n) 4^ the sums of the se- 
yeral powers of the roots will be 

ficcording ^s n is a piultiple or not it multiple 
of«'(z), 



[z) The pripciples above given are ecju^lly applicable to all 
»uch equations as are reducible to tj^os^ of the second degree^ as 

I^or, sincej by the osaal method of solving quadratic equatiopa>^ 
we have 



\ 

Bnt as tile. analytical method of solution, aboTis 
given, is confined within certain limits, I shall now 
show, in as concise a manner as possible, how the 
roots of any binomial equation of the form 

X*— 1 =0, oi J?"* + 1 =0, 
may be^ obtained universally, by means of the di- 
vision of the circle into m equal parts. 

For this purpose, let z denote any arc, and tt the 
semicircumference of the circle, of which the ra* 
dius is 1. , ' 

Then, by Art. 69, p. 334, of my Trigonometry, 
second edition, we shall have the following re- 
markable property, 

(cos. z ± sin* ;?^ V — l)*" = cos, mz ± sin. mz^/ — 1 ; 

which expression, by barely substituting - instead 
of Zj will become of the form 



'^' » ■ * 



if these t«n» values be pat equal to £t and j3» tbeqiiestion will be 
reduced to findiag^the roots of the btoomial equatioos 

j:*" = a and x*«j3. 

Thus, suppose it were required to find all the six roots of the. 

equation 

:t«-35j!» + 215-0, 

we shall have> by extracting the root according to the method 

above mentioned^ 

x3«8, and af»«=27. 

Where the rational values of x being 2 and Z, the six foots of 
the proposed equation will h% 

2, 2a, 2a% 3, 3«, and 3a'. 

And if it were required to- datermine the eight- roots of tho 
equation 

they will be found, by foUowingia similar method, to be 
.♦2; ±2-/-!, ♦5V( + v'i<'l), and *3-v/(-y-lX 
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(cos.-+ sin. -v/— 1)**= COS. «4- sin. 2:\/— 1. 

And, consequently, supposing x to be represented 

by COS. — + sin.->/— 1, and «• to be so taken that 

COS. sj± sin. 2:>/— 1 shall be =1, this last equation 
will be similar to the equation 

ar"*— 1 =0, or 0:"'= 1. 
But the cosine of any multiple of the circum- 
ference is = 1, and the sine of the same multiple 
= 0, (Trig. Art. 13, p. 293); whepce, putting 
z^zny. 27r, we shall have 

(cos.~2t± sin.-27rV— l)" = cos.n2ir + sin.n23r\/— !• 

Or, taking the quantities, which, according to 

the above hypothesis^ have been assumed equjal to 

them, 

of* = cos. w27r ± sin. «29ry ^ 1, an4 

j; = cos. ~27r i sin, ~27rv^ - J ; 

where it is plain, that each numeral value of n^ in 
the latter, will give two different values of x. 

If m, in this case, be any even number jA", the 
last formula will become 

X = COS. T^r ± 9m. tt^ 

In which, substituting O^ 1, 2, 3, 4, • . . . h^ 
successively for w, we shiill have,. 

ni=sO, x=cos.Oi;sin.O\/— I = +1 

n==l, x = cos.T±sin.p/— 1 



For 



, , *-i , . it-i ^ • 

« = &— 1, x = cos.— T-ir±sm.— T~Wi/-*l 

n^hy a: = cos.T^ ± sin.TW-/ — 1 = --i 



'k" -^ ••••*• 
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nrhere 3ft -^2, or m — 2,. values of x are imaginaiy, 
and two real^ which are all the question admits of; 
as the substitution' of any other number for n would 
occasion these values to return upon themselves, 
' When'm is any odd number^ 2k ^1^ the same 
formula will become 

a;=«cos. r7 — r:r+ sm. "77 -7r\/ — 1. 

• • • 

In which, taking ^ = 0, 1, 2, 3, 4, • • ^^ • ft, sue* 
cessively for n, as before^ we shall have 

w=0, Ma?=cos.0±sin-O\/ — 1 = + 1 • 

2 .2 



For 



n-1, a?=cp8.^^;^±sin.-^j^^-l 
. w = 2, a:^cos.~;-p^±sin.5^^^1 



<t 



n = ft^ a?=C0S.7r; r5r + sin.n rTV'—l 



• « ' . 

wher^ 2ft, or m — l values of x are imaginary and 
otie real; \vbich, for tl^e Reason givep above, are all 
the question admits of. 

A similar mode of proceeding will al$o enable 
us to resolve the equation : 

4;"»-l-l=0, oraf"= -1, 

by observing that the sine of any odd multiple of 
;r is =0$ and its cosine ^ — l^ -which, therefore, 
gives, in tkis casie, 

2r"'r^cos.(2n+ l)TTsin.(2n+ 1)tV'-.1, 

and 
x =5= cos.-^ It -f sm.-^ Try/ — 1 . 

Where each value of «, in the Ifitter, furuishei 
two values of x, fi6 beff^re^ 



U6 
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If m be an ^en laumber 2k, this formula will 
become 

X « cos.-^^^-TT T sin.-'^^TrV •- 1 . 

In which, substituting 0, 1 3 3, 3, 4 . . , . ^— I, 
successively for n^ w^ shall have, 

» = 0, 0? = COS.— T ;h sin.^rr^\/ -r X 



For 



n 



2A" '' ^^'2k 
3 — . 3 



2^^ r ^ — 2ifc 
n=r3, X = COS.^T + 8in.;;x^'/— 1 



2^ 



n=*— 1, a?=co9> ^,, -gr«hsm, • .., Tfi/— 1 



2/^ 



2yt 



Where all the m values of x are imaginary. 
When m is an odd Qumber p/r+ 1, the same for-r 
mula will become 

. 2n+ 1 — . 2d+ 1 , ^ 

In whicb, taking n=0, 1, 3^ 3^ « , * , ft re- 
spectively, as above, we shall have, 

1 _ . 1 , • 



For 



rt=0, «=eos.-2^^, ••'•-2U1 



n=^, a?=cos,T + 8ih^ir^— 1=5 — I 

where m— 1 values of x arc imaginary, and one 
real ; which, in this case, as well as in the former, 
are all that the question admits of. 

It may here, also, be farther added, that when m 
h an even number 2k, the binomial 

jc~-l, or «**-!, 
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B3iay be decomposed into k real Isctors of the 
second degree. 

And if m be an odd nunaber^ 2k+ly the same bi- 
nomial 

x^^^l, or x^^^'^l, 
will be the prodoct of (or- 1) by i real j&ctors of 
the second degree. 

For; if the two roots jr = a, and x = jS, reduce 
J?'* — 1 to zero, the whole binomial will be divisible 
by (jF — a)(x — ft), or 

x^ - (<» + 13) x + aj3. 

But the values of x, as has been before $howny 
that will reduce x* — 1 to 0, are 

COS. — 2T + sin. —2vV — 1 , and cos. --25r -- 

mm' m 

sin.— Sw-v'— 1. 

Whence, by the addition and multiplication of 
these two formulse, we shall have, 

a + 0sa2cos.— ^ir, andafi=l. 

m ' 

And consequently the general expression of the 
factors of the binomial x* — 1, will,^in this case, be 

X* — 2x cos.~2w + 1 . 

Where it is evident that n mast be so taken as 
not to be divisible by m, or otherwise the sign of 

— 2t, in the above two fonns, would be « o. and 

consequently a and ^ could not be diflerent roots. 
Hence, since x, in the binomial x**'* -r. 1, has two 
real values, + 1 and — 1, one of its factcfrs will be 
X* — 1 ; and, consequently, the rest will be found 
by giving to n such of the values 1, 2, 3, . . A:— 1, 
as will answer the conditions last uientioned. 



^ 
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Also, became one of the TaluejJ ofx in the bino^: 
inial 02^*"'^' — 1, is -f I, it will have x^l fof one of^ 
its fafctors> and the rest will be determined, as be- 
fore, by taking the proper values of n from the 
series 1, 2, 3 . • . . A:. . 

Thus, agrceabJjr to what is here laid down, We' 
shall have, when m js an even number; ... 

X«~ 1 - (x'^l)(x^-2x COS.— + ){x^- 2XC6S.— + 1) 

. » • •« • 

(j?'~2xcos.— -M)&e* 

And when, as In the second c^se, m is an odd 
number, we shall liare : 

aT— 1 = (a?- l)(x* — 2a?cos.— 4- l)fi*~2xcos.— + 

(x^ — 2^cos.— + l)&c. 
^ . in ^ 

Whence, takin^j by way^ of illustration, the fol- 
lowing practical exainjiles^ it''W4ll readily appear, 
that • / * ^ 

x'^ 1 =(x\:-. l)(*^-:!2.^cos|.ao^-h.l) 
(a:'-2crcos.li20''-|rl), 

^x^ - 1 = (a?- 1 ){x^r-T 2ircos. 72^ +1)/. , 
(x*~2xcos.l44''4-l). ' - 

Where each factor, except x—\ in the last, will 
give two values of x. 

Also, if there be taken 'the binomial cr"" -f- 1, in 
which, as before shown, we* hc^ve : ' 

2/1+ 1 _ . 2« + r . . ^ 
J7= COS.-' iz 4- sm*-^: — --irV'^ K ^ 

the general expression of the factors, in this case, 
found, by combining the tlvo Values of x, as before^ 
will be 

X^-'2XC0S.' TT-fl; 
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Audi consequently^ by taJkidg n so that -Sn 4 I 
shall not be divisible by m, we shall have the two 
formulae, 

x*" -fl =3 (j?* — Sxcos.- + l)(x^ — 2x cos. — -hi) 

(a? — 2J7COS. — + 1 ) &c. 

m 

-x" + 1 = (x + l)(a?* — 2XCOS.— -M)(x* - 2xcQS.^ + 1) 

Or* — 2XCOS. — h 1) &c. 

In the first of which m is supposed to be an even 
number^ and in the last an odd number. 

Whence it will also readily appear, as in the 
former instance, that 

j?*-h 1 =(x*+ 1)(^-2j:cos.30° + 1) 
. : (a?* -2ar COS. 150^+1) 

OP* + 1 = (x+ 1)(^*- 2xcos.36'^+ 1) 
<a?'-^co«.108''+l) 

Where each of the factors, except x + 1 in the 
last, will furnish two values .of x, as before. 

In lik^ , ipanner, it may also he shown, that any 
equation, of two terms, of the form 

^"•-.a«=:0, or y *" + a" = 0, 

to which they can. all be reduced, is likewise de* 
composable inta real factors of the first and seccHid 
degree. ♦) . 

Forktyssox, orx.=-; then, if this value be 

jiubstituted for x, in each of the preceding equa- 
tions, we shall have, by multiplying both sides of 
them by a"*, the four following foniiaUe : 
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(2^* — 2ay COS. — h a*)&c. 
2. /•- a''='(i/-a)(i/*-.2atfcos.— + a') 



{y* — 2ay COS. — I- a*)&c. 
COS. — f- a')&c. 

(2/^— 2aycos.— + a^)&c, . 

In the first and third of which m is supposed td 
be an even number, and in the sepond aind fourth 
an odd number (a) » 



ifii) Th«se formalae^ ^hich are derived solehc frpixi the theory 
of binomial equations here treated of, are the analytical express 
sions for Ihe celebrated propierty of the circle, known by thi^ 
name of the Cotesian Theorem ; and -the factors of the before 
mentioned equation l ;. > . 

x'"— px^-h y«0, 

iKrhich can be determined in a similar manner, give the theorem 
of De Moivre ; of wUch that of -Cotes is ortly a particular case. 

JTbe. method,. alHl» wjbicb bas iatfjy heeo vsltoUiahed by Gaus$, 
in his Dlsquisitiones Arithmetics, of dividing the circumference 
of a circle into 17, 237, 65537,., &c. equal parts, by means of 
c^uadratic equations -only^.iS'derived :froiki ,th^ ttame principles, 
and does not seem capable of .being effected in any other way. 
See the JBfsai of Legendre, before referred to, 2d edit., or Mr. Bar- 
low's Elementary Investigation of the Theory of Numbers^ where 
this curious si^bjecl ia Ql|!»r|y e:Kplainfi(i jmd .elucidated. 
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OF EQUATIONS THAT HAVE EQUAL ROOTS. 

(u) As the methods Hsually einplloyed for deter- 
mining the equal roo^^s. of equations aire^ in general^ 
extren^ly complicated, when applied to tjiose of 
the fifth, sixth, and other higher dimensions, it 
will here only be. necessary to consider the rules 
that have been laid down in the former part of the 
work, for equations of the first four degrees ; which 
may be investigated as follows : 

1 . If a quadratic equation have two equal roots, 
with the SEfne sign, it must evidently be of the form 

where each of the roots is — J9, or + /?, according 
as the second term of the equation is positive or ' 
negative. 

And if the roots have contrary signs, the equa- 
tion will be of the form 

where the twe values of x are manifestly +jti 
and —p. 

2. If the prc^osed equation be a cubic, of the 
general form 

Let its three r^ots, in tbi& <!ase, be deiioted by 

!tl, by c. 

Then, by what has been ahowii in a fomner ur^ 
tide, we shall have the two following equations : 

«' + ;>a* + y a + r *»^G, 
h^+ pb*+qb^T^O. 

And, consequently, if the latter of these be sub- 
tracted from the former, there will arise 

VOL* II. u 



162 EaUA1^0N«^ THAT HAVE fiCLUAI. HLOOTO. 

Which last equation, when divided hy a — b, will 
give 

Whence, if we now toke a = hy th^ reduced equ;^- 

tioti will be 

3a^ + 2pa-\-q = 0. 

Or, by putting x for its equal a, this equation 
will become 

where one of the values of x, taken twice with the 
same sign, will give the two equal roots of the pro- 
po&ed equation. 

And since, from the composition of equations^ 
we have 2a + 6 = — jp, the remaining root will be 

x=s — ^— 2a. 

When p^Oy the general equation^ in that case, 
becomes 

a^-^-qx + r^O. 

And if this has two equal roots, with the same 
sign, thejr will evidently be each =v^ — |; and the 

remaining root will be = Sv' — |. 

Again, if -f- fl and — a be two roots of the pro- 
posed equation, and c the remaining root, one of its 
factors will manifestly be 

And, consequently, if this be multiplied by or + c, 
it will readily appear that the given equation must 
'allways be of the form 

cr* + cj:?* — a*j?— aV = 0. ^ 
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Whence, potting c«y, ^a^xziq^ and .— ttVar, 
>Te shdl have — aV = ^5 and — aV = r^ or 

/?j = r; 
which is, therefore, the relation of the coefficients, 
when the equation has two equal roots, with con- 
trary signs. 

And, since a^c^ —r and c=j?, the two equal 
roots, in this case, will b# 

V , and — >/ — -^ 

and the third, or remaining root, will be p ; which 
is the coefficient of the second term of the equation. 
Hence, as each of these expressions will become 
infinite, when j» = 0, it is plain, that a cubic equa«> 
tion of the form 

cannot have two equal roots with contrary signs. 

3; If the proposed equation be a biquadratic, of 
the general form 

x^ + pjif + qx^ + rx + s^O. 

Let its four roots be denoted by a, b, c, and d. 
Then, as in the former instance, we shall hav» 
the two following equations : 

a* + pc^ + qa^ + ra + *= p, 

And, consequently, if the latter of these be isub- 
tracted from the former, there will arise 

Which last equation, when divided by a — J, gives 
a^ + a^b -{-ab^ + i' + p{a!^ + aft 4- b^) + q{a + i) -fr =«0. 

Whence, a and b being each taken equal to x> as 
before, the reduced equation will be 

M2 
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And if this be multiplied by a: + ^p, in order to 
make it of a similar form with the given equation^ 
we shall have 

4x^ + 4px'^ +' {2q -f '^p^)x* + (r -f -py)x + -/?r = 0. 

From which, if there be taken four times the 
given equation, the result, when multiplied by 4, 
will be 

(3/)' — 8q)x^ -f 2{pq'' 6r)x -^rp-^ l6s = 0; 

where one of the values of x, taken twice with the 
same sign, will give the two equal roots of the pro- 
posed equation. 

And if one of these equal roots be put =a, the 
quotient arising from dividing the proposed equa- 
tion bv x^ — ^OLX + a* will be 

which will give the other two roots of the same 
equation. 

If jEi5=0, or, which is the same thing, if the given 
equation be of the form* 

The first of the above quadratics will become, 
by changing the signs of all its terms, and dividihg 

2g^* + 3rj? + 4^ = O. 

And, consequently, if one of the equal roots of 
this be denoted by a, as above, the other quadratic 

wiU be 

a:V 2aa? + ( J + 3a*) s= 0. 

Again, if -h a and -* a be two roots of the pro- 
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posed equation^ and c, d, the rem^iimg toQtSy its 
factors will evidently be 

x' — a* and j:* + (6 + c)x + 6c. 

And, therefore, by actoaliy multiplying them^ 
it is plain that the given equation must always be 
of the form 

x" + (i + cysf 4- (be - a^)x* -^a\b + c)j7 - a^6c = 0. 

Whence, putting J + C3pjo, Hc — a^^q, ■^a^(b + 
c)^r, and —dhc^Sy we shall readily obtain, %y 
first eliminating a*, and then i, r, the following 
equation 

which eK}]^Fe9se8 . the r^latjioa of the poeffi^i^pts, 
when the given equation h^ t^o '^q^ .rf)qt$i wit)| 
contrary aign?.. . . ^ . 

A^d since b^c=^p aujd /i*(6 + c),^ or tt^f:-^^^ 
the two equal roots, in this case, will be^ a$ in that 

for the cubic ^nation, :.■ '. 

-f>v/ — and — V—-. ' 

P P r 

Also, because J -}- c = /? and ftc =c j + «% if a, which 
is one of the above equaj roots, be put =pt, th^ fac- 
tor X* -f (i + c)x + be will become 

X^ + px + q ■¥ a^ = 0; 

which will give the other two r®ots of the proposed 
equation. 

Where it is evident, as in the corresponding case 
of the cubic equation above mentioned, that a bi- 
quadratic of the form 

« 

cannot have two equal roots, with contrary signs. 
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4. If three of the four roots a, ft, c, rf, of the 
same general biquadratic equation 

a?* + ^ j?^ + 5 x^ -f roj + * = O, 

be equal to eac|i other, and have the sjaine sign; we 
shall have, by substituting a and b for x, as before, 

a* + j9a' + 9a* + ra + ^ = O, 

And, consequently, by taking the latter of t^lese 
equations from the former, there will arise , 

Which last result, being divided by a — ft, givei 

a' 4- fl*ft + flft^ 4- ft' +;>(ii^ + flft + ft^> 4- $(« + ft) +r = 0. 

Whence, siippoMnjg a^b^ the reduced equation, 
in the first instance, will be* - * » - 

4a^ + 3pa* + 25'a4-r5sO. • . . . . (l) 

In like manner, if ft and c be each substituted for 
Xy we shall have 

ft* + j?ft' 4- yft* + rft + i t=p, 
c* + jt?c' + jc* + re 4- ^=*0, 

. And, consequently, by subtracting the lattey of 
these equations from the former, there will arise 

ft* - & +p{b^, - c'} + 5(ft' ^ c"') + r(ft -c) = p- 

Which last result, being divided by ft — c, gives 

ft' 4- ft'c 4- ftc* 4- c' 4-p(ft'' 4-'ftc + r) 4- 9(ft + 0) 4- r = O. 

Whence, supposing ft = c, the reduced equation, 
in tliis case, will be 

4ft' 4^ 3p6* + 2^6 4- r = O. ..... (2) 

And, consequently, if equation (2) be taken from 
equation (l) there will remain 

. 4(a^ - ft') + apia" - ftO + 2q{a - ft) =5; O- 
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Which last result, being again divided by a — i, 
gives • 

4{a? -k-ah^- Tf) + 3p{a + ft) + 2? = 0. 

Where, since a and b are each equal to x, M^e 
shall have, by substitution and dividing by 2, 

6x^ + 3px-^q = 0. 

In which equation, one of the values of a?, taken 
thrice, with the same sign, gives the. three equal 
roots of the proposed equation . . 

And if jp,=0, or thje equation be of the form 

x* + 5.T^-l-rx + ^ = 0, 
the three equal roots will be each expressed by V- — |. 

Also, if ^a^^^tty ^n, be the three equal Yoots, 
and h the remaining root, we shall have, b;f jmtting 

c = ft, in the second part of case 3, . 

» ' *■ ■ 

jp(5r —jo*) = r^ and 0? = ± v^.r- -• 

Where it appears that the relation of the coeffi- 
<;ientd, and the values of the equal roots, are the 
same in both these instances (i). 

4 - - I 

i • - 

OF EXPONEN'nAL EQUATIONS. 

(x) Many attempts have been made to determine 
the value of the unknown quantity, in the expo- 
nential equation x' = a, by converting it into 'a series 



r»- 



(b) The unknown quantity, iri all these cases, might have 
been easily, found by means uf a simple equation ; but as the 
expression for the root8, when so determined, would, m general, 
be very complicated, it was judged better to reduce thtsm only 
to quadratics, the solution of which, is nearly as readily obtained 
as that of the former. 
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that shall consist only of a iand its powers; bat no 
expression of this kind has hitherto been discovered^ 
that is sufficiently convergent to answer any prac-^ 
tical purpose, 

A very simple approximating rule^ however,: may 
be readily derived in this vsray, as follows: 

Find, by trials a number r, as near the true 
talue of i: as possible/ and put r + 2 =:-:^. / 
' Then, by the nature 6f logarithms, thei prbposed 
equation of = a will* become ' 

(r + z) log. (r + z) =^ log. a. 

.. Butlo^. (r + z)^ log. r{} .+. j) = log.r + log.( J + J) 

=P log. r. ,+ M \ ^ -.^(^y + |(^J)' .- &c. } ;. and, . cpnse- 

qudntly,- . .' '■'■'■■'■ ■ ] ■ : -i /' ' - ■'■ ' '■ •' ■■ 

(r+z)\og.r+u{f '-+ z) {^ - ^ i '-(^f _ Sic. t =log.a. 

Whencfeji multiplying by r + sr, and 'neglecting 
all the powers df z above the firsti as~»ibi^ing ^iery 
820^1, we ahalL have r log.r + ^log. r 4- Mife^5=: lo^.b; 



or 



^ = -^7 — I— r— > anda?=s= y ^ ■ .r , 

Which last for^nula will give a near iapproximate 
value of the u'nknown qui^ntity sougiit. ^ 

'And if the uumerarvul.\ie of x, in this expT^swou, 
be ptit =r', and r^ + z^='x^ we shall obtain, by a 
similar process, 

,_ log. a-- r' log.r* , j^ ko^^.^ + m r" 

log. r* + u .^ log. T' + *M«/ 

» 

which is a stUl nearer approximation ; and thus, by 
proceeding in the same way^ the value of a? may be 
found to any degree *of accuracy required. . 
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BINOMIAL THEOREM. 



(y) The binomial th^orem^ as far as regards the 
generation of the coefficients of any integral 
powers from those of the preceding, ones, was 
known to Vieta, Onghtred^ and many of the more 
early waiters on Arithmetic and Algebra, whp 
formed tables for constructing them to any extent 
required; but Briggs, in his Trigonometria Bri- 
tannica, printed in 1 633,. appears to have been the 
iirst who showed Jiow the several terms of aay inte- 
gral power whatever, of a' binomia], might be sucr 
cessively derived from each other, independently of 
any of the former powers, by a general rule; which 
was, in fact^ giving,, for this particular ease, the 
subs^tance of the theorem in words, but. wanting 
the notation in symbols. 

It may, however, be fairly questioned,- as has 
been observed by Woodhouse, in his Principles of 
Analytical Calculation, whether Briggs knew how, 
even in the ,case erf an integral exponeat^ to exhibit 
the law pf the formation of the ceafficients, under 
(he fprm 






for thougb his method of determining the sncces* 
rive coefficienti aniouiiitB ^to iricarly the same thit^, 
yet tho . ivdvancement ia analysis depended on 
the drcnmstance pf the law which they obr 
ser^e being ei^pre^sed in general terms, without 
which it could never have hern extended to 
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those cases where the index is fractional or neffa.- 
live ; so that Briggs, even in the case of integral 
powers, does not appear to be. fully entitled to the 
invention of the binoiliial theorenu properly so 
called. 

But, without insisting upon this circumstance, it 
is now universally agreed, tliat no one before 
Newton had ever thought of extracting roots by 
means of infinite series. He was the first who 
happily discovered, that by considering roots as 
powers, having fractional exponents, the same bi- 
nomial series vyould be equally true for them all^ 
whether the index should be fractional or integral, 
or the series finite or infinite; from which exten- 
sion of the theorem, many important, improve- 
ments, in the higher departments of isciehce, tiave 
arisen, particularly in the construction of loga- 
rithms and the doctrine of series in general, which 
have since been carried to a great degree of perr 
< fection, and now form some of tKe md^t curious 
and interesting branches of analysis. 

Newton, however, as is well tnowh, left no de- 
monstration of this celebrated theorem, but appears 
to have deduced it merely from an induction of par- 
ticular cases ; and though no doubt can be enter- 
tained of its truth, from its having been found to 
succeed in all the instances in which it has been 
applied, yet, agreeably to the rigour that ought to 
be observed in the establishment of every mathe- 
matical theory, and especially in a fundamental 
theorem, of such general me and application, it is 
necessary that as regular and strict a proof should 
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be given of it as the nature of the subject and the 
state of anigJysis will admit (c). 

James Bernonilli^ accordingly, undertook, soon 
after the theorem became known, to furnish a de- 
monstration of this kind, which may be seen in his 
treatise entitled Ars Conjectandi, published in 1713 ; 
but his method of investigation is only applicable 
to the case of integral and affirmative powers, 
being nearly the same with that which was after- 
wards given by Stewart, in his Commeatary oa 
Newton's Quadrature of Curves. It is founded on 
the doctrine of combinations, and the properties 
of fignrate numbers, w^hich are there shown to in- 
volve in them the generation of the coefficients of 
a binomial; and, in the case before mentioned, 
where the index is a whole pqsitive number, th^ 
theorem is clearly and satisfactorily explained. 
. Since that time, many, attempts have been made 
to demonstrate the general case, or that in which 
the index of the binomial is either a whole number 
or a fraction ; but most of these demonstrations, 
having been conducted either by the method of in- 
crei;nents, the multinomial theorem of deMoivre, or 
by Fluxions, are commonly considered as imperfect 
and unsatisfactory ; it being contrary to the princi- 
ples of science, as well as to just reasoning, to em- 
ploy, in .a matter purely algebraical, notions and 

< I I I » 11 ^ " I I I « I I ^ !!■ I I ■ I i « II I » III ~..»^^— l^iM.— — 

\c) Fur an account of the means by which Newton was led 
to the discovery of the general theorem here mentioned, as 
well as for a more ample detail of all the most interesting partis 
calars relating to this curious. subject, see the article Binomial 
Theorem, which was given by the author, io the New Cycio* 
pedia of Kees. 



17^ BINOMIAL THEORfiM« 

doctrines derived from other branches^ or £rom atf 
analysis, which is, in some measure, framcendentaL. 

For these reasons, several eminent mathematici- 
ans, both ih this country and on the contir^nt^ 
have endeavdured to inxestigate thi8 formula, on 
pure analytical principles, in a more natural And 
obvious way than had hitherto been done ; one of 
tbe first of which attempts is that of Lrniden, in 
his Discourse concerning the Residual Analysis, 
published in 17^'^; ai^d the next that of Epinus, 
in the eighth volume of the New Petersburg Me- 
moirs But the legitimacy of the former may h^ 
objected, to, on account of its depending oti vanish-f 
log fractions, and other considerations^ictf too intri* 
cate and abstract a nature, to be regarded, as siiffi-- 
ciently cojrdiicing ; and the latter, thbhgh very in* 
genious, is not less difficult and embarrassing; at 
least such is the opinion of £uler, who having 
himsetf first given a demonstratioii of this tli^a'em^ 
in which, like Madaurin, he employed the differ 
rential calculns, or method of floxians, was after* 
wards led to deduce it from the principles of Alge- 
bra alone; though he does not appear to have been 
much more successful tbastieithsr of the former. 

Lhuilier of Geneva, perceiving the defects and. 
obscurity of thes^e methods, gave a pew demonstra^ 
tioTi of this formula, in^ one of the preliminary >ar^ 
title§ of his work, entitled P^incipiorum eulcuU 
differcntialis et integralis^ which is strictly elemen- 
tary, and, abating for its length, and a fatiguing de- 
tail of partiailars, which the nliture of the subject 
does not seem to require, he appears to have ac- 
complished his object ; at least as far as the method 



be adopted wonld atiow ; for it must be confessed^ 
diat neither this nor any other investigation) that 
had hitherto s^ipeated^ coald be considered as 
possessing that degree of strictness and simplicity^ 
which the purpose intended seems to require. 

The cause of this failure, as the writer above men- 
tioned hfU} justly remarked, seems to be, that most ma- 
thematicians appear to have sought for some high 
origin of the theorem in question, distinct from the 
simple operations of multiplication, division, extrac- 
tion of roots, &c. ; and, instead of considering the 
nature of the operations it was known to compile- 
hend, hoped to supercede them, by deductions 
drawn from abstruse and fine theories j whereas it 
is evident, that whatever imperfections these fun- 
damental operations are attended with, the same 
must necessarily be attached to the binomial theo- 
rem ; which being only a more general, but similar 
case, may likewise be said, in a certain sense, to be 
a method of trial and error ; and, consequently, np 
demonstration of it can be expected to possess a 
greater degree of certainty than what is possessed 
by the leading operations themselves. 

In order, therefore, to avoid entering into a too 
prolix investigation of the simple and well known 
elements, upon which the general formula depends^ 
it will be sufficient to observe, that it is clearly ma- 
nifest, from some of the first and most common 
rules of Algebra, that whatever may be the opera- 
tion which the index (m) directs to be performed 
upouthe expression (a + .r)"*, whether of elevation, 
division, or extraction of roots, the terms of the 
resulting series will necessarily arise, by regular and 
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, whole positive powers of x ; and that the two first 
terms of this series will always he dT^-vitci^'^x ; so 
V that the entire expansion of it may be represented 
under the form 

a* + mcC"^x + Aa"' V + Ba*" V + ca*" V + &c* 

Where a, b, c, &c. are eertain numeral coeffi- 
cients, that are independent of the values of a and 
x\ which last may be considered as denoting any 
quantities whatever. For, omitting the practical 
part of the process, which is taught by the above- 
mentioned rules, it will constantly be found, by 
performing the operations at length, ill the usual 
way, that 

(a -f- a?)'* = a* + 4fl'ar + Qo^x^ -f 4a^^ 4- x* 
&c. &c, 

a-k-x 

7 cr=^'* — 2a"^a: + 3a'V — 4a'' V + &c^ 

(a + xf 

&G. &C. 

ia-^x)* ^dir ^--a *x — -a'^x* + -rza ^xr^-^-kc. 

^ ' 2 9 10 

«7 cr 1 I 



r •- -4.' 1 -'4* s -4: t • 5 --kj.'o" • • 
-.= a *—^a -x-^-a ^x*-— a Tr + &c. 



1 * .'42-5 '5 Iji ' 20' -** o ' 



[a + T) • 

58tc. ' Ice. 

In all of yrliicli ca^es. it is ^pparent^ that the series 
proceeds. accpr(}iiig to the regqlar powers of x; and 
t)iat the first tepn^ in each of them^ is the same as 
"^e ppwer^ or ri;>ot^ of the first term of the binomial 
to which it belongs; and^ likewise^ that the co^ 
efiicient of x, in the second term^ is always had 
by multiplying the index of the ir^t term into 
that term^ baring its indeji: diminished by I • 

And as these cases are of the same kind with those 
that are designed to be expressed in universal terms, 
by the general formula, it is in vain, as far as re- 
gards the first two terms of the expansion, to look 
for any other origin of them than what may be de- 
rived from these and other similar operations. 

ttence, because (a-fx)'"=:a"*(l +-)"*, if there be 

assumed (a + x)** = a"* + ma'^'^x + ax* + Bx* +'cx* &c. ; 
or, which will render the process of investigation 
more simple^ and equally answer the design pro- 
posed, 

,(1.+^)»=1+a4) + a.(^)'+A,(5' + &c. ... . (!) 

it will only remain to determine the values of the 
coefficients a„ a,, a,, &c. and to show the l^w of their 



dependence on the index (m) of the operation by 
which thej are produced. 

For this purpose, kt m denote any number what- 
ever, whole or fractional, positive or negative ; and 

for -y in the above formula, put y + z-, then there 

will arise 

(l+^r={l + (y + ^)r={(l+3^)-h«;}-. 

Which being all identical expressions^ their ex- 
pansions, when taken according to the above fbtm^ 
will evidently be equal to each other. 

Whence, as the nunteral coefficients Aj, Asj a,. 
Sec. of the developed formulse^ will not change for 
any value that may be given to a and x, provided 
the index (m) remains the same, the t*o letter may 
be exhibited under the forms 

1 + Ai(y + S) + As(y + Zy + A,(2/ + 2)'&C. 

And 

And, consequently, by raising the several terms 
of the first of these series to their properpowers, 
and putting I ^y==p in the latter, we shall have 

1 + Ai(y + «) + A,(/ + 2y;s + z^) + A,{tf' + 3fz -I- 3y^ 

Or, by ordering the terms so that those which 
are affected with the same power of z may be all 
fcroilght together, and arranged under the same 
head, this last expression will stand thus : 



1 +. A. 
A,y +2a,5^ 

A,y« + 3A3/ 
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Z + 

+ 
+ 



^2 



«•+ A, 

+ 4A4y. 
+ lOA^y"! 



»* &c. 



i7r 

(2) 






In which equation it is evident, that b^th y and 
z are indeterminate, and independent pf the values 
of Ai, Ag, As, &c. since the result here obtained 
arises solely from the substitution of these letters 
for X in equation (l).. 

Hence, as the coefficients, or multipliers of 
the like powers of z, are, in this case, identical. 
Art. (n) 1 6, we shall have, by comparing the first 
column of the left hand member with the first term . 
of that on the right, 

1 + x^y + A^y^ + As^ &c. == /)~. 

Which is an identity that verifies itself; since, by 
hypothesis; jp'"=(i +3/)""; and, according to the 
general formula, 

(H-y)« = 1 + A,y + A,y* + A^ + &C. 

Alsoj if the second of these columns be compared, 
in like manner, with the second term on the right, 
there will arise the new identity 

Ai + 2A2y + 3A,y* H- 4A4y^ + &c. = A,^'"-^ 

Which will be sufficient, independently of the 
rest of the terms, for determining the values of the 
coefficients a„ As, As, &c.(fiQ 



(rf) Although we have here only employed those terms of the 
identity (JI), which are affected with the first power of t, we have 
a right to conchiile that all the rest of the corresponding terms of 
Its two members are equally identical ; for if this vier« not lh« 
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Ai + 2A4 
+ Ai 



y + 3A3 

+ 2Aa 



For .sinc^ A,j^'^-^ =« A,^ = j^(l + A,y + A^4- 

Asy&c), the equating this series with the lart, a|i4 
multiplying the left hand side by 1 +y, will give 

{Aj + 2A2y + 3A3/ + 4a42/'&c.}(l +2() = 

Aj + AiA,y + AiA^y + A1A3/&C. 

And, therefore, by actually performing the ope- 
ration, and arranging the terms accordingly, wq 

shall have 

/ + 4A4 I t^V&c. 

+ 3 As I 
= Ai + AiA,y + AiAs^ + Ai A,^^ + See. 

From which last identity, there will pbvipusly 
arise, by equating the homologous terms of its two 
members, the following relations of the coefficients : 

Ai = A, 
2A2 =^ AjAi — Aj 

3As ^K AjAj ■*" 2A2 
4A4 = A1A3 — 3As 

WA,= AiAn^t-(«-l)A«.i 



Or 



Ai=A| 

A«== 5— 

_ aJa,-2) 

A*= — 4r~ 

_ A,,,[A,-(nT-.l)} 

A SS ■ ■ ■ ' ■ . . ■ ■ •*^ *- 



And, consequently, as the coefficient Ai of the 
second term of the expanded binomial, has been 



C9!^ t^9 w^uld ^rise seyeral new e<|uaetians, wkicb, as the co* 
cificwirtr A„ A,, A3, &c. have been akeady detenpinfd^ it wouVt 
be impossible to resolve; an(]> therefopfu 1^ would necessarily 

follow, that the development of (r -f -)'^ could net be rq>r«8^^ed 

. - • • ^ 

by 1 + Ai(-) *f A^H* + A3(-)?&c.; which i» contrary to the hyyo- 

■Pi ■• %• 



R 

sbown to he equal^ in all cas.Q9^ to the index m, the 
last of these expressions will hecome of the form 

f«(m— 1) 



A,?? 



_^»?i(m— l)(i«— 2) 
2 . 8 



_^fn(m'^ 1X»»— 2)(m— 3) 
^' 3.3.4 



" 2.-3.4.5 n 

Where the law of the continuation of the terras^ 
from A4 to the general te^n a^^, is i^u^ciently evi- 
dent. 

Whence it follows^ that, whether the index m 
be integral or fractional, positive or negative, the 
proposed binomial, (a + x)"*, when expanded, may 
always be exhibited tinder the forjrn 

a"(l+^)"= 

Or 

(a+x)"s= 

«" + mn'-*x+ ^. - V V+ ^ ^ ]. -'a" V&c. 

And if — be $i;ih8tituted ipi th^ pUc^ of -T-^ thf 

satae formula, will, in that casa, be eaqvreftsed ti 
follows: 

K 2 
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rf»(.i_i)*= 

Or 

(a - a?)"* =1 

or — ma~ 'a? + 



,m ^.«.i. . ^t^-- ^ )g^> V ^ m(m ■- 1 )(m -Jj^^.s^. g,^^ 



2 .2.3 

Where it is /to be observed, that the series, in 
each of these cases, tvill t^minate, \vhen m is a 
whole positite number; but if m be negative, or 
fractional, it will run on arf infinitum; as neither 
of the factors m— 1, m— 2, w — 3, &c. can, in these 
instances, become =0. 

It may also be farther remarked, that when a 
and X, in these formulae^ are each equal to 1, wi 
•hail have, agreeably to such a substitution, 

2'"=l+m + 

?»(m— I) to(w— l)(m— 2) m(OT— I)(m — 2)(fw — 3) ^ 

___ + — __ ^. iT?TT + ^^- 

And 
o=i-m+ 

»i(^-.l) w(m-l}(w*-2) m(7«-l)(w-2)(m-.3) q 

■ — — — — — : • 11 -f- '■* — OCC. 

2 2.3- 2.3.4' 

From which it appears, that the sum of the co- 
efficients, arising out of the development of th«? 
?nth power> or root, of any binomial, is Qqual to 2^i 
and that the sum of the coefficients of the odd 
terms of the mth power,' or root, of a residual quan- 
tity, is equal to the sum of the coefficients of thv* 
even terms. 
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It may here also be observed^ that die several 
foriDS of this theorem^ giten in the note to the 
practical role^ Part i^ may be readily determined 
by substitutinjg^ 

a 2a 

.1 — '. or '. f 



a — x 
1 1+ 

in the place of their equal a + i, and expanding 
the expression according to the first, or usual 
fonn(^)/ 

MULTIPLICATION AND DIVISION OF SERIES. 

(z) The article respecting the multiplication 

, and division of series, to which this refers> in the 

.former part of the. work, requires no farther notice 

.than barely to observe, that the results obtained hy 

means of the peculiar mode of notation there used, 

render the law of the- coefHcients f^f more simple 

and perspicuous than it would have appeared if the 

operations had been performed according tp^ the 

ip^thod commonly epiployed ip tl^ese cases, 

OF TUE MUl^TINOMIAL THEOREM. 

(a) p. 2o6. The multinomial theorem may be rea* 
dily demonstrated, by putting all the terms after the 

I ■ ■ ■ I — ^— ■ wmmmtmf^x ■■! ■■ i i ■■■■■■ i ,■■ i ■ i i i >>, 

* 

(tf) The deroonstratiop above given, (which it is presumed will 
be found as simple and* satisfactory as the nature of the subject 
vrill aibn[iit,);is founded upon a aimtlar principle with that first 
laid down by Lagrange in his Theoric des FoncHons Anafytiquet, 
to which work the reader is referred for farther information on 
this subject, as well as for whatever relates to the dectrine of ex- 
panded functions in general ; which is there treated of in a way 
worthy the genias of the author. 
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4 

first eqtial to Miae »iw qudaatity, arid ttentres^ing 
it as a binomia) ; but the process will fee reirdef^ 
conriderkbly mor^ simple by assuming 

(Ao + ,AiJ? 4- A«a?* + AsO^ &C.)* = 
B(r4- Bi5? + B«*^ + ^s^ &C* ; ^ 

which^ from tvbat has been shown respecting the 
expansion of a binomial^ Art. (t)> ifiay sllttays be 
legally done* 

For if the first member of this fequaticlti ht put 
under the form' (Aq + «)"*, the series arising from its 
expansion i^ill ascettd, according to the article last 
mentioned^ by the successiye positive powers csfu. 

And^ eonaeqpaently, if iiistead a(uym this se»m, 
there b^ put it» foifiner value, the sfotetttution so 
M^^ Wfll intsfod^tce 6n)y the wbote pdiskire ^ometB 

of *F* -. • • \ • . . . ' ' ' • 

Hience,, 9up{)oiing ar to^ be.increffsidd hy ^^ or 
x+ii te be put in the pkteinf a?. Mm s^li lt»Y^ 

f Xo + A,(a? + «■) + A8(;r +' x)* + a,(x + zj'&c I** = ' 
Bo + Bi{x4if^-tlt{it: + z}^-¥ BjCj? + zfkc: .... (1) 

In which last eqi^tion, if each of thfe tetms of 
ijts two men^bers be developed kn theusft^tniaiHler, 
the teims 4i2at aiultiply the like' pc^ers^ ^ w and 
z will be identical. 

Let, therefore, the several terms oi the first of 
these members, when squared, cubed, &c. , be 
arranged according to the poweifs of Jty atiidJt will 
beconle of the form 

(a, + 2a«x -f 3 A^aj^ + 4A4ar*&€.)a? + 
(Aj + SAjO? + 6A^of Sec.) z^kc. }"• 



fl 
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Or, if there be jmt^ for the sake of alwidging 
the operation, 

Ai + 2k^ -I- 3 A^ + 4\^o(? &c> = a, 

A« + 3\^ + ^JL^X^ + &€• = R, &C, 

the sam^ expression may be exhibited as follows t 

Which last formula^ by considering all the terms 
^er the! fif^t ^ oukj tind treating it a§ a biiiomial, 
may be represefated b^ 

*^T^^ ^^"'(^^ + Rg' 4- s;g^&c.)'&c,, , . . (2) 

Also, the second member c^ the same equation, 
when its several terms are raised to their proper 
powers, and arranged according to the powers of 
Zy will become of the form 

Bo+ Bia?+ Baa?*-!- Bsi?^&C.+ 
(Ba + SBs^r -f- 6B4^'' &C.)«* -f .... (3) 

Hence, dinee the formulae (2) afad (3) are the two 
members of eqtiatioa (l) utider inother form, we 
shall have, ' by cotopaHng the first term of one of ^ 
them with that of the other, 

B^, + BiX + BgJt* -f- h^ + B4JC*&e. «= P" ; 

which i6 an identity that verifids itself; since, by 
hypothesis, and the aboV6 substitution, 
(ao + Ai^ + A«a?* + Ajjj'&c.)*, or 

P"* :e Bo + B,l? + Bj^t^ + Bist?*&t5. 

Ill like manner, takid^ sueh of the tferfhs only, 
in ewh ttf these f<iriiml^< a^ itivolve the firit, 6r 
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simple power of z, and comparing them at above^ 
there will arise the new identity 

Bi -h 2B«a? + SBsor* + 4B4a?*&c. = mai^"*. 

Which, t\s iri the case of the bionmial, will be 
sufficient^ independently of the rest of the terms, 
for determining the value of the coefficients 

^19 ^i3 ^$9 OCC» 

For, since map""'== , we shall haye, by 

substituting for «, p* and p, their values,; as 
^bove givep, and n^ultiplying the left hand member 
of t}ie identity by the denominator pf the right 
|iand member, 

(Bi + 2h^ + SBiO^ + 4B^a? &c.) 

(Ao+ A,a?+ A^+ A3«^&C.) = 

wi(a, + 2a^ 4- Sa^j^ + 4A4ar* &c.) 
(Bo+ Bia?+ B^afH- bV&c). 

And, consequently, by actus^ly performing the 
multiplications here indicated, there will arise 



AqBi + SAqB^ 
+ A.B, 



X+SAoBa 


2AiB, 


+ A«B, 



^ + 4AoB4 
+ 3a,B5 

+ 3A«B, 
+ A9B, 



x*&c. 



mAiBo+ mAiBi 
+ 2mA2Bo 



X + mAjBt 

-t^^ntA^B, 

+ SlTtAsBo 



3? + IKAiB) 

+ 2inA«B, 
■hSmA^Bi 

+ 4mA^o 



a^kc^ 



Whence, by comparing the corresponding co- 
efficients of the homologous powers of x, in the 
two members pf this last eqoatioii, we shall have 
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AoBi = 9nAtBo 

2AoB« = (m — i)aiBi + 2mA«Bo 

3A0B3 = (m - 2) A,Ba + (2m - l)AaBi + 3mA3Bo 
4AoB4= (w?-.3)AiB3 -f (t?/n-2)AjB5,+ (3W-. 1 )AsB, + 

4IIIA4B0 

5 A0B5 = (m -T- 4)aiB4 + (3m - 3) a^b, + (3m - 2 ) A3 b« + 

(4m — 1)a4B^ + SmAsB^, 

• 
Where the law by which the several term3 are 
derived is sufficiently evident ; and, consequently^ 
if Ao b^ put for Bo, which is its vsdue^ when x in 
the original series is = O^ the (:opificients Bi^^ b,^ b^ 
^c. will be deteripined {f)f 

' OF THE IlEVERSION OF SERIESt 

(b) p. 2Q8. The rule given in the former part of 
the wbrk^ for reverting a series of the form 

(Tx rf ix* + cor* + (fe* + ex'&c. =y^ 

or finding the value of x in terms of y^ may be 
demonstrated as follows ; assume 

x^Ay + By* + cy^ + i>y* + Ey&c^ 

Then^ if this value be substituted for w and its 
powers^ in the above equatipUi wq shall have 

ax + ij?* + ex* 4- (ic* + cj(?'&c. or 



(/) It may here be observed^ that any algebraical function 
whatever may be developed by some of the preceding methods ; 
for the most general expression of this kind, that can "be pro* 
posed, must consist of two or more combinations of monomials or 
polynomials^ elevated to some positive, or negative powers, which 
^e either integral o( friictioa^, 
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ABVtit$l6^ 6^ iilLWit 



y= 



+ bA* 



y*+ac 


y+flD 


+ 2bAB 


+ 2iAC 


+ ca'. 


+ Ab» 


+ 3ca*bI 




-' + dA' 



+ 2iAD 

+ 26bC 
+ 3CA*C 
-fScAB'- 

+ eA' 



y*&c?.- 



And, consequently^ if the homologous ternis be 
equated, there will arise the following results : 

«A=1 

dc4-2bkB^CA'=^0 

aif -f HbxG + b^ +^CA^B + JA* = 
a£ 4- 26xd + 26bc 4- 3cA*e + Scab* + 4rfA^B + eA* = O 
&c. &c. 

r 

Whete, flftding the value of a, in the first of 
these e^Botidns^ that of i in the second, and so on ; 
and then dubstituting them, as they atisti, in the 
succeeding equations^ we shall readily obtain 



a 
b 



D= — 



E = 



IT — 



Whidi are the coeflicients of y and^ its powers, 
' in the inverted equation, agreeably to the rule (g). 



^1 I>|H 



(g) If the series that is to he inverted he of the form 



OAV + aB t 


f + ac 
+3Ja'b 

+ CA»^ 


+ 3&A*C 
-J-S^Afi* 


■ 


-f 6«A*B 









2. WlKti tll6 aeries cidfi^ists o^ thd odd ptmers of 
^5 or is^ ()f tlie form 

the valae of x in terms of j/, may be obtained in a 
similar manner^ by assuming 

x=M/ + By + cy* + l>y + Ey*&a 

For if this value be substituted for x and its 
powers^ as in the former case, we shall have 

flx + ii?^ + cjj' + it^ + er^&c. or 

t3iA»D 

-hG^Aiic 

+ 10caV 

+ eA*- 

And, consequently, by comparing the homolo^ 
gous terms, as before, there will arise the follow''* 
ing results ; 

aA=i 

as + BA^^O 

aC+36A*B+CA* = 

aD + 3iA'c +36aB*+5cA*6 + ^^i=0 

a£ -f- 36a*d + Sbxtc ^b^ + 6cA*c + 10ca'b*+ ycfA^B + 

^A« = 

&c. &c. 

Whdrc, finding the value of a in the first of 

these eqoatio«s, that of b in the second ; and so 

._ . 1 * '■'^ -*- - ■ ■ I , ^ 

a most be takes to the other side of the equation, and^— a put 
-z, whenube coeftcients vf'Al be th6 same for z^ as they were 
before for^. 



188 



REVERSION OF SJSHIjEf. 



on; and then sufast^utipg th^m^ as tbey arise, in 
the succeeding equations^ we sh^ll ^e^dily« obtA}!^ 



1 



B=-ii 



c= 



a? 



0== - 

R ac • I"! ■ I I I .» I I III I * 

&c, . &c. 

Which are the coejfficients of y and its powers^ 
in the reyerted equation^ for this Cfise of the rnle^ 
3. When thfere are two series^ consisting of the 
successive powers of x and y^ as 

ax + Jo?'. -f 00:* + £fo*&c. = ay + 0^ + 7^ + Sy&c. 

Let tlier? be assmned^ as in tbe instances. before 

given, 

x—Ky-\- By* + cy + Dy* + Ey'&c. 

Then^ if this value be substituted for x and its 
powers^ in the left hand member of the proposed 
equation^ we shall have 

y'^&c. 



OAy + OB 


y'+ac 


y +^p 


y* -F flE 


+ iA* 


+ 5iAB 


+ 2iAC 

• 


-f 26ad 


+ ca' 


+ 6b* 


+ 2iBC 


. , +3ca'b 


+ 3ca'^c 


+ rfA* 


+ 3 cab' 


» 


+ 4rfA^ 




• 




-feA* 



Aiid^ consequently, by equating the homologous 
terms, there will arise the following result^: 
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OAs^U .'■■■,•■'■•' 

dD + 25aC -f- Jb* -f 3CA^B + rfA^ ^ S 

a£ -j- 2*Ai) +;2 JbC + S^A^C + 3CAB* -f- 4d\^B:¥eA: = € 

Where, finding the value? of a, b, c&c. as in the 
former cases, and then substituting them in the 
succeeding equations, \te shall readily obtain 

A c= - 
a . 

fs,^^:. 

a 

C=-^^ : 

a- .... 

J - is' - 2& A c - 3ca'j - </a* 
a 

£ — 2&BC — 2&AD — Scab'— Sca'c — 4 Ja^b — f a* 

'Ei=- ' — 






Which are the coefl&cients of the terms of the 
series that gives the value of x in terms of ^. 

OF THE METHOD OF INDETERMINATE 

COEFFICIENTS, 

(c) p. 214. The method of indeterminate coeffi- 
cients, which has been employed in several of the pre- 
ceding articles, having been sufficiently explained 
in the former part of the work, it will here only be 
necessary to observe, that every algebraic itmction, 
containing one unknown quantity, or that quan- 
tity and its powers, may be developed into a series 
of the form . 

. Ao + Ai^C -f A«iC' + Asfl::* + A4X* &c.' 

i 

of which the terms involve only the whole positive 



powe« of the unknown quantity x, and ^n 
coefficients Aq, Aj, a^, &c. which are i^hoUy inde- 
pendent of the value of that qoiiBtitjr^ 

This is verified bv the expansions i3f all liie 
functions of ^is kind yet known; and die parti- 
cular series thjat is to be adopted^ in -es^ch case, will 
Vie reg-dily dete^ijiined, by putting ^=0 a»4 observ- 
ing the nature of the resplt. 

Thus, if the function to be developed is to be- 
come equal to some particular quantity fg^ ^ = O, 
the first term of the series must be taken singly, or 
without an x ; and if it is to become equal to zero, 
for j:=0, the first term must contain x. 

Also, if any term be either omitted, or intro- 
duced into the series, that does not belong to it, 
the comparisons of the hon^ologous terms will 
always show the impropriety of it, by their leading 
to absurd equation^. 

Thus, taking, for instance, as a partial example 
of the first of these cases, 

= Ao+ AjO? -f- A^* + AsX^ &C. 



it is plaija, that when ;r=5 0, we shall have --=Ao, or 

Ao»l; which i§, tterefpre, the first term of the 

times. 

c III like mattiier, if we take a frwticm of the folr 

lowing kind/ 

ry- = A,a? + Ago;^ + Aj^y' + A^a:* &c. 

it is equally evident, that the first term of the series 

• ' •. 

^ must contain x. for a:=0, or otherwise r would be 



eqnalte some determinate qowtity, w}ii^ is im- 
possible. • 

Alsp^ if there be t^ken, as wa^ exaippl^ of tb^ liist 
of the ^bov0 cases^ 

"where the third term Ag.?:* of the series is emitted^ it 
would be found, by multiplying the right hand 
member of the identity by 1— jp, and equating 
the homologous coefficients, that Ao=3b 1, Ai = 1, and 
ii^lf mdiich is absurd. 

Again, let there he taken, as an additional ^Xr 
ample, the well, known formula 

« • 

where m being a whole positive number, it readily 
appears that the series is rightly assumed ; because, 
for a?=0, the development is reduced to v"*"*, and 
for i; = it is reduced" to a?""" \ 

Hence, midtiplying the right hand member by 
X — v, WQ shall have 



♦— •■ 



(A) In tb« caw wb^r^ th^ incjcx is a fractional nomber, wbieh 
requires a different inyestigation, the same formula may be ex« 
hibited under the form 






i + (;) + ©^+©'+ .... +(;)- 



.jTv* ,x.^ ,x.^ . rv ("»*0" » 

i+(;)-+(^)« +(;)• + • •• +(;)^^ 

being, it| tbis statf, a similar tb^orem to that kid dewn l^ Lao- 
den, in bis Residipal Analysis^ from whi^b he attempted to de- 
rive ^ 4o^i« Qf AnUofw. 



m 



mg£t£liMtlQrAt£ edEWiciENTiu: 



a^-.t;*=^a?*+A5 



— t; 



X" 



.i«-t, 






• • 



— t; 



And, consequently, by taking the coefficients of 
the several terms of the product equal to 0, there 



117111 arise the following relations: 



Aa — V =0 

A$ — A2f; = 
A4 — A3V=0 
As— A|t; = 

&c. 



O] 



A2 = l> . 

A4=tr* 
A,= e;* 

&c. 



From which it is evident, that the proposed 
formula, when expanded, will become 






= x""'+t;a?'""* + t;'a?"'"'+r^a?"'"''+ .'. . . +t;'""^ 



In like manner, supposing, when m Is a whole 
number, the fqllowing polynomial, or series, . 



«m-.l 



^w-ft 



in-S 



to be exactly divisible by ^ — a, we shall have, by 
assuming a certain series for the quotient a, 

X'" + AX"*""'4-BJ?"'"* + Caf"^+ .... +TJ?>V = 

'(x-a)(^'"-*+A^a?~-* + BV"-'+ .... +s'a?4-T0; 

where a, b, c, &c. are supposed to be known co- 
efficients, and a', b', c', &c. other coefficients that 
are to be determined. 

Then, by actually performing the multiplication 
indicated in the second member of the identity, 
there will arise. 



:i?'" + Aaf'''^ + BX**-* + CJ^"''+ . . . +TX + V 



— a 



X 



,m-l 



+ b' 



/ l^m-ft 



— flA 



X 



— as' 



X 



,m-9 



+ s'Jx* -f t' 



— flfR 



—as 



x-ax' 



In which case, as the corresponding powers of or 
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in both series are similar, that for the derelopment 
of the quotient app^rs to have been rightly as- 
samed. 

Wherefore, bringing all the terms to ^he right 
hand side of the equation, we shall have 



X 

+ a 



' + !» 



-c' 



r 



111—3 



+ T 
+ flR' 



/ 



X'+ V 
-V' 



x-av=-0 



And, consequently, by equating the coefficients 
of the several powers of a; with 0, there will arise 
the following relations : 



A-rAi + a =0 
B — Bi + aA' = 
c — c' + as' = O 
D — D'-f-flc'=2b 
&c. 



or 



A =a +A 
b' = a' +73J A + B 
c' = a' 4- fl*A 4- aB + c 
d'= a"* + «'a -f a*B + ac + d 
&c. 

Where* the liaw by which they may be continued 
being sufficiently evident, we shall have 



x'^'^ + a 


x"^ 


-Vfl.^ 


x"^' 


■' + a' 


x"^' 


■*+. 


. -ffl"*"' 


+ A 




4-aA 




+ a-A 






-t- a'^-^A 




+ B 




+ aB 






+ a'^-'B 










+ c 


■ 




+ a"*-*c 



' And as the process here followed is the same in 
effect as that which would have taken place from a 
direct comparison of the corresponding terms of 
the two members of the identity, it follows, as in 
Art. (n) 16. 

That when two polynomials are identical, the 
coefficientSL of the respective powers of the un- 
Jknown quantity, in eadi of them, will be equal. 

VOL. II- o 
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l$4 VANttHIVG F.&ACXXOHS* . 

: So tl^at) from these ins^tanoes^ and others of a $i^ 
Biilar Iqnd^ that xmgbt he given^ the form of the 
^ries for any expanded algebraical function, an<l 
tl^ vaiaescf the assumed coefiicient:;^, may be rea* 
4ily found. 

OF VANISHING FRACTIONS. 

(0) p, 217* The notions commonly received^ 
at present, respecting the mature and use of ya- 
ntshing fractions, or such as become of the form 

--, when some particular value is given to the un- 
known quantity, appear to have arisen, aa before 
remarked, from certain peculiarities a^tefidfng the 
r^pplic^tion of the fiuxioua^ analjysis to ti|e doctrine 
of curves ; te some cases of whicli it was suffici- 
;entl^ evideijit, £rom the pr0p«rtie» of the* ligtife un- 
der consid^ra^tion, that this symbol, though appa- 
rently nugatory^ had a real fixed value ;, and m 
others tbjtt it might be O^ finite^ or infinite, ac- 

'.cordii^ to the nature of the proposition from: 

- ON^hich it was derived. 

*: . Hence^ as the known values of the expression^ 
in tlyese instances, were found to agree with those- 
which arise from applying the hypothesis in ques- 
tion to the reduced fraction> according to. the me- 
tliods^^t have been laid down and elucidated in 
'^tlie practical article. Part i,it seemed reasonable to^ 
conchide that th^se rules should be made general 
for all similar cases, in whatever way thej^ might 
arise; or otherwise an anomalous principle must 
have been adopted upon this occasion, which 
would have rendered the algorithm of the science 



r 



nnccrtain, and the results of calculatiQii at tari^fice 
with each other, 

ft must be confessed, however, that any direct 
investigation of this subject is attended with consi- 
derable difficulties^ orvving to our being unable, ift 
certain cases^to asceii:ain,.in a clear and satisfactory 
m inner, what efFectO, as an algebraical symbol of a 
restricted signification, will produce, when mixed, or 
connected with, other characters which are taken 
generally, or without any regard to their numeral 
Talfl«s ; so that the tjrmh of the mode df solution, 
here poioied out, must be left to rest, in a great 
meas^e, upon the evidence derived from analogical 
CQnsider^tions, similar to those aboTe stated^ 

With respect to the other symbols, that are 
mentioned in the article referred to, it is plain, 
that O added to or subtracted from any <^antityi 

makes it neither greater nor less ^ that is, 

a-^O^Cy and a-^O^a. 

Also, if nought be multiplied or divided by any 
fjuantity, both the product and quotient will be 
nought; because any number of times 0, or anf 
part of 0, is O : that is, 

Oxtf, or tfxO=0, and -ssQ- 

From this property, it likewise follows, that 
nought divided by naught, is a finite ^antity, of 
some kind or other. 

i>W since O>f0—i^ or tf^Qy^a^ it is evident, 

that T=«.' 
o 

Farther, if any finite quantity he divided by 0, 

die quotient will be infinite. 

on 
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For let - = g-, then, if b remains the same, it 15 

plain, the less a is, the greater will be the quotient 
y.; whence, if a be indefinitely small, j will be in- 
definitely great ; and, consecjuently, when a is O, 
the quotient q will be infinite : that is. 



h 1 

0' ^^' 0=" 
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OF FIGURATE AND POLYGONAL NUMBERS, 

' (e) p. ^23. . The whole theory of figurate nntn- 
bers, as has been observed in the note to article (e). 
Part I, is founded upon the following proposition, 
which is equivalent to the one there mentioned, 
: The « 4- 1th term of any order of fignrate num- 
bers, is equal to the sum of the nth term of that 
order and the w + lth term of the next inferior 
order ; and the wth term of any order is equal to 
the sum*of the n first terms of the preceding order. 
For the purpose of demonstrating whicji^ let 
there be taken, as in the article above referred to, 
the following series of these numbers. 

I 

Order, Figurate Numbers* ; Gtneral Terms,,, • 

1st. 1, 2, 3, 4, 6&c. n 

w(i» » 1) 



2d. 
3d. 



4th. 



1,3, 6, 10, 15 &c. 
1, 4, 10, 20, 35 &C. 
1, 5, 15, 35, 7U&C. 



1.2 . 
1.2.3 

1.2:3.4 



I)]' 



„th order, "C; DCj'^^K''^^) • •,• • C''^("'- 

' 1.2.3.4 .... m 

m 

Then it is plain, that «-h I, which i» tbe>»v+ Itli 
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term of the Tst order, being added to ?^±ii, 
which is the nth term of the 2d order, gives 

«(n+l) («+l)(n + 2) 

which is the «4- 1th term of the 2d order. 
Also, i?±.yv»t2)^ which is the n-hlth term of 

the 2d order, heing added to ""^7^^^^ which is 
the «th term of the 3d order, gives 

(n4.1)(yH.2)(H4.3) 

1.2.3 

which is the n + 1th term of the 3d order. 

And generally 

9 

n[n + l){n ^ 2){n ^ 3) . , . . [«(iii~2)] 
. ""^ 1 ,. 2 . 3 . . . . (m~l) 

which is the w+lth term of the m— 1th order, ^ 
added to 

w(»+ l)C*+2)(n+ 3) .... [n + (m-l)] 
l*2tw •••• fii 

which is the nth tenn of the »ith order, gives 

«(»+ l)(a + 2)(»+3) .... (n^m) 
1.2.3 .... 171 4-1 

which is the n + Ith t^rm of the wth order. 

From Avhich, the general law of the. formation of 
the terms is sufficiently manifest. 

And since the second term of any order is equal 
to the suni of the two first terms of the preceding 
order, the third term avIII he equal to the sum of 
the three first terras of the preceding order ; and 

so on (i). 

■ ■ I " » ■ 

(0 The method here • observed, in treating of this propo^i- 
tioo, is Mimilar lo that followed by Legeadre, in his Esaai mt 
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Whence, generolly, the nth term of any order ii 
equal to the first n terms of the next inferior order. 

Again, if the nth. term of the first order, or of 
the natural series, I, 2, 3, 4, 5 Sec. be multiplied 
by the n+lth term of any order m, the prodnct 
will be equal to m + 2 times the «th term of the 
Jfi-h 1th order. 

Which last proposition is the celebrated theorem 
of Fermat, alluded to in the corresponding article. 
Part I, the truth of which may he. readily shown 
form the formulae above given; thus, 

n(n+l) = 2x-i— ^ 

1.2 '■^^^ 1.2.3 

n(n + \){n + 2)(n ^ $) _^ n{n ^ \)[n + 2){n+3) 
1.2.3 . "^^ 1.2.3.4 

and so on for any other order whatever. 

And in a manner equally easy, it may be shown^ 
that every polygonal number, of the denomination 
fw, is represented by the general formula 

2 

For, by Art. (e), Part ij p. 223, every wigonal 
number is the sura of n terms of a series of arith- 
metical proportionals, beginning with 1, and having 
the common difference m — 2. 



■*'^ 1 1 I '^^»-^**'*'^»'^'^r*^"*' 
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la Theoyie des Nomhret, who> by deducing the law of the gene- 
ration of the terms from the forma of the series, instead of ascer* 
tainiog the forms of the series from the law of their geQemtioo, 
has rendered the subject much more simple and perspicuous^ 
ihan by adhering to the manner in which it had btctt asually ia« 
t%stigated. 



Whence, {mttiag m-^Q^d^ we ^faoll )iav^ 

which, by the common rale for the suniihation iX 
mch a teries, id equ^l to 

And, if m — S be now sabstiMtted S&t d, thh lasft^ 
expression will become 

which is the same as the formula given above. 
Alsb^ when any polygonal number and its dena^* 
minatiou is given, if there be put 

(w — 2)nf— (OT-4)n 
2 =?> 

we shall readily obtain, l^ the sotetioa of m,.qaa*> 
dratic equation, 

which is a general formula for the square ro0t o^ 
any polygonal number. 

OF THE INDETERMINATE ANALYSIS- 

(f) p. 227. HavitIo sufficiently explained, ih 
the corresponding Anicle of the praetieal part of 
the present work, \diateyer relates to the solntiofi 
of indetermiiiate equations of the fir^t degree, it 
will here only be necessary to show under what 
conditions questions of thrs kind are r^solvable^ 
and in what cases they are impossible^ 

For which purpose let there be premised th^ 
following lemmas 



900 INDETERMINATE ANALYglS. 

1 , If a and b be any two numbers prime to each 
oth^r^ and Ae terms of the series 

by 2b, 3A, 4ft, .... . (a-l)ft, 

be respectively divided by a, they will each leave a 
different remainder. 

For, if not, let any two of them, as w6, 7?ft, when 
divided by a, give the quptients ^, q\ and leave 
the same remainder r. ^ 

Then, since mb=!^qa^rj and w6 = <7'a + r, it is 
evident, that each side of the equation 

mb — nb^qa—q'ay 

will be divisible by a, because the right hand mem- 
ber is so. 

But this is impossible, since the factor 5, in the 
left hand member, 

w6 — «6, orft(m — w), 

is prime to a, and w — nztf, because, by thte pro- 
position, both m and n are so. 

Whence mb cannot be =9a 4- r, and 7ib=^q^a -f r; 
and, consequently, no two of these terms can leave 
the same remainder, when divided by tf. 

CoR. 1. Since, therefore, all the remainders, 
which are n— 1 in number, arising from the di- 
vision of the several terms of the series 

6, 2ft, 36, 4ft, .... . (a-.l)b 

by a, are different from each otherj and each of 
them necessarily less than a, it follows, that these 
remainders will include all the numbers from 1 to 
a '-'I inclusively. 

And in tlie same manner it may be showu, that 
if the terms of the series 

a, 2a, 3a, Aa, (J_|)a, 
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be respectively jdivided hf b^ they will leave dtiferentr 
remainders, each less than h, wliicfa iDchide all the 
'DDiiibers from 1 to i *- 1 . 

CoE. 2. Hence, since some one of the terms, in 
each of these series, will leave a remamder 1, a 
number 3/' = a, or a nnmber x'^ci, may be found, 
when a and b are prime to each othei', that will 
render iy— 1 divisible by a^ or aaf-^l divisible 
by A. 

Front which principle it is also farther obvions, 
that the equation 

is always possible in whole numbers; since ^' = 

— 7 — = an mteger, and or = = an integer. 

2. If a an4 b be prii^e to each other, the equation 

ax — by^s^ ±Q 

is always possible^ and will admit of an infinite 
number of answers in whole numbers. 

For since the eqtiation aof^by'^ ±1 has been 
shown to be possible, let each of its sides be multi- 
plied by Cy and there will arise 

ficx' — bcj/ SB ± e. 

Whence, by putting caif^x, andcy'^^, we shall 

Jmye . 

ax — by^ ±c; 

which is, therefore, also possible, when a is prime 
to. 6. 

But Jf a and b have a common measure, which 
is not a divisor of c, the equation is impossible ; .as 
has been shown in the note to the practical rule. 

Again^ if one answer to the proposed equation^ 

ax — by^±Cy 
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be known^ an indefiliittt ndiiibeF of othiere may hfe 
foui^d, as follows: 

Let the two valnes^ x^p ai^d y^^, be such as 
will satisfy the conditicms of the question i then we 
«hall hare 

And, consequently, by comparing this equation 
with the first 

ax''bt/=^ap'-bqi or 

or— JJ b rnb 
y-^q a ma* 

Where h being prime to a, - is a fraction in its 

lowest terms ; whence if m be made to represent 
any indefinite number, it follows, that 

x^p^mh BXiA y — q^tna* 

And, therefore, by transposition, there will arise 

x—p-k-mh knd^^ss j + ma. 

In which expressions, if 0, 1, 2, 3, &c. be suc- 
cessively substituted for the indefinite number m, 
we shall have 

x^p^p-^-h^p-k-^^p-^Ah * . . . 3»ji-f mJ, . 
ysiq=iq-{^a^q'\-2a^q + 3a .... ^q^iha* 

Each of which quantities will satisfy the condi* 
tions of the question (ft). • 



{k) The first so1t!ti«^ of this proUem is Avm U>M* Bachtt de 
Meziriac, .the ediigp 6f Dibfi>aotQ8, who g^ve it in Ike ieocmd 
edition of bis matkematical recfeati<in«, tT)^i\^ProhUme$ fkiuqfiM 
et delectables, &c. printed in 1 6 12; but the qttestion is- h^e 
barely announced, being "only' 16 be fouhcf coui))iet6 'In the 
edition of 1624. 
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t 

' €oft« It is evident^ from tbe above expressioiM, 
that p and q being whole numbers, m may always 
te soitaken^ that 4 in ^e lunation 

'* r.-'/f' ,. ::.•., mar-* dyttJ^i-C/'" * 

shall be less than b, or j^-leds than a* 

^ - 

3. If a, h, c, be all prime to each other^ the 
equatrt)n ^ • 

is always pos$ible^ whfeh G=c{a6 — (a + 6)}. 

For let c = (a6 — a— i) -hr;- then, since the. equa- 
tion, in, this case, becomes ' 

ax + 6y = (a6 — a — J) + r, 

dte possibility of it will etidently depend upon 



J? = 



a 



bei&g same whole or integer number. 

But this equation, when its sereral terms art 
divided by a, is the same as 

audi therefore, in this state of the proposition, it 
depends'upon the possibility of 

iil^«y being an integer. 

Or, by putting y + 1 =y^ upon the possibility of 
the equation 

hatfxhj tim coroHary to the last proposition, 
^Ms may be-i^ays estafaltsbed^ so thsLt ^^a^ or 

Hence, since in t]k% above mentioned equa*^ 
tiou 
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^ — - — * = y, or 

jy + 1 is less then a, stf must necessarily be less than 
b\ and, consequently, : » ' , 

a 

Where x' being less than ft, it follows, that x, or 
its equal ft — 1 — x\ niust be either = 0, or to some 
integer number, when tf, ft, and c afe prime to 
each other. 

Whence the equation ax-^-hy^c is always pos- 
sible, under the proposed conditions. '. 

CoR. The above proposition, as well as the 
former, is of great use in enabling us to judge of 
the possibility or impossibility of indeterminate 
equations of this kind; atid, consequently, also in 
proposing them so that- they may be within possi-* 
ble limits (/). 

OF THE DIOPHANTINE ANALYSIS. 

(g) p. 344. The Dlophantine analysis has been 
so fully treated of in the former part of the present 
work, that nothing farther need be here said on the 
subject; except to observe, that the solutions of 



(/) This theorem arises oat of a remark, which appears to hare 
been first made by Waring, in bis Meditationes Algebraicae* 
p. 340, thiod edition:; but in what way he coaviuced bimtdf of 
its truth do^s not appear, as a dicect investigaCion of it caBnot b^ 
easily obtained. 

The above demonstration is similar to that given by Mr. Bar- 
low iR his Elementary Investigation of the Theory of Numbers, 
p. 77. * * 



many questions that may occur in this branch of 
the science must frequently be left, notwithstanding 
the various rules that have been given for this 
purpose, to the skill and sagacity of the learner, 
who, in pursuing these inquirieB, will soon perceive, 
that nothing less than the most refined algebra, 
applied with the utmost skill and 'judgement, can 
surmount ' the various difficulties which attend 
them; and, in this way, no one has ever ex- 
tended the limits of the analytic art farther than 
Diophantus, or discovered greater knowledge and 
penetration in the application of it. 

When we consider his .work with attention, we 
are at a loss which to admire most, his wonderful 
sagacity, and the peculiar artifices he employs, in 
forrping* such positions as the nature of ^ the 
problems required, or the more than ordinary 
fiubtilty of his reasoning upon them. 

Every particular question puts us upon a new 
way of thinking, and furnishes a fresh vein, of 
analytical treasure, which cannot but prove highly 
instructive to the mind, in conducting it through 
almost all difficulties of this kind, whenever they 

occur (m). 

■■ » ' ■ " — I ■ I I ■ ..11 , I ■ ■ t ■ > I I I 1 1 . 1 . 

(m) That Diophantus was not the inventor of algebra, sis ha.<; 
been generally imagined, is obvious; for his method of applying 
it is such as could only have been used in a very advanced 
state of the science. He no where speaks of the fundamental 
rules and principles, as an inventor certainly would have done, 
but treats of it as an art already suiiiciently known; and seem^ 
\q intend, not so much to teach it, as to cuUivate and improve it, 
by solving such questions as, before his time, had been though ( 
tpo difficult to b« surmounted. 

It is highly probable, therefore^ that algebra was kno^i\ 
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OF CONTINUBD FBACTKm. 

(h) p. 282. In addition to what has be?n said on th^ 
subject of the present article, it may here be farther 
observed,, that we can readily find the series of 
fractions converging towards any given quantity^ 
without being under the necessity qf £rst reducjuig 
it to the continued form* 

For, since it has been shown, in th^ practical 
article (h), above referred to, that the denc^inatort 
^j ^9 y^ ^9 &c. of the continued fraction 

«&c.. 

are the quotients obtained by finding the common 
measure of the numerator and denominator of the 

given fraction t, it is obvious that we can readily 



among the Greeks long before the time of Diophanttis; but that 
the works of preceding ^Titers have been desftroyed by th« 
ravages of time* or the depredationa of war and barbarism. 

His Quest, Aritkmet., out of which these problems are mostly 
collected, consisted originally of thirteen books; bat the first 
six only are now extant: the best edition of w^hich is commonly 
thought to be that published at 'Paris, by Bacbet, in the year 
1670. 

In this performance, the subject is so skilfully handled, that 
the modems, notwithstanding their other improvements, have been 
able to do little more than explain and illustrate his method. 
Those who have succeeded best, fn this respect, are Kersey, 
De Billy, Ozanara, Prestet, Saunderson, Fermat, and Eoler; the 
last of whom, in particular, has ampliRed and generalised this 
i:urious branch of the science, in as full and satisfactory a matinel* 
as the nature of the subject seems to admit. 



dseertain the series of comsei^Dg fractm^^ answer- 
iiif to these ^piotieoto^ by meails of thejaw of their 
generatioD^ pointed out in Noa. a aad 4 of that 
article^ without baling r^pourse to any iotenne- 
diate operation. 

So that In fact, the consideration of any quan- 
tity^ whether rational or inra;ifoaal9 mftderthe form 
of a coi!^'tinued fraction^ is np otherwise necessary 
than as it leads us to th.e properties and law of 
fenoation^ of the several converging fractions 
which are derived froia them< ; it being in this la^t 
form only, that these expressions are at all appli- 
cable to any useful purpose. 

1. Thus, in order to repass from the continued 
fraction to the common fraction from which it was 
derived, we shall have the following results, or cou- 
verging fractions; as has been before shown. 

— * 1 __«/?+ 1 1 _ a|3y + y + g 

, ^ p + — 

1 a/3yJ'+ y^ + 6c^ + a,8 + 1 

Or, taking - for the first term, anrd placing 

them according to the form in which they staqd i^ 

the first part of the work, we shall have 

a 7 : S 6 

1 a ajS + 1 d^/ + y + ot al^y^ + y^ + g^ -f g/3 4- I o 

Where it is evident, that each numerator, of the 
fractions, thus: obtained, ia equal tp the product of 
the preceding nnmerator and^ th/e <|iMtiMt s^auding 
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over it, pins the nnmeratdr of the antepeDoitiaiate 
fraction ^-and the denommators are. fprmed accord- 
ing to the same law. '. .. 

So that, if ~^, -, and ~, l)e any three' ccmseca- 

tive fractions in the above, series, and /:^ be the quo- 

tient standing over^, we shall have, 

. ■ ) 

q' gff^+f . - . . - 

And if, agreeably to what has been said in the 
practical article. Vol. i, there be substituted, in- 

stead of jtt, the complete quotient /x + -^ we &hall 
have '. 

Which is, manifestly, the exact value of the ori- 
ginal fraction. 

Also, if the quantity r, that is to be converted 

into a continued fraction, be a rational fraction, it 
is obvious that this will be the last of the converg- 
ing fractions above given ; since the series must ne- 
cessarily terminate at this point. 

But if the quantity x that is to be developed into 
a similar series. 



1 , 



^ V + T . __ 

fi&C. 



1 1 



y+y+i 



be irrational, or transcendental, the continued frac- 
tion may be produced without end ; and, conse- 
quently, the number of converging fractions will, in 
this case, be indefinite. 



a. Jx faajr here, klso, be farther shown^ th^^t the 
several terms of any series of converging fractions 
are Alternately leds and greater than the total value 
i:, of Axe • coi^inilaol fraod^a from whidi they are 
derived. 

For, if we consider onjy the first •term of the 
series, it is evidenf, that 

a?3:a, or as:^?. 

And, if the two first terms of the series be taken, 
it follows^ 9Hiee the deaiominator )8 is Jess than 
when the snfu of the folio wing terms, is jomed to 

it, that 

1 

a + ^^X; 

it being obvious, that the less the denominator of 
any proper fraction's, like greater will be the frac- 
tion ; and the contrary. 

Also, ^because <he denominator 7, in the sum of 
the three first terms, is less than when the rest of 

the terms are joined to it, die fraction - will be too 

1 ■ 

great; and, consequently, jS + - too littlie^ -or 

a-h rs=«* 

/3 + i 

r 

And so on, alternately, for aU tUe rest »of 'these 
fractions* 

3. If the terj»s of .aiijtHvo^oQjieciitive converg- 
mg fr4ciii»ii39 T^ and ^, 4>€^itiultip]a6d crogrmse, we 
shall have 



pf-qp^'^^h 
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taking the upper sign +1, if -scjri or when it is 

one of the odd terms of the series^ reckoning from 

- , and — 1^ if the same fraction be scj:^ or when it 

is one of the even terms of the series. 

For let there be taken the following series of 
quotients, and their corresponding converging 
fractions, 

a 3 ^ 7 fjt.^ [JL [/ [JL^ &c. 

1 a gp-f r P2_ 2_ Z. tL )irr>' 

0' 1' |8 • • • • 9<>^ q' (f' 9"' ^^* 

Then we shall have, by what has been before 
shown, 

p"-p'l*f-¥py and 9'' = 9V + ?» or 

, P' Q' " 

Or, by clearing the two last equalities of frac* 
tions, and transposing the terms. 

And because, for a reason similar to that above 
mentioned, 

P'-Pf^ + jc^°, and 5' = S^/A + 9° ; or 



-»/ ^ »^o ^/ «o 



^ p 9 

We shair readily obtain, in the same manner as be- 
fore. 

Hence, comparing this equation with the former, 
we shall have 

qp ~Pf «/»f - ?/>' =pq° - 2P } 
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■ • • • . 

Which equalities^ it is manifest, wili hold. fot any 
three successive terms of the series. 

Whence, the (Kfferences between the products of 
lo'e numerators and dienominators bf any two con- 
secutive fractions, in that series, abstracting frOrti 
their signs, are equal to each other. 

But the diflerence betwieen those 6f the first two 
fractions, (a/3 + 1) — «/3, is manifestly 1 ; and, there- 
fore, since the difierehces ate ^11 equal, they arfe 
each = 1 ; arid, consiequeritly, 

taking the upper itign +, oi- the under sign — , 
according to, the rule mentioned in the proposition. 
Cor. It may here be added, that it is this pro- 
perty of converging fractions, that rettdfers them 
so useful in the resolution of indeterminate equa- 
tions of the first degree; since every equation of 
this kind has it^ solution dfepending upon that of 
the equation . 

ux-^bi/= ± 1 1 

as has been already shown in the corresponding 
article of the first part of the present work. 

It may also be readily concliided, from the above 

proposition, that every converging fraction ^, ^, &c; 

in the before mentioned stries, is in its lowest/ br 
most simple term is. 

For, if p^ and g^, or jf) anc! 9, had ^ny cbromon 
divisor, except iinity, it wduld follo\<^;j frcJih thg 
property of the equatidn 
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tbat 1 musFt also be divisible by that divisor^ whidb 
is impossible, 

4. Any converging fraction, in the series before 
given, approaches nearer to the true value of the 
original fraction than the one that immediately pre- 

, cedes it; and the error arising from taking any one 
of these fractions for the total value of the con- 

, tinned fraction, is always less than unity divided by 
the square of the denominator of that fraction. 

For let ^, -, and -,, be any three consecutive 

fractions, in the abovementioned series, and /t the 

quotient corresponding with - ; then, as before, we 

shall have 

And if jEt +*^, or, for the sake of simplicity, y^y be 

put in th^ place of jtt, the whole continued fraction 
will be represented "by 

... ^_V+;''' 



qy' + ^« 



And, consequently, by subtracting - and ^ from 
each side of this last expression, we dhall have 






~ and J?— ^ 
different signs; and, consequently, as before shown^ 



where it appears, that a? — ~ and J?— ^ have always 
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SIS 



the tru^ vajue cff op "v^/il^ faU between any two eon ^ 
secutive fractions ij% tji^Keabbvep^^ntioTled series. 

Also, since from the tvaro !ast of these equations 
we have 

p-qx-f ±r7r— ^, arid ^p° + 9^a;= t 



it follows, from the denominators of.th^ fractiojial 

... • . 

parts of these expressions being equal, that 

p—qx ^1 ^ , 

But, from the nature of these fractions, y^ or its 
equal [j, -h -, is a number greater than unity i wh^uo? 



p^qx 



1, or p — qx^q^x—p^. 



And becttcise, for the skme reason, ^^z 9, mac^ 



more must 



P 



X 



^-V 



p 

h' 



Henoe^ since the difference between any co^ 
verging fraction and the original fraction, is leM 
than the difference between th^t which immediately 
precedes it and "thfe original one, it is evident that 

any fraction -, iu the series, a}^roaches nearer t9 

the true value x, of the continued fraction, than any 
of the preceding ones. 

In like manner^ if jx be a number x^txt less than 
y\ or such that 

y'^jXy and/=c/^+l, 
it follows, as a necessary consequence, that 

5/ + 9" = ?.'* + «''» and 7/ + 9°==?(/*- + + ?''' 
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And, consequently, from what has been beforet 

ighown, we shall bave, in this case, 

1 1 









And 

1 



or 



or 



Prom which it is evident, that the difference he- 
tween any fraction in the series, and the original 
fraction, is always less than unity divided by the pro- 
duct of the denominators of that fraction and tlie one 

• • - . . - • ■ ■ • ' 

immediately following it; but greater than unity 
divided by the sum of the same product and this 
squareof the denominator of the fraction in question. 
Or, since the quotients a, $, y, &c. are all whole 
positive numbers, we shall haVe, as before obsert«d, 

9^ == ?, a^nd q := j^ or qq' == J^ and ^ :2.l 

And, consequently, by comparing this value with 
that above mentioned, it follows, that much mbre. 

0lUSt 

' X^.^:^+q\ 

Whence, the error arising from taking any of 
these fractions for the total value of the continued 
fraction is always l^ss than unity divided by th^ 
square of the den6minator of that fraction. 

5. Any cotovergiYig fraction ^^ or ^, expresses the 

total value of the contiuupd, or original fraction, x, 

Hiore accurately than any other fraction -, that has 

a less denominator, or which can be conceived in 
more simple terms. 
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For since, as before shown, x faUs between 
- and ^, if -»- can also be inserted between the 

q f n ^ 

same two fractions, we shall have, abstracting 
from the sign, 

p m p I ' 

q n q ^ ,^^ 

Or, bringing the first member of this expression 
to a common denominator, 

pn — gm \ 

But p, J, m, w, being whole numbers, the nume- 
rator, pn — gniy cannot be less, abstracting from its 
sign, than unity; and therefore, since, by hypo- 
thesis, p^q, we shall also have qn:2zq'^; and, coih 
sequently, 

pn^^qtfi 1 

Which being an opposite result to the former, it 

follows that - cannot be inserted between - and :g:. 

n q 

Again, let, if possible, - be nearer to 4? than ~; 
then we shall have, as before, 

p m p \ 

-, — ^^/-*^ or ^-i^^ 

^ n q' ^ q*^ 

Or, bringing, as in the former instance, the firt^t 
member of the expression to a common deno^ 
minator, 

q[m q'^" 

But this cannot take place, because^ for a reason 
similar to that above given, the numerator cannot 
b^ =cl ; and n is =cj', pr qfn^q'^. 
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Hfencfe. rftice the fi-xictibii - cannot be insettfed 

between- and ^, or between ^ and —, &c-. it is- 

obvious that -, or ~, &c. expresses tbe rakie- <rf or 

more exactly thail -. 

6. With respect to the prineipal convc^rging 
fractions -* -r&c, . . • -r^ -, -, &c. using the no- 

tation employefl in the forxnfx pakt of the wonk> it 
13 plain, &ince they ar^ a&emafcely less; afikl*^eater 
than the total, vakce aj o£ the continued fraction, 
that we can ^parater thtm. iatjo two^ alas€es> . 

A C E Q Q 

B D ^ *^ £r 

the forirtfet df. whi^h is composed of fractiqps that., 
are all Ifess than x, but approaching nearer to it at 
every terto }- aftd the latten of fractiwie^ all gi^eater 
than X, but each of them . cowiipg- ivenuer t>p. it, th/*, 
farther they are continued* 

Hence> agreeably to what hasieen shown, in the 
pr^ceditlg. articles, w© shdil h&vB, for thfe Ant 
class^ 

c A ca'— AC' A'fBy+ A^ — A(B'y 4- a') ' y '' 

d'^A'^ A'C' ^ A'C' A^ 

JE C EC'— E'c c'(D« + c) — C(D'g + C') € 

E'""?"^ c'e'"^ "" Tc^' ""c'fc* 

&Ci &:c* 

And for ih^ 9etonc)> 



b' d' b'd' • B'i>' b'd' 

D F_DF'— FD' D(e^+ D') — 1>'{E^+ I3|)_ ^ 
D' F' f'd' F'i)' ""* f'd' 

&c. &c. 

Where it is evident, when the nnmhers y, S, g&c. 
denoting the several quotients, are all eqaal to 
unity, that it will be inipossible to insert between 
any two consecutive fractions, in eitlicr of these 
series, a«y ^ei? fraction: whosje deuK^mlnatar shall 
fall between those of the fractions in question. 

But this will not be the case when the numbers 
7, 8, 6&C. are greater than unity; for suppose, for 
example, that y = 4 ; then there will arise 

C=c4b4-a, c' = 43' + A. 

And, consequently, in this case, we c^n insert 

A C 

between; the. fractioas-,-, the three iAterjanedial^ 
fractions, ' 

D 4- ^ 2B + A 3b + A 



»'+A'* 2bC + a.'^ 3J'+.Ar 

Bat ^oe the denoomiatorsi of Aeae fracticms in- 
crease, by equal differences, from a' to c% and the 
numerators from a to c, the fractions themselves 

a c 

will also increase from - to -„ in such a ms^nner^ 

A \* 

that it will be impossible to insert between any two 
consecutive fractions in the series 



I 



a 



/5 



B+A 2B + A 3tt-f-A 4S + A C 

B' + A'* 2»' + a' * 3a' + A~^ 4b' + a' "~ ?' 



any other fraction, whose denominator shall fall 

between the denominators of the «ame two fractions. 

For, if we take the differences between each of 
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the succeeding and preceding fractions^ we shall 
fiave, pn account of ba'— ab'= 1, 

A + B A 1 

bTa"' " a? "^ a'{b' + A') 

2b + A B + A 1 



2b' + a' b' + a' (b' + a')('Jb' + A') 
Sii +^A 2b + A 1 



3b*+a' 2b' + a' (2b'+a')(3b'+ a') 

c 3b ^ A __ 1 

€' "" 3b^ + a? ~ (3»' + a')c' 

From which it is evident that the fractions 
-, ,^ , &c. continually increase, because their dif^ 

a" B' + a' i ■ • ■ < 

fjerences are all positive^ 

Also^ because these differences are equal ta 
unity diyided by the product of the two denomina- 
tprs, it h impossible \q interpolate any fraction 
whatever between two consecutive fractions in the 
above series, whose denoininator shall fall between 
the denominators of those fractions, 

Furthermore^ since the fractions in question are 
all less than the true value of x^ and the fraction 

- is grmter, it is evideilt that each of theise frac<% 

tions will approach nearer to a? than - ; for, as be-* 
fore, 

A B __ •- I 

a'""b'~"aV 

B + A B.__ — I 
i' + A' "" B' "" B'(B' + A') 
2B Hs A B _^ -«. 1 

2b' + a' "^ iT' "^ b'(2b' + A'i 

3b + A B ^ 1 

•• 3 b' + a' T' "^ b?(5b '+ "a^ 
• c B — 1 ; 

C' U* D'C' . 



CI>NTIKUED FRACTIdl^S. ilQ 

Hence, since these 4iffei^ence8 ^re also equal tq 
unity divided by the pro4uct of the denoii)inatorS| 
it may be proved, in the same manner as before, 
that no fraction can be interpolated between either 

pf the fractions ^„ ^7^, 5^^'?^^- ^^^ J^ whose 

fienominator shall fall between the denominators of 
fbes^ two fractions ; and so on for any other term^ 

C E • ' 

In like manner, when the quotients 8, §, &c, are 
leach greater t^hfin unity, we can insert betweep the 

terms ~, -, and - , p, of the second series, different 

'mtermediate fractions, that shall be all greater 
than X, but approaching it more nearly the far- 
ther they are continue^^ 

Also, since is a number greater Uian unity, 

we can place before the fraction - the several frac- 

A+l 2a+1 3a+1o ^ ^ ^A+l B 

tions — , — ^-, — -&c. as far as to -7— =^i 

which shall all have the same properties as the in- 
teriqiiediate fractions. 

Hente, by proceeding in this manner, we shall 
have the two following series of fractions converg- 
ing towards the quantity x, which represents th^ 
tota} value of the continued fraction. 

Jncx^oiing Fractions less thsm x, 
A B+A 2b + A (y— 1)b+a 



A'' 


B' + A'* 


2b'+a' • • 


• • (y-l 


1)b' + a' 


c 




2i> + c 
2d'+c' 


(e-1 


)d + c 


c". 


; • ('-1 


1)d'+c' 


£ 


F + E 


2f + E 


('j-i 


l)»+B 



E'^ F'+E'' 2f'+B' (iJ- 



)*' + t' 



&c. &c« 



Increasing Praciiom greater than r; 
A+1 2a+1 3a+1 (/3-1)a+I 



1 ' ^ ^ 


3 ' 


• •'• /3-1 


B. C +B 


2G + B. 


. (^^I)€ +B 


B'> C'+B'^ 


3c'+ B'* 


• • • ((J-l)C'+Ht' 


E + D 


9e -"-d 

2li'+D'' 


ri-^i)E + D 


»*' E' + !>'' 


' • • (^-.rK+^' 


&C. 




&G. 



Each of which approaches nearer to the true 
value of 0? than any other fraction having a less de- 
AOfiiiuaftor. 

If the quantity x be irratkmali the two precediiig' 
9€^ri^s may he evidently contiaq^^d without endy be-"' 

A. B* ' 

coas© the* principal fractions -, r; &c- proceed of 
themselves to infinity. 

But if X be rational^ or equal to any fraction 

4 ♦ 

whatever, p the series of principal fractions, iu, 
the latter of these cases, will terminate^ the last of 

them being r; but the other series, will go (mi to 

• * j> • ' • . . 

infinity. ^ . 

/. Theoperation made use of in Art\ (h) No.r7, 
of the' former part of the work, for converting the 
square root of 19, and other nonquadrate numbers, 
into converging fractions, may be rendered much 
more simple, by observing the following law of the 
formation bf the successive quotients, t)iz^ let 

— ■ — ^ w -f &c. and — — ; — ^Ut *\- &c^ 

n »' 

represent any two consecutive fraction^ in the ex- 
ample there giyen> a, u' being tjieir respective quo* 
tients. 
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S2i 



Thea^ iRnmi t&e natmie 'of the Gpemtion, inrs 
shall have 

itu—m^m and ^ ^i=n . 

• • ' . ' . . . - 

So that jeach yalue of m% n\ and u\ may be rea^ 
dily deduced from those p£ my n^ and u.^ in the pre- 
ceding fraction. Hence the igiperation above re- 
ferred to, will stand, by means of this law, a$ 

^ • • <i » 

follows : 

• ^49 + 0. 



.1 
'/l^ + -4 

-/19 + 2 



= 4+ &C. 
2 -f &fc. 



1 + &C. 



^^19 + 3. 



= 3 + &C. 
a/19 + 3 , ' g 

V|9'+.$ ; 

3 
a/19 + 4 



==2 4- &c. 



1-9 -* .4 



1 




19-2* 
3 


= 5 


19 -3» 
5 


= 2 


19 -3« 
2 


= * 


19-2^ 
5 


= 3 


.19-4* 
3 


= 1 


19-4' 
1 1 


= 3 



Where it will be found, by continning the pro- 
cess, that the period of r|uotients 2, 1, 3, 1, 2, 8, 
will recur again in the same order, ad infinitum. 

Hence; jplacjng these quotients as in the former 
'J)art of the work, and following a similar mode 6f 
operation, we shall have the following serit^s of 
converging fractions : 

4, 2, 1, 3, 1, 2, % 

1 4 g 13 48 6t 160 o 
' 0' P 2' T^ 11' 14' "39" ^^'" 

each of which expresses VI 9 more nearly than any 
preceding one ; and it is evident that they may b 



/ / 
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con tinned at pleasure^ to any degree of zcaiHcf 

required. 

Hence, alsp, th&'sqaate root of any nonqnadrate 
number n, may be extracted in the same manner^ 
By supposing a to be the greatest integer contaiiied 
in Vn, and u, u\ u'\ &c. the grfeatest integers con- 
tained in the several fractions with which they corA 
respond; viz. 



^N + O 

< III ■ i» — 
1 

Vn + m 



^/n 



+ m 



n 



ft 



= a 4- &c 

=^u -f&c. 
= w' +&c. 
= u'^ 4- &c. 



&c. 



ff 



— i — =« 

i — u-i. =?:n 

n 

N--(llV-»l')« ,^ 

^, =n 

' = ?l 



n 



'/ 



&C. 



Where, by contimiing the fextractioh, as in the 
former case, we shall always arrive at a fraction 

eqnal to ; after whicli^ the qvidtient Mill con- 
stantly recur again in the samfe order. 

It is also evident, from the practical example 
Before given, and may be demonstrated generally, 
that the last quotient of every coiiiplete period «f 
quotients, in this mode of extracting the square 
root of any number, is alw^ays equal to 2^7, suppos- 
ing a to be the greatest integer contaiocd in a/n. 

We might here also have proceeded to shpw in 
what way the solutions of the indeterminate equa- 
tions 

a*^A;y*=±l, and x* — Ay=±B, 

of the second degree, are derived from the princi- 
ples above demonstrated ; but the details, necessary 
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for thifi purpose^ are too long and complicated to 
be given in a confined work like the present (»)• 

OF THE DECOiMPOSITION OF RATIONAL FRACTION'S 

INTO SIMPLE FRACTIONS. 

» 

* (i) P. 312. The method of decomposing ra- 
tional fractions into simple fractions^ has been so 
fully explained in the corresponding article of the 
former part of the work, that nothing more need 
be said on the subject, except to refer the student, 
who may be desirous of seeing this important 
branch of analysis treated at greater length, to 
that excellent work, the Introductio in Analysin 
Infinitorumy of Euler, where he will find both the 
theory and practice of the whole of this doctrine 
clearly investigated and exemplified. 

He may also consult, for the same purpose, 
Simpson's Treatise of Fluxions, sect. 4 and 5, vol.ii, 
and his Essays, p. 118 ; as well as the Traite de 
calcul integral of Bougainville, and the more 
recent works on the same subject by Cousin and 
X^ecroix 5 in each of which both the algebraical and 
fluxional method of treating this branch of the 
sciencci^ together with their most useful applica- 
tions, are detailed with great perspicuity and ele^ 
,gance. 



T» 



(n) The reader, who may wish to see a full account of thii 
■abject, is referred to the Theory of Numbersr, by Legendre, 
flo often mentioned; the Memoirs of the Academy of Berlin, 
An. 1767 and 1768; and to the second volume of Euler's A!^^ 
bra» English edition ; where he will find the whole doctrine of 
continued fractions, and every part of the indeterminate analyffis^ 
amply developed. 
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V 

dF HECURRlNfe SEHffiS. 

ff 

(k) p. 320. The subject of Recurring Series, 
treated of in article (k) in tbe first part of the pre- 
sent work, IS a brauch df the general doctrine of 
series, "hereafter mentioned, for which :We ure in- 
debted to de Moivre ; wh'o> appears to Jiate bee^^ 
led .to this useftil discovery by his inqoines . into 
the calculations of probabilities, or the| doctrine df 
Chances^ and which he afterwards made jaipsrt 4i{ 
his treatise entitled Miscellanea analytica de Setie- 
.bus et quadraturts (London, 1730); a work 
which abounds with the most angenious and rpro- 
•found researches in set^^ral of the more difiicitlt 
branches of analysis. 

Expressions of this kimd are derived, as before 
observed, from the expansion of gome Tational 
fraction of the form 

a + bx + rx' + dx^ + . . . . +/;x**"'' 
1 — a'x — ^'x* — c'jc^— .... — ij'x" 

into a series, in which the coefficient of any one of 
the terms, beginning with the mth, is derived from 
those* of the tn preceding terms, according to a cer- 
tain law, which is determined by the denominator 
of the given fraction (o). 



(o) In every case of this kind, the highest power of the un- 
known quantity in the numerator of the generating fraction, must 
be less than that in the denominator, or otherwise the develop- 
ment df it will not give a recurring series. Hence, when the 
fraction is not in this state, it must be reduced to it, byvdjvid- 
iDg the numerator by the denominator, till the remainder farll 
under the conditions required. 
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Thns^ the following rational fractiotiSi 



J &C. 



e 

are expressed by a recurring series of the form 

A + A,x 4- Agj^ + AjO;^ + A4J:* &c. ; 

where, for the first of these fractions, we have 
A = a, the scale of relation being h^re composed of 
a single term (/ ; and each of the following terms 
is equal to the preceding term multiplied by a\ 

For the second fraction, the scale of relation is 
composed of the two terms a', h' \ and in this 
case the coefficient of each term is equal to the 
sum of the coefficients of the two preceding terms 
multiplied by a' and V respectively ; and so on for 
any other fraction. 

So that the coefficients oT the first ftnd other 
succeeding powers of the unknown qtiantity, in the 
denominator, with theif' signs changed, form the 
scale of relation of the developed series ; and, vice 
Versa, the first, second, &c. terms of the scale 
of relation, are equal to the second, third, &c. 
terms of the denominator, divided by the first, and 
taken with a contrary sign. 



1 + X* 

Thus, far example, if the fraction be > , we shall 

liave, by dividing j^ 4- ^ by 5C* -f 3x -(. 1, 

a^ + 1 ^ 4 + 8x 

jr-3 + 



x«+3j+1 l + 3j + a:* 

1 

wheTe the remainder, - — j, when developed, will elvc the 

1 + 3x + x' ^ 

recurring series 

4-^4x+ I6a^-44x»+ n6x<-294«*+ &c. 

VOL. H. a 
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Hence, the senile of relation of any recurring 
series being given, the denomix^atpr of the generat- 
ing fraction becomes known ; and consequently it 
ftnly remains to determipe the numerator, in order 
to obtain the fraction itself, or the whole sura of 
the series. 

For this, purpose^ therefore, let there be proposed 
the'gen^ral recurring series 

' ' A + BJ? + Cr^ + D^ + EJ:*&C. 

and* suppose the scde of relation, as before men- 
tioned, to be' 

then, from x^hat has been above observed, the de- 
nominator of the generating fraction will be 

Hence^ assiyninj^ u-i-bx-h C4?* 1 dx^ for the mipie- 
raton w^ shfill have the fraction 

, fl + 6x + ex' + dx^ 

i -fl'x + i'x*- c'x3 + d'x* 

And, corjsecjaently, by comparing this, with the 
series a +.b^ + ex* + p^ + zx^SiCr there will ari?e the 
identity 

a + io? 4- CO?* + lir' = (a + bo? -f ex* + dj^ -J: &c.) x 

(1 - a'x + & V - c V + rfV) 

Which, by actually multiplying the two last 
factors, and comparing the coefficients of the like 
powers of Xy gives 

a=A 

i = B — a'A 

c=rc — a'B-f-i^A 

rf= D — a'c + fr'B — c'a 

&C4 &c. 









Consefi|qantly tfa^ generating h^ctiost, ar eji^ire 
sum of the series, contina^d to infinity^ will be. . 

Fr<mi wbicii l|wt expr^s^lon, ve may now rea- 
dily find the sum of any Romber of terms of are-* 
curring «eries of this kind. 

For, suppose, for tlie sake of greater simplicity, 
the scale of relation of the series, above proposed, 
to be, in this case^ 

Then, if it were required to find the sum of its 
n first terms, we «hall have, 

s=s:A + BX + ci:* + D^ + fia:*-t-&c. adinf. 

And for the sum of all the terms, following pjc*, 
to infinity. 

Whence, dividing this last series by x'"*"*, or 
making it a common fiaetor to the rest of the 
terms, there will arise a recurring series, perfectly 
conformable with the first; the sum of which, 
agreeably to the present scale of relation, will be 

' y*+'+(ii-a ^a)je*'*-* + (s *. a'R + ¥Q)jfi 

And, therefore^ the diffecenoe, s — s', between 
this expression and tlie former, or the sum of the 

n first terms of the series, wilJ be, 

A + (b — d'h)x + (c-*«'e + ^a)x* 

_. . ' ' ' • III II ■■ 

Which mode of proceeding may be applied to 

«t 3 
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any other case, where the scale of relation consists 
of a greater number of terms. * 

To this we may farther add the following me- 
thod of finding the sum of any series of this' kind^ 
as given by Simpson in his Essays, page 96. 

LetA + B + c + D+ . . • + K-fL + M-fN, be any 

recarring series, of which each term depends npoa 

the three that precede it; the scale of relation 

being 

p, q, r, s: 

Then, by the nature of the proposed series, we 
shall have the following equations : 

pA + JB 4- re +ifD = 

pB + gc + rp '+ *E s= O 

/>C + JD + rE + ilF = O 

jpD + jE + rr + «G = O 



And, consequently, by taking the sum of these 
last equations, there will arise 

;?(A-f B + C-+- ..+K)-f-5(B + C + !>+*. +l) 1 q 

+ r(c + D+ * . .. 4-M)i-*(D-f +n)J 

Whence, if s be made to denote the sum of all 
the terms of the propoised series, we shall have 

/>(S— li - M - n) + q{s — a-m-n) l^Q 

+ r(s-A-B-N) +<S(S-A-B-C) J. 

And, consequently, by addition and division » 

_)5(l -t- M + W) 4" 9(a + M 4- N) + Ka -f >{ + n) + ft(A 4 B 4- c) 

f^ s^ - ■ ... I . . ■■■■Ill -■-..■ 

Where it is evident, that the sum Required -de- 
|)ends solely uport the three first terms of the serie* 
and the three last. 



And a similar mode ,of investigation -will ap- 
ply when the scale of relation consists of a great er. 
namber of terms.. 

The same method may also be used, in deter* 
mining- the fraction from which the proposed se- 
ries is derived. / 

For supposing the series to be infinite, the num- 
ber of equations 

pA + JB -f- re -I- 5D = O 

/>B + yC -f rP + ^E as O 
^C + yD + rE + JF=50 
pO -f jTE + rF -h JG = a 

&c. 

upon this hypothesis, will become indefinite ; and^ 

by adding them together, we shall have, 

P(a + b + c + d + &c.) + 9(b + C + D + &c.) 1 _ Q 
+ r(c 4- D + ... -f &c.) -f s{d + . . + &c.) J 

Which, by putting 9 = A4-b + c+d + &c. conti- 
nued to infinity, becomes 
ps + q(s - a) + r(s - A - b) + *(s - a - b - c) = O. 

Whence, by multiplying and collecting the se- 
veral terms of this last expression, we have 

Thus, for example, let there be taken the recur- 
ring series, 

I + 2a: + 8x' + 28jc' + 100d:*+ &c. 

of which each term is formed from the two preced- 
ing ones, multiplied respectively by 2x^ and 3x; 

then 

A=:l> Bss2i?, c»8j?% ds=28x', &c. 
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I 

■ And, con^eq^nlly, 

d = 2x'b + 3xc j ^ \ — 2j?'b-3jx: + ]&=o 

From which it appears that the ftcale of rela- 
tion is 

p^ — iJ^j 5=— dap, rssrl^ s^O* * 

And, therefore. 

Which is the rational fraction sought ; as Will, 
appear from its deyelopmeat giving the series first 
proposed (j?). 

With respect to the method of finding the gene* 

. tal term of a series of this kind, it will be proper to 

take, in the first place, the simple rational fraction, 

1— r** 

Of which the general term of the series 
A(l+ra? + rV + r'a''+ . . • • +r"j?"), 

resulting from its expansion, is obviously Ar"a?* ; 
being so called, because, by substituting Q, 1, 2, 3> 
&c. successively for n, we shall obtain all the terms 
of the series. ^ 

Again, if the generating fraction has a polyno* 



tmim'^^)^ 



(p) When the series, whose sum is to be determtaed, is ea 
tirely numeral, as 

1 + 2+8 + 28 + 100+ &c. 

its value tou^t be foutid, as if it were of the fotla 

1 + 2x + 8x' + 28j:» + 100x^+ fcc. 
and then putting x in the resulting expression >« I. 



Ittial (ot it& denomibator^ which can be idecom-^ 
posed, according t6 the practical article, Vol* i^ 
iiito simple fractions of the fottn 

the general term of the series desalting from the 
deyelopment of the proposed fraction, may be easily 
determined ; for since 

A'(l4-r'x + r^^Vr''i:r'+ . . . : . +r'"j:"); 
A''(i4.r"i: + r''V+K''x'+ ..... +r"V) 

&c* 

are the recurring series, which arise from the ex-* 
pansion of t^ese simple fractions, and 

is the development of the proposed fraction^ w)i 
shall have, by hypotfaesis> the identical equatioa 

I f I ■ — - — • • !■! ■ _ I II I II nil r 2C 

I — fi'j — ^'ar*— ...... — yx* N 

A' A" 



+ T-x+r-:x + &c. 



l^rx 1 — r'x 1 — r'^x 

From which, by multiplication, and collecting 
the similar terms, there will arise 



A +Ar 

a' + A V 
a" + A V^ 



X -|" • • » fc "t" Af 

-I-aV'* 



X* + &c. 



•f a' V ' 

3=A4-BX+ci;^-i-t>jr'-f . , . . +Rjr* + &t. 

And, consequently, by comparing the coefiiciehtf 
of x", in each of these two series, we shall have 

R = Ar* + A V" + A V"* -f &c. ; 

where it appears, that the coefficient of any term 
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J7% of tiie recarring series, is equal to the sum of 
the coefficients of tbew^ame .powei» of x^ which 
arise from expandingtheseTeraJfjsimplejfrnctioHsinto 
which the given fraction is de^^omposed; 

Thus, a9 an example of this kind, let there be 
taken tlie rational fraction ^ . \ t 

1. 1 I 

Thei), if the two simple : fractions, into which 
the proposed fraction is decomposed, be converted 
into series, we shall have 

' * 1 . * 

- 1 



««>« 



l-2x 
l-Sx 



= - 1 — 2x — 40^ — Sar*— ..... — 2*x 
= 2 +6x-h. 18.x*-f 60?'+. .> . y . . +2.3V 



where it is evident, that the £^eneral term of the 
series resulting from the generating iraction is' 

2.3X-8"«% OT (2.3"-2")iaf. ... 

And, consequently, ^if O, 1, 2, 3, &c. be suc- 
cessively substituted for n, the recurring series 
itself willbc *^ ' ■ ' 

1 +4x + 14x» + 46x*+ l'46V + \ . / + (2.3"~2")x". 

It may be observe^; however, thait/this method 
of proceeding is ^indirect, and, iii many cases, ex- 
tremely laborious; in which instances it will be 
better to find the general term of the series by 
means of the multinomial theorem, Art. (a), p. 206, 
Vol, i; which niay be readily done by putting the 
fraction 

^ • • • * . 

a + bx + cx^ + dx^ -l- ..... +px"'** 
"^^ l-a'x-6x*-. . . . . . —qx"* 

under 4he following equivalent form. 
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and then multiplying tbe expatlsion of the second 
member of this expression by the first. 

We might here also proceed to show the tmth 
of tbe mle^ given in the note to the corresponding 
article, Vol. i, for determining whether any pro- 
posed series be recurrent or not ; but this and other 
details belongidg to the subject, cannot be entered 
upon without exceeding the limits of the present 
performance (q). 

OF THE SUMMATION OF INFINITE SERIES. 

(l) p. 325. The general doctrine of series, being 
one of the most curious and interesting branches 
of the modem analysis, it may not be improper, in 
addition to what has been said upon this subject in 
the practical article (l), p. 325, of the former part 
of the work, to present the reader, in this place, 
with a slight sketch of some of tbe easiest and most 
useful methods, which have been emplpyed by dif-, 
ferent authors, for obtaining the summation of such 
series of this kind, as are more immediately ca- 
pable of an algebraical inyestigation ; the rest being 
either connected with, or dependent upon prin- 
ciples, which belong to the higher department^ of 
science. 



{q) Besides the works referred to for farther ioformtition on 
this tubiect, in the practical article (k), p. 320. Vol. i, see a 
▼cry ingenious memoir of Lagrange, entitled Recherches $ur la 
Maniere de former des Tablet des Planites, d'apris Us stuleh 
ObMcrvatioHs, an. 1772 of the Academy oT Sciences of Paris. 
Part I. 



JtS4 SUMMATION OP iNrtKrrfi g£ttf£^. 

With this viaw, therefore, it may be observed, As 
a matter chiefly of historical dcriosity^ thdt the 
celebrated Archimedes^ to whose ^enios we are 
indebted for so many, other improvements and dis- 
coveries in the mathejnatical gtiences, appears to 
have been the first who determiiied the stim of all 
the terms of an infinite series of sqnares, whose 
roots are in arithmetical progression^ and the com- 
mon difference equal to the first term; which se- 
ries he employed as one of the means of squariog 
the conical parabola, and for other purposes. 

From thkt p^iod, however, few ti^aces are to 
be found of this subject, until, after a lapse of near 
two thousand years, Wallis, in his Aritkmetica 
Infinitorumj published in 1 65 5, first led the way 
to farther discoveries of this kind ; which was, soon 
afterwards, prosecuted with far greate>r success, by 
Newton, Brounker, Mercator, and James Gregory; 
all of whom greatly enriched this part of the science, 
by the invention of several general methods for the^ 
summation and interpolation of series, thathadneyer - 
before been considered (r). 






(r) It may here be remarked> that AVal lis, in bis Opera Arith-^ 

metica, published. in 1657, first reduced the fraction ■-, by 

1 — r ' 

a perpetual division^ into the infinite series 

a + ar+ ar'^ + ar^'+ aj* + occ. 

which conversion, though now thought of little importance, may 
be regarded, for the time in which it took place, as a very con- 
siderable step in analysis; having been the germ of many im- 
portant improvements in that science. 

For the dicoveries, in this branch, of the other writers meor 
t^ioned above, see Newton's Method of Fluxions and Infinite 
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LeibiikS^ aSso^ in a i^aper tenlitlifd De propc^tiMne 
dtcuU ad quairatum cm^mmrriptum in Numerut 
rMimtaUius^ pHblishied iti tbe Letpsio Acts^ 1 680, 
gave several canons numerical series, of, a different 
nature from tbc: former j among wHich may be 
reckoned tbe follotving: 

1 1 1 1 'l. 1 o 

Or 



The sum of an infinite number of terms of which 
.3 

IS -r- 

4 ' . • 

Also, if the odd terms only of this series be 
taken^i ^ 

the sum of the terms, when thev are continued b> 
infinity, will be -. 

And the sum of the even terms of the same 
series, a^ 

taken as in the former instance, will be -. 



m « -*■■ I m ii-i»ii fci * ' I • ■ ■' .1 ■ nJi n't 



Series, translated atid published by Co)soti, in 1136; and hi» 
Analysis by EquatioBs of aoi IfiBhile Number of T^rms* akid \m 
42luadr&tQres», b«»th of which were tTanslatad and published by 
Stewarty ia 1745. Also the well known treatise of Jajnes Git;- 
gory, entitled Vera Circuli et Hi/perbola qiutdratura, printed at 
Padua in, 16p*^, and reprinted the following year at Vehitre ;, 
and the Lo^aritkmotechnia of MertAtor^ London^ t6§^ 
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Lastly, the snm of an infinite number of termn 
of the same series, omitting eyery three terms from 
the first to the fifth, from the fifth to the ninths 
&c.; as 

Or 



2«-l ■ 6«-l 10»-1 14»-l 18«-1 

will be equal to the area of the circle, of which the 

inscribed square is ~; or that of the circumscribed 

1 
square -. 

But if we begin from the second term of the 
same series, and omit the three intermediate terms 
between that and the sixth, &c. ; as 

1 —4- — 4-— — -I-& 

Or 

+ TTT-; +Trr-7 +t:;j-t + &c. 



3«-.l ■ 7*-l lP-1 ' I5«-1 l<r-.l 

The sum of an infinite number of these terms will 
be equal to the area of the space included between 
the curve and the asymptotes of an equilateral hy- 
perbola, or ^ hyp. log, 2. 

He also gave, in l683, in the same work, the 
summation of several other series, of a more dif- 
ficult kind, which have the'numerators of the dif- 
ferent terms either unity, or the natural, or trian- 
gular numbers, &c. and their denominators, cer-- 
tain numbers in geometrical progression , the signs 
being alternately + and — ; ^s 
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sum of an infinite number of terms of which 


are, 


respectively, 

21* 


400 
441' 


r 

J »000 
'^^ 9361- 


« 



Leibnitz, indeed, barely announced these series 
in the publication above mentioned ; but the truth 
of them was soon after demonstrated, in different 
ways, by James and John Bernoulli ; the former 
of whom also gave, in a small tract entitled Posi-- 
Hones AHth. de Serieb. Infinitis, &c. 1692 and 
1697^ various other series, of the form, 

12 3 4 5.0 
1 3 G 10 15 a 
I 6 10 20 35 . 

the sums of an infinite number of terms of which 
are respectively equal to 2, 4, and 8. 

He here likewise shows that the sum of the reci- 
procals of the series of triangular numbers 

I + 3 + 6 + ]i0 + l5 + ^*=- = 2- 

And that the sum of the reciprocals of the foU 
lowing polygonal numbers. 

Which, though this branch of the subject has 



^ • * • 
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fiince been grdattly extended^ and rendered more 
general, was a considerable step for that time. 

One pf the means nsed by the ti^o iHnstrious 
brothers above mentioned, in the resolution of 
problems of this kind, was to convert the proposed 
series into several others whose snuimation is 
Isnown ; but that which they more frequently em- 
ployed, consists in subtra(?tiiig ^om an assumed 
series the same series depriyed of some of its lead- 
ing terms ; in which ca^e, thi^ $ui8 of t\i^ resulting 
jierks will be dietariniiied. 

Thus, fliipposiog the fqllowiug s<^ie$ of th« rpd" 
prqc^s. of th^ n^tur^l niumb^ri^:, 

r , * 

without regarding whether the sum be finite or in- 
finite (*). 

Then, if from this sum, or the value of s, there 
be taken the s^me series, deprived erf" its first term, 
we shall have, 

* +5 + 5 + 1 + 1 +&c. = s. 

1.1 1 1.1 

i + 3+4 + 5 +g+&C.x=S-l. 

'''■'■■*■ K I I J I II i« lip <■*■ i l "I i r »«yfW«i II I « «Mi— ^ 

1.2 23 3.4 4*6 5.0 



(s) The sum of this series, although its terms continually de- 
crease, can be readily shown to be infinite, or greater than any- 
assignable number; as will be done in the next article, which 
treats of the theory of logaritbcns; under which iiead. the de- 
monstration properly fails* 
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Whfire it appears that thisiUut series, CQntiatied 
to infinity^ 19 equal to 1. 

la like maDner, • if tke twd first terins «if i the 
same series be omitted, and the rest .be iXi\As9^stffi 
from it, there will arise 

^ + 2 + 3 + 4+^5 ^^^•"'^ 



<i p » ■ .1 i» 



^ 2.2 2.2,qS 

' '4- 4- + h &C. ~ -=- 

1.3^24 ^ S.5 ^ 4,6 ^5.7 2 

• ■ . « 

Or : 

Which, as .before obeerv^^, ia the /sum of thin 
last aeries^ continued acirinfinitKiB. ^ 

■ 

Also, if the first term of this l^t fitri^3 ht 
omitted, and the rept subtracted from it, w^ shall 
have 

1 . 1 . I • 1 1 o ■ S 



I ■! ■» 



2 3.4 2.3 4.5 2.3.4..5.6 2.3.4.5.6:7 ^ ' 3 

Where the law of the terms', both ip the nume- 
rator ^nd dpnominj^tor, is sufficiently obvious. 

The same results may also be readily obtained 
by the method made use of by de Moivre {Miscel. 
Analyt. lib. vi, cap. 3) ; which consists in multi- 
plying an assumed series by some binomial or tri- 
nomial expression, and then equating that ex- 
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pression to 0^ and transposing tbe negative 
terms. 

Thus, let there be taken, as in the former in- 
stances, the series 

Then, if this be mnltiplied by the binomial x— 1, 
we shall have 

_ 1 ^» JL J. 4. -Lj;« 4. J_ j;» ^ J- j>*&c. s= (a: — 1 ) s. 

1.2 2.3 3.4 4.5 ^ ^ 

Whence, taking or— 1=0, or a?=l, and trans- 
posing the negative term — 1, there will arise 

Which is, therefow, the sum of all the terms of 
this last series, continued to infinity. 

Again, if we take> as a secorid example of thi« 
kind, the same series 

■^2^'^3 "^i "^5^*^^' ^' 

Tliis, multiplied by the binomial a?*-l. Will 
give 

Where, putting ^=1, and transposing the two 
first terms, we shall have 

1^ 222 2j, 3 

13^2i;'*'3.5^4:6"^l7*^**'5' 

Which are the same as the sums before fchmd 
by the method of the Bernoullis. 

And if, for a third e:scample, ther^ be again takeU 
the same series. 
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■ 

This> multiplied by (2j7- l)(3^-l), or bJy the 
trinomial 6x^ — 5 j? + 1 > will givte 

2-1.2.3 2.5.4 •S.*.^ ^ • ^^ ^ 

Where, putting 2a: — 1 = 0, or 3j?— is:-©, which 

1 1 — - • ^ 

gives 0?==-, or ^r^^i we shall haye^ by transposing 

1 ^-zXy the two following series : v 

23 ;1v 38 ^K 57 /iv 80 , 1 x «' 5 



1.2.3 H^ "^ 2 3.4^ Q^ /^ 3.4.5^ 16^ "*" 4.3.6^ 32 ^ '^ 4 
' 23 A' . 38 . 1 X 57 / K 80 . 1 v. -I 
1.2.3^5^ ""^ 2.3.4^^ "^ 3.4.5^8r "*" 4.5.6^243^ 2 

The -differences ' pf the nilnidratorsv of each of 
which are in afithmetical progression. 

And, in. a nianner similar to the mode of pro- 
ceeding here followed^ the ^ sums of jtgr^at variety 
of other infinite series may be readily f^und^ . 

These methods, however, arp chiefly applicable 
to such seriea as hare delerminate values ; but for 
those of the form ., ,,• * 

' which converge slowly, and that canhot be exactly 
summed, the follbwing differ^rttial series^ 

^1+x ^\ + x' ^\^x' ^1+af'' ^^' 

which is eqvivalent to the former, may be used,»to' 

— - * - .......-,■-.- ■- 

[t) The proposed series, in this mode of solution, may be 
readily converted into the difTerentia] series, by assuming 

* X X' X 

a-^bx + cx^^ dx^&iC. ?« a + p{' ) + qi-' )' + r(- )» &c. 

1 + X .1 +x 1 +ap , * 

and then comparing the coefficients of the several powers of x 
in the latter, wh^n'Us different terms are developed, and brought 
properly together, with the like powers of x in tlie former. 

VOL, II- H 
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gre^t ady^taf e. in dejtermiiiiiig ifiore rezdi]j their 
approximate values ; observing that 
d' = 6-c, D''=^-2c + rfj D'''=i-3c + 3rf-c, &c. 
Thus, ifit were required to find the approximate 
sum of the series 

^ iy Ht *j 

M'hich is well knoiY9 to deitote the bypenboUc^. or 
Neperian logarithm of- l+x; the above differen- 
tial series, in this ease,, will becoij^ 

9 

And D'=i, p"=i b"'=K d''=-' ^'^•- 

Whence 

2-^3 4 l + a? 2M+x^ 3>l + x^ ^ 

And i£ x^ in each of these two seriqs^ be now 
taken = 1 , we shall have 

2^3 4 5 2^2.4 3.8^4.16 5.32 

Which latter series converges so mach faster 
than the former, th^t the sum of 25 of its terms 
will give th^ approximate value spught more ex- 
actly thsm th^ sum, of 1,0000» terms of the ot)jer. 

Again, suppose it were required to find a near 
value of the - series 

Whicli, whentJF^l, denotes -tli of the circum- 

ference of the circle, whose radius is 1 • 
in this case> Ave shall have, by using thq differ- 



. 



entfel series iih ite' fi¥sl? foilft, and lollowhig' the 
same process as above, 

""sXv'l+x^ ■"3.5.7.9M+x^ "~ 3.5.7. 9.iri + x^ 

And, consequently, by taking ^=1> there will 
arise the numeral series 

35 79 3^2^^ 315^4.^ 3:5;7'^8^ 

2.4:g .1 V 2.4.g .8^ . I V ^ 
3.5.7.9M6^ "" 3*5.7.9d~P52^ "" 

Which last converges mujch faster ihan 1' — - 4- -— 

&c.^ biiife it' knot'so^rajiidas thatbefore giv^nibr tfaje 
hyp. log, of 2. 

When any slowly converging, sarses has^ all its 
terms positive, or is of the foim 

a + ix + cx^ + rfx^> ca?*+ &c. 

neither of the two felloMting differentfal s^riesr 

Nor, 

1 —.X ^ 1 — x' ^ 1 — x' ^ J — x' 

can, in this ease, be ad vAatag^oiosly employed fbtf 
rendering, its convergenc^y mom rapid;- a« tb& se* 
veral powers of^o?, and' fherir coefficients, will not 
decrease together, or at the same time. 

Hence,, for the summation of any series of this 
kind^ recourse must be bad^to soiuiuif the methjods 
rtlat have been deviled bydiflferent writiers' fear tbis 
purpose, most of which are too complicated aiald liei^ 
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borious to be inserted in a work like tbe pre- 
sent (v). 

A similar reference must^ also, be made for the 
methods of solution given by Euler and John 
Bernoulli, for summing a series of the form 

Of which, even in the most simple case, where 
71 = 2, the difficulty was considered, by James Ber- 
noulli, as too great to be surmounted. 

John Bernoulli, however, after the death of his 
brother, obtained, by means of resolving the com- 
mon expression for the sine of a circular arc 
(Opera ^ tom.iv) into binomial factors, the solution 
of the case last mentioned; and afterwards ex- 
tended the method he had made use of to various 
other scries of the form 

1 1 1 I o 

l+'^ + ar» + 4-; + j»+&c. 
Showing, when n is any even number, that 

(17) It is a remarkable circumstance, as has long since been 
observed by Stirling, in his learned Treatise on the Summation 
of Infinite Series, that a slowly converging series of the form 

a -f 6x + ex' + dx^ + ca:* + &c. 

which has all its terms positive, should be found so much 
more difficult to be summiid,- to any considerable degree of ex^ 
actneti, than a similar series of |he form 

a — i>j + cj' — (/x' + cx<— &c. 

^ inhere the signs are 4- and — alternately;, which latter, even in 

the nH)st difficult cases, can always have its sum ascertained by 
rneans of the difierential theorem, to eight or nine places of 
iigures, by the tnere computation of a few of its first terms, 
wbiSe that 'of the former can only be obtained, to th^ same 
extent, by the most operose and tedious process. 



I 
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Jill •»* 

l+2i + 3' + 45 + F' + ^*='=6 
, 1 1 I 1 c «* ■ 

1 1 1 1 o *^ 






2.9 • 38 -r 4« ^ 58 ' — • 94.50 , 

Where w denotes the semicircumference of the 
circle to radius 1 . 

But those cases, in which n is an odd number, 
not falling under this process, the subject was re- 
sumed by Euler, who gave a method of approxi- 
mating to the values of such series of this kind as 
could not be definitively expressed by circular 
arcs (u). 

Euler also converted the following series, first 
given by Wallis, 

1.3 3L5 5.7 7.9 9.1 1^ 

for expressing the ratio of the circle to the square 
of its diameter, into a series of the common form ; 
from which he derived a number of curious conse- 
quences. 

^ (tt) For the mode by which Euler obtained the sums of the 
series here mentioned, as well as of many others of a similar 
nature, see his Introductio in Analysin Infinitorum, where nearly 
every branch of the transcendental analysis is investigated and 
exemplified in the most luminous and masterly manner. 

Neither Euler nor Bernoulli, however, were able to obtain the 
several values of the series 

^x ±- ± — &c. 

2* 3" 4" 5* 

except in the particular case of x = 1 ; but this part of the sub- 
ject has lately been reconsidered, and ably treated on, by 



He likewise showed 'that .tl»e hypergeometrical 
series 

1 - 1 4- S - 6 + 34 -- i^ao + &C. 

which, considering the r^ipid^ty with which its 
terms increase, wotdd he jadged to be infinite, has, 
for its approximate ^um, .5^6347362X237. 

To this we may farther add, that Monmort, in 
his Essay d^ Analyse sur les Jeux de Hazard^ 
p. 65, 2d edit. 1713* first 'converted the series 

a, 6, c, d, e,/, g, &c. 
into anotlier of the following, equivalent form 

na4- 

-uT"^ + — n^-:i — ^ + — T^i — -^ ^-^^ 

•where n denotes the number of terms, and d', d", 
t>^^\ &c. the first, secondj third, &c. differences, as 
before. 

Which latter expression is such, that if any of 
these differeiKes become = O, the series will termi- 
nate at that point, and give the sum of all the pre- 
ceding terms* 

Thus, taking) for example, the foUowiBg series 
ot polygonal numbers, 



Mr. Spence, in his Essai; on the Tlieory of the various Orders of 
^Logarithmic Transcendents, 1 809. 

Lanrfen, also, in his Lucubrations and Mathematical Memoirs, 
1755 and I'^SO, has given the investigations of various series of 
this and other kinds, that had not hitherto been considered with 
the attention they deserved ; particularly the series 

, * 1 1 * o 

2*" 3** 4'* 5**^^ 

^'he stfm of wbich he has obtaiip^d ia a direct and perspicuoos 
lusiDnen 
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, 1 +4 + io+ao + A5+«6 + &c. 

I 

we shall have, for the sum of th6 fii'st iobo ternrs. 

Various other ititeresting particulars, relating to 
this subject, might also be here given; particularly 
the methods made use of for finding the general 
term of a series; and those for determining whe- 
ther the sum of any proposed series be finite or in- 
finite: but any detail of this kind would exceed the 
limits of the present performance. 

The reader, therefore, who may wish to see 
these and other circumstances of this kind more 
fully explained, may consult the learned work of 
Stirling, before mentioned, and Maclauvin*s Flux- 
ions ; in the latter of which performances, he will 
find an investigation of the last of the abovemen- 
tioned particulars, from which may be derived the 
following rule : 

Take any three equidistant terms> p, y, r, of a 
^ven series; then, if 

it may be concluded, that the sUin of the series in 
question is finite^ 

{x) See, on this subject, and other branches of the theory of 
series, and the doctrine of probabiiktes, the correspondence that 
passed between Montnort, John Bernoulli, and bis hiepheiv Nico- 
las, given at the latter erid of the second edition of Lei Jtux di 
Hazard, aboTe naentioned; which contains a curious history of 
the early attempts that Were roatle to investigate this branch of 
the science, and may be considered as a model of the manner 
in which disputes of this kind should be conducted. 
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For the ^ammation, likewise^ of a great variety 
of series, which do not fall under any of the pre-, 
ceding rules, the learner may consult Simpson's 
Misi^ellaneous Tracts, where he will find a nom- 
her of theorems, for this purpose, which are, per- 
haps, more general in their application than those 
of any other writer. 

THEORY OF LOGARITHMS. 

(m) p. 357. In addition to what has been said, 
on the subject of the present article, in the former 
part of the work, it may here be farther observed, 
that the series now commonly used, in the com- 
putation of logarithms, were originally derived 
from the hyperbola; by means of which, as. well 
as by the logistic curve, the nature and properties 
of these numbers can be clearly and elegantly ex- 
plained. . 

The doctrine, however, being purely algebraical, 
this mode of illustrating it, by the intervention of 
certain curves, was justly considered by Halley as 
not conformable to'the nature of the subject; which 
manifestly requires, that its truth should be made 
to rest solely upon deductions, derived from the 
rules and principles of that science. 

He accordingly published a paper, on this subject, 
in the Philosophical Transactions for 1695, in which 
he attempted to investigate the same series from the 
abstract principles of numbers ; but the method he 
has followed, which is a kind of disguised fluxions, 
is, in many places, so extremely abstruse and ob- 
scure, that few have been able to comprehend his 
reasoning. 
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As the theory of this .important branch of the 
science was, therefore, still left in an imperfect 
state, the author of the -present performance was 
induced to farnish a more natnr£d and perspicuous 
method of investigating these series; which was 
' published in the Supplement to Button's Mathe- 
matical Dictionary, 1795; and is deduced solely 
from algebraical principles, without any reference 
to the doctrine of curves. 

And as the mode of proceeding there used, though 
in some respects different from others that have 
since been employed, appears to be better adapted 
to the comprehension of learners than any I have 
yet seen, I shall here endeavour, by means bf a few 
slight alterations and improvements, to render it 
as clear and satisfactory as possible. 

For this purpose, let there be taken, as in the 
practical article. Vol. i, p. 357, 

r* = w. 

Then, as is there observed, the logarithm of n is 
X ; which may be either positive or negative, and r 
any number whatever, according to the different 
systems of logarithms that may arise. 

When « = 1 , it is evident that x must be = 0, 
whatever may be the value of r ; and, consequently, 
the logarithm of \ is always in evei7 system of 
logarithms. 

Also, when j?= 1, it is manifest that n must be 
= r; which last symbol is usually called the radix, 
or base; being that number, in every system, whose 
logarithm, in that system, is 1 . 

Hence^ to find the logarithm of any number, in 
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any aystem of logarithms, it i« only necessary, from 
the eqnaticm 

to detemime the value of the index x. in terms of 
the base r and the given number n; which xnay be 
done as follows. 

Let there be taken, instead of the proposed ox- 
ponentiai, the equivalent expression 

r*=={l 4-(r-l)}*. 

Then, by expanding this last formula, after the 
manner of the binomial theorem^ Art. (y), we shall 

have 

{l+(r^l)}' = 

And if the right hand member of this equation 
he arranged according to the several powers of x, 
the result will give 

r'=l + 

{(r-l)-i(r-l)* + 5(r-!)'-i(r-l)*+&c,}x + 

|l(r-i)»-&c.}a^+&c. 

From which it is evident, that the exponential 
1 1 4. (r — 1 ) }*, or its equal r*, may be put under the 
form of the following series (y): 

{y) It may here be abseryed, that if the seHes in this, or any 
other similar case, be assumed of an improper form, either the 
function from which the development is supposed to be derived 
will not, when x is put »0> agree with that development> or the 
comparison of the coefficients of its different terms, with those of 
some other expansion of it| will lead to contradictory equations. 
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r* « 1 + AiJ 4- Bx* -f car' 4- OX'* + E«*&c. ' . *. . (i) 

.And, odnsequently, aiace the eoefficieiTts a, b, 
c, &c. in this expression, a.ve independent of any 
particular value of the index a:, we shall also have 

r^ = 1 + a(2x) + B(2V) +<;<2V) + B<^V)&c. 

Or 

r'* = 1 + 2ax + 4b;c' +• Sex' + i6dx* + &c. . . . (3) 

Whence, by squaring the right hand member of 
equation (l) aiid putting it equal t-o the right hand 
member of equation (2), there will arise 

1 + 2a^4-'2b a?* + 2C :xfA-2D a?* + 2E 'a?^4-&c* 



4- A 



2 



a?* + 2c 


je^-i-QD 


a?* + 2E • 


+ 2AB 


+ 2AC 


+ 2AD 




+ B' 


-*-2bc 



^l + 2 Aa? + 4bj?' 4- ficor^ ^ iGcar* + Si^EX^ + &c. 

And, therefore;^ by camparhig the coefficients of 
the homologous terms of these two formulae, we 
shall have 



B 5= 



-. K^ 



i^ 



1 



c = - 



B=s 



E = 



2. 3 
1 



2.3.4. 
1 



2.3.4.5 
&C. 



A* 



Whence 
Or 



A* a' a* 



==r*i=n* 
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Andj consequently, by reverting this last series, 
according to the method pointed out in Art. (b), 
p. 185, we shall have 

(n-l)-i(»-ir + i(n^l)»-i(n-iy + &c. 

X= ' 

Av 

Or, since, from what has been shown in the 
former part of the investigation, 

A = (r-l)-i(r-ir + i(r-ir-i(r-l)« + &c. 

if this value be substituted for a in the denominator 
of the right hand member of the last equation, 
there will arise 

(n-l)-l(n-.lY + l(n-iy-l(n-iy+-kc. 

•* — ^ »lll I. ■■ ' . I 11 II I II I .» I . ■.■■■! II » l» ■ I I 

(r-l)-i(r-l)' + i(r-iy-i(r-ir+ &c. 

which is, therefore, a general expression for the 
logarithm of any number n, in any system of loga- 
rithms; the radix, or base, r, being taken' of any 
value, greater or less than 1. 

But as r, in every system, is a constant quantity; 
being always the number whose logarithm in the 
system to which it belongs is 1 , the above expression 
may be simplified, either by assuming r= to some 
particulsur number, and thence finding the value of 
the series constituting the denominator; or by as- 
suming this whole series = to some particular 
number, and thence finding the value that inust be 
given to the radix r. 

By the latter of tjiese methods, the denominator 
may be made to vanish, or become of no effect, by 



« / 
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asisuming thevaloe gf the series^ of which k consists 
= 1 ; in which case a?, or . : 

log.n = (n^l)-.i(n-l)*+i(n-l)^-i(w-l)* + &c. 
And^ by reverting the abovementioned series, 

according to the method before referred to, we 
shall have, for this particular case, 

r=i2.7l8281828459&c. 

Where it may be observed, that the system aris- 
ing from this mode of determining the radix r, is 
that which fdrnishes what have been usaall]^ called 
hyperbolic, or Neperian logarithms ; and appears 
to be the simplest that can be formed (z). 

If, on the. contrary, the radix r b^ assumed ss 
to some particular number, as, for instance, 10, w^e 
shall have, 'in this case, 

(r_i)-i(r-i)' + i(r-l)»-i(r-lV + &c.= . 

2.30258509&C. 

andlog.« = ^3^^^^^ x 

{(»-l)-.l(n-l)'+i(«-l)'-l(n-l)«+&c,} 

which last expression gives the system that far- 
nishes Briggs*s, or the common tabular logarithms. 



I w %■ ■ ■ I ■ I ■ ■ iiw^Kmm^^^m^ 



(z) The term hyperboJic, 9s applied to tb^ species of logn- 
rithms here mentioned, should be wholly dropt« in treating of this 
subject, and the name of the inventor used exclusii^ly in its 
stead; as the appellation is now well known to be improper; 
since every system of logarithms may be derived from the pro- 
perties of the. hyperbola; as was first clearly shown by Maseres^ 
in bis Elements of Plane Trigonometry^ published iq HCIQ. 



And\ HI the same manner^ by as^mming nny 
particular value for r, and' thence determjniiigr the 
value of the series 

(r- 1) -i(r- l)« + i(r~.l)»-i(r- 1)V &c. 

Or, by assuming the same series of some parti 
ciilar valfae. and tfaence determining the vahie of r^ 
any system of logarithms may be dfrivei 

The number a, above used, or its equal, the 
series 

(r_i)_l(r-i)-+l(r-l)'-i(r-l)* + &c. 

iiB similar to that which was first called by Cotes, hv 
his Havmoma Mensurarum^ l72Qy the modulus &6 
the system ; being always a constant quantity ,^ de- 
pending; on the assumed valbe of the radi&r. 

And as the form of this series is es^ctly-the same 
as that which constitutes the numerator; which has 
been shown to be the Neperian logarithm of w, it 
follows, that the modulus of any system of loga- 
rithms is equal to the Neperian logarithm of the 
radix of that system; or of the number whose 
proper logaritbm, in the system to whicli it belongs, 
ib 1. 

Hence, taking the term accx>rding to the accepta- 
tion here mentioned, we shall have 

A = /r, and ~, or 31 = -; 

A IT 

where I denotes the Neperian logarithm of the 
radix r, and m the reciprocal of the modulus. 

So tbat, when r = 24l82SlS2845$^.m in the 
eystOTi of Neperian logarithms. 
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Aad when. r=rio, as in the commou system of 
logarithms, 

A, or /r = 2.30258509, and 

M, or ^=». 4342948 19, . . (a). 

HencQ, M X Nep* log, m^ €om* log;, n, and - x 

Com. log. w, = Nep. log. wl 

The form of the series, above obtaiaed, for the 
NeperiaJi' logarithm of », which, by substitating 
1 + « for n, will become 

log, (1 -hw)=w — 2^* + -/i^ — -n*^+&c. 

is the same as that which was first given by Mer- 
cator in his Logarithmoteckma^ and by James Gre- 
gory), in. biB ExevGUatUmes^ G^ometrlceei both of 
which works were published in 1668. 

Gregory, also, in the performance here men- 
tioned, ga^ve another series of tbk kind; which is 
equivalent to 

log. (1 -«) = -.ii^ln*^iw^~in:*-&c. 

And WialKs^ who, in the same year, published 
a pa^er 01^ tbi^)Sid)ject, hi the Philosophical Trans-* 
QjQtipns, gave the series 

log, YT^ = 2(m + ^n' + 3«* + ;^w' -f &c,) 

(a) The modulus* or lr» instead of being fbuftd from the de- 
noiulnator. of the series above investigated, which cannot be 
used when n«= or rs: 1, may be obtained from the third series in 
the next pag^, which is far more convergejit ; and by others here-t 
ftfter gir^fi; abs^jrring. to putr far n^ and mf^ 1. • 
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the former of which is readily obtained from that 
above given, by putting —n for w; and the latter, 
by subtracting the second of these from the first. 

Hence, taking -, or. m, for the modulus, as be- 
fore shown, the logarithnj of any number n may ^ 
be exhibited universally, or according to any systemi 

of logarithms, in the three following fornis: 

1 I 1 

* log.(l+w)= m{« — ;jW* + -W^ — -W^-f&C.} 

log. j3^ = M{» + -«*+^' + ^n*+,&c.} 
^^S- fl^ =2M{n + i»' + in» + iw^ + &c,} 

Or 

log. w = ' . 

log. W=3 . 

M (- ^) + o( ) + n( ) +7( -V-i- &C.} 

log. n = 

2»*H;-r) +3(;r7i) +5fc) +?(;^% ^''-^ 

The first of which series will converge only 
when n differs but little from 1 ; and the second is • 
not much superior in this respect to the first; but 
the third will converge when n is any number 
whatever; but more slowly as n becomes larger. 

By the addition and subtraction of these series, 
others may also be derived, of a greater or less de- 
gree of convergency; but in the direct computation 
of the logarithm of any given number, tibey will 



OF LOGARITHMS. 257 

■ 

be found ta possess little or no advantage Over the 
former (A). 

In ttie determination, however, of the logarithm 

of a number, by means of the logarithms of other 

' numbers that are supposed to h^ knowp^ various 

methods may be employed, wjbich will greatly 

facilitate the calculation. 

Thus, for instance, if there be pqt, in the series 
above mentioned, 

which gives 

u 

n 5= 



271 + tt' 

we shall have, by substituting these ^expressions 
for their equals in that series, 

iog.(i +-) == 2M { (~^) + k-^r^y + kr^' + &c. } 

ov »'' ^^2/i-f-w 3^2» + ft' 5^2» + tt' ' 

Or 
log. (« + m) = 

iog.« + 2M { (-^) + k^y + kr^y + &c. } 

Where, if u be now taken = 1, the last of these 
series will become 



[b) Arbogast, in his treatise DuCalcul des Derivations, p. 239, 
has given a theorem, oiie of the uses of .which be coasiders to be 
that of enabliag us to .C9nvert any proposed series into another, 
that shall be more convergent; but this, as WpodboQse bas justly 
remarked; in his Principles of Analytical Calculation, cannot.be 
easily shown, as the coefficients may decrease while the arbitrary 
<)Qant)ty increases, and vice vtrsa ; for which reason, it must ap* 
pear extremely doobtfiil, whether a series can be found, from 
which the logarithm of any proposed number can be directly 
obtained. 

VOL. II. S ' 
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log.(n+l) = 

log.w + 2M { (-1-) + \(:r^y + k~y + &c. } 

° ^^2n+V 3^2n+V 5^2n4-l' ,' 

tvhich converges very rapidly ; beiDg the same as 
that given in A^^. (m), Vol.i, p.357/for computing 
the logarithm of atiy number, when the logarithm 
of the preceding number is known. 

In like manner, if n, in the same series, be 
changed into w, and there be put 

. 1 + w _ n* 

which gives 
1 

We shall have, by substituting these expressions. for 
their equals, as before. 

Or 

log. n =o 

1{ log.c«+i)+Iog.(«- 1) } +M ! 2;jtT+5(i;CT)3+^*=- ' 

Which series, from its great convergdncy, may 
be used for finding the logarithms of all the prime 
numbers, above 1000, to twelve places of decimals, 
provided these of the prime numbers under 1000 
are given to fifteen places of decimals. 

For, if n be a number a little greater than 1000, 
the second term of the series, when computed nu- 
merically, will be foand to have only an effective 
figure in the tweuty^fii'»t place of deciixials. 

' Whence, heglectitigthisafid the foUdTt'ing terms, 
(u having ho effect in the calpulation, we shall har^ 
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log. w=i( log. (n + 1) + log. (n-n)} + ^(£~). 

And if, instead ofrrr, — :» there be taken ■ ^ « ■ 

the error, thus arisiiig, will be expressed by their 
difference - 

M f II T • . 

which, in the most favourable case of this kind^ 
amounts only to 

.00000000000001- . 

Sothat^ in order to .have the J<^arilhm oj[* the 
proposed number exact to twelve .'or thirteen places 
of decimals, it will be sufficient to take 

%-«=^{ log. (w+ 1) + log. («- 1)] +m(^-J^). 

Or 
log. n= ^{ log. (w + 1) + log. (n - 1) } + (T^^^^- 

Where, since n is supposed to be a prime number, 
the factors n + 1 and n—l will be even numbers; 
and; consequently,, can be each decomposed into 
others less thaft n. 

Hence, if the logarithm of half the reciprocal of 
the modulus, or log. m— log. 2, be taken from the 
tables in common use, and the logarithms of the rest 
of the terms of the expression from a table of the first 
1000 numbers, calculated to fifteen places of de- 
cimals, the result will fall within the limits above 
mentioned (c). 

• 1 1 "''^— |— nj-f I — r n- _ rr - ■ — nrr-r — tit _TiniTf_- .- i i j _ "" 

(c) Several other artifices might have been here used for 
transforming a series of this kind into others^ that are more or 

S3 
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With respect to the three principal logarithmic 
series above given, it is evident, that the conver- 
gency of the second 

^ log. n = 

M { (^) + l(^y + \(^y + i(^r + &c. } 

will diminish in proportion as the number n is 
greater; and, consequently, as n augments,- the 

• 

fraction -^^ will approach continually towards 

unity as its limit. 

Whence,' sopposing w to be an itidefinitely large 
number, we shSU have, in this case; 

log.n = M{l+i + i4-i + i + &c.]: 

And^ therefore, as the logarithm increases at 
the same time with the number to which it belongs, 
.the value of the series 

, 1 1 1 11.0 

when M=^l,^ust, as before observed, Art. (l), 
p. 1J38, be indefinite, or greater than any number 
that can be named. 

And, if the same series be taken of the following 
^ form, 

less advantageous^ according to the circumstances attending tlieoi ; 
but what has been above shbwn will be sufficient to answer most 

^common purposes. 

Those who may wish to see some of the most iogeotoas of these 
methods, may consult my Treatise of Plane and Spherical Trigono- 
metry, p. 344-, second edition, where they will find, among others, 

''th^ transformations of Borda and Haros, which are so oi'ien cit^ed 

^1)J' foreign writers on this subject. 
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' log.(l-n)=-^M{« + in* + jn'-fin* + &c.} 

it is manifest^ when n^ in this expression^ is taken' 
= T, that ^ . 

From which it appears, that the logarithm of O, 
in every system, is infinitely negative. 

Or the sam^e result may be derived immediately 
from the primitive equation 

r* ^ m 

For, by taking the logarithms of each of its two 
members, we shall have x log. r == log. w, or 

log.n J?fl^ 

X = . . or riog. r ^^ft» 

log. r» 

Where it is evident, that while log. n remains . 
positive, however small it may be, n will be greater 
than unitv; and if n be a fraction, in which case 

r " log. r = w, or -T- — = -, 

■ in l»P II 

^log. r 

it is easy to perceive, that as the second of the 
two members becomes less, the greater must be the 
index of the first, in order that the equality may 
subsist. 

Whence it follows, that as the number n ap- 
proaches towards 0, the logarithm of n will ap- 
proach continually towards infinity^ as was to be 
shown. 

The first of the properties abovementioned may 
likewise be shown, in a similar manner, to belong 
to the series 

l<,g.„ = !!Ml(l=|) + i(^)' + l(==lV + &C.i 
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the convergency of which evidently diminishes like 
the former, in proportion as n becomes greater. 

Apd as the fraction — -, in this case, also ap- 

proaches continually towards 1, as a limit, it is 
evident, that when n is an indefinitely large num- 
ber^ we shall have 

log.w = 2M(l+i + ^ + i + ^+&c.). 

Where the value of the right hand member, either 
with or without the factor 2m, must also be inde- 
finite, or greater than ^ny assignable number. 

To this we may farther add, that every series, 
of which the terms decrease more rapidly than 
those of 

must necessarily have some finite nqmber for it^ 
sum, whether that sum can be determined or tiot# 
For since the logarithm of n is finite, when n is 
not infinite, it is evident, that th^ series formed of 
the fractions 

— + 2^— ) + 3(— > + i^—y + ^""^ 

is susceptible of a limit, however near the fr^ictio^ 
«r— may otherwise approach to unity. 

Jt may here also be observed, that the series 

before given, is always convergent, however great 
may be the value of ^. 
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For since any two consecutive terms of this series 
can be represented by 

1.2.3 . . . . n' ^^ 1.2.3 • . . . n{n+ I)* 

the ratio of ^ which is — -, it is plain^ that by pro- 
longing the series^ we shall arrive at a term in 
which the denominator n+l is greater than k. 

Hence, the second of these terms being, in that 
case, less than the first, it is manifest, that all the 
ulterior terms ifill continually decrease* 

Which considerations, it is obvious, are also 
equally applicable to any series, the numerators of 
the successive terms of which have a constant ratio^ 
or that continually approach to such a ratio, whilst 
the denominators continually increase. 

It may here also be farther remarked, that 
among the various logarithmic Series hitherto given, 
no one has been found which proceeds according to 
the powers of the number, or that is of the form 

Jog, n= A + Bw + en' + D»' + p«5i* + &c. 

which circumstance, indeed, cannot tajce place; 
because, when n==0, the logarithm of n will be- 
come, as has beex^ before shown, infinite, and nega-? 
tive, instead of its being ^ a as it ought. 

Neither can any series, of this kind, take the 
following form, 

since, wjien n, in this case, is infinite, thie series 
would be finite, being eqnal to a. 

Another development, however, of the logarithm 
pf 91, may be found, which, from its remarkable 
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form, it will be here proper to explain : thus, tak- 
ing as before, 

71^ fl? fl^ 1^ 

- loff- (l+4=M[w^j4-j---f7--&c.} 

And 

log. (1 +-) = M{'--~, + -r-i-— , + 7-:— &C.} 

We shall have, on account of log.(l+-) = 

log. = log.(l + w) — log.7z, the following formula. 

log.(l + w) - log.(l + i) = log.n = 

- ' Ml(«-.i)>i(n^l)^i(n-i)^&c.} 

Or 
log. n = M { (w — w *) — -An — w') -i- -(« — n'^) — 

-(n — «"*) — &c.} 

Which series, though of no value in the actual 
computation of logarithms, is yet of great use, in 
leading to some interesting analogies between cer- 
tain logarithmic functions, and those derived from 
the circle. 

To what has been above shown, we may here, 
likewise, subjoin, for the satisfaction of the learner, 
the method employed by Lagrange, in his Thiorie 
des FonctionSy for obtaining the first of the three 
principal logarithmic series, before found ; which 
is different from that used in the former part of 
the present article. 

For this purpose, let the primitive equation, be- 
fore given, be taken under the form 

Cf = f/. 

f n which x is the logarithm of y for the base a. 
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' Then, if 1 + a — 1 be put in the place of a, and 

{(1+a-l)*}^ for its equal {l+a-ty, he shall 
bave 

Where n is any arbitrary quantity, taken at plea- 
sure^ which will disappear of itself, in finding the 
value of y. 

Hence, by expanding (l + a— 1)% according to 
the manner of the binomial theorem, there will 
arise the series 

l+n(a- 1) + -^-2~(^- 1)' + ^ g 3 -(fl-l)'&c> 

Which, by arranging the terms according to the 
several powers of w, will give 

(1 + a - 1)"= 1 + An + BW* + cw^ + DW* + &c. 

Where the " coefficients a, b, c, &c^ being all 
given in terms of a, it is easy to perceive, from the 
bare inspection of the first of these two series, that 

A={a-l)-'-{a-.iy+l{a-iy-lia-iy + kc. 

the quantity a being the same as the modulus be- 
fore found, in the former part of this article. 

Whence, making this substitution, in the former 
of these expressions, we shall have 

y = (1 + An 4- BW* -h en? -f Dn*&c.) * 

Which being likewise developed^ according to 
the manner of the binomial theorem, will give 

y = 1 + -(An + Bn* + &c.) + ' ^I^ i^^ + ^^^ + &c.)* + 






; 2.3/1= 



a-fjc— ?i)(x — 2n), « o \3 . o 

oL ■ (A» + B?» + ^«0 + &C* 
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Or, by effacing the powers of «, which are 
common to the numerators and denomina- 
tors, 

^ = 1+ a?(A +3n + &c.) 4- ' J (a + Bin- &c.)' + 

But as the quantity n, in this expansion, is arbi- 
trary, it ought, from the nature of the function 
of ify to disappear in the expression of that func- 
tion. ; 

Whence, neglecting all the terms that are multi- 
plied by the several powers of n, whidi, for the 
above reason, ought mutually to destroy each other, 
Wc shall have, simply, 

§ 

Which is the same as the series before ob.tained 
in the first part of this article. 

In like manner, if the original equation <f=yM 
now put under the identical forms 

(l+o-.l)'"=(l +>-!)" 

where n is an arbitrary quantity, as before ; we shall 
have, by developing each of the two members, acr 
cordipg to the binomial theorem, ' 

Or, by suppressing unity, which is common to 
each of them, and dividing by n. 
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Where, since n has been taken at pleasure, it 
ought, as before observed, to disappear in «ach of 
the functions of or and^. 

Whence, neglecting all the terms of these two 
expressions, that are multiplied by w, which, for the 
reason here assigned, ought to destroy each other, 
we shall have 

.' <y-i)-5(y-i)*+5(y-ir-i(y-Tir&c 

Piitj from what has been ' above shown, 
A=(a-l)-i{a-l)'.+ i(a-l)'-8cc, 

Therefore; - 

A*=(y-i)-^(y-i)V3<3f^ir-i{y-i)*+&c. 

Or, 

A 

Which is the same as the logarithmic series 
found by the former method. 

But as this formula is of uo practical use, ex- 
cept when y differs but little from unity, the follow- 
ing method, which is ^]so due to Lagrange, hasi 
been devise4 foi^ rendering it convergent in all 
Ceases that may occur. 
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Thu^^ let there be taken the following similar 
expression, 

log, z = 

i{(«-i)-i(«-i)*+i(s;-ir-i(*-i)*+&c.} 

in which the modulus is represented by a, and y, 
in the former series, by z. 

Then, if VZy or z\ which is equal -^, be sub- 

stituted, in this last formula, for z, we shall have, 
by multiplying by r. 

Where r may be any number, either positiufe or 
negative, taken at pleasure. 

But whatever may be the numeral value of z, 
we can always find i root of it, of the degree r, 
such that i/z shall be a number as little different 
from unity as we please. 

Whence the preceding formula will give the 
value of log. «, in every case, to any degree of 
exactness that may be required. 

If r be taken negatively, in which case z^ =— , the 

same series, by barely changing its signs, will 
become 

r 

log. 2=^^{ (1 -4:) +1(1 -i)«+i(j -1)' + &C.}. 

2' S' 2' 

- Where ;5 being greater, than unity, ^'^ will also 
be greater than unity; and^ consequently, we shall 
have 

(z^^t)^0, and 1-4:^0. 

• ■ T 1 - • V 4 
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Also, taking a for the base of the system, the 
same formulae will determine the value of the mo- 
dulus A; since} in making log, a» i^ we shall have 

A = r{.(a"-l)-^(a"-l)'' + J(a"-l)'-&c.}. ' 

Or 

a^ "^ if -^ or 

It likewise readily appears, from what is above 
shown, that each of the two series, expressing log, i, 
must be convergent, when a root r of z is taken 

,sug}), th^t ^'^-1 is a fraction less than unity. 
For, in that case, I — r- must be still less than 






«' — 1 ; since^ by reduction it appe^rrs, that ' 



1 2' - 1 



Wherefore, since the sums of the second and 
third, the fourth and fifth, &c. terms of the first df 
these series are negativcji we shall have 



r ^ 



log.« = -(«^^l). 

And, on the contrary, because the terms of the 
second series are all positive, we shall have 

log.«:=:l(i— L). 

Hence we have here two limits for the value of 
log. z; whicb^ by ^increasing the magnitude of r, 
may be brought as near together as we please. 

So- that, when r. is indefinitely great, either of 
the two expressions 
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-(^'^-l), or -(1— r)^ 

may, in that case^ be ccmsidered a^.the true valae 
of log. z. 

In which last respect, it may be said, that a 
given nnmber answers to an infinity of logarithms ; 
since its infiiiite root must necessarily have an 
infinite nnmber of different values. . 

Hence, suppose, by way of illustrating the^ use of 
the two series here given for finding log. «, that ra& 
taken such, that the rth root of z §ball contain 
unity only before tbe decimal point, and s ciphers 
after it ; then, if we stop, in this extraction, at 2s 

decimals, it is plain that the term («^<— l)', and, a 
fortiori, all the rest, will have no efiect in the cal- 
culation; so that, in this case, we shall have. 

log.z = -(z'^— 1), and A = r(a''— l). 

And if r, instead of being used in a general sense, 
be taken equal to some even poVer of 2, as, for 
instance, 2% the operation may be effected solely 
by n successive extractions of the square root(rf).^ 

This method, however, will in general be found 
extremely laborious, on account of the great num- 

' ■ " — — ^ ■»..,-■ - - . , . ^ ^ 

{d) It was in this way that Briggs calculated most of the 
prime numbers iu his table; in the performing of which he re- 
xnarked* that if he stopped, in the successive extractions of the 
square root of any number^ at twice as many, decimals a^ ^here 
were ciphers following unity in the first part of the root, that the 
decimal part of this root was exactly half that of tlte preceding 
root ; so that these decimal parts would hate the same ratio to 
tacb oiber, a^^be logaritbods of tbe root^ themselves a$ is^evideni 
from the above formai». * 
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berof exti^actions of the square root, wljch it will 
be requisite to make, in order to obtain a result 
true to tf considerable number of decimals ; but the 
series before given will serve to render it more 
simple and oomplete. 

For, whatever may be the magnitude of z, it 
will be sufficient, in that case, to extract such a 
ilfimber of its square roots as will give Vz a little 
greater than unity; as the different powers of 
(V« — l) will then be all fractions so much the less 
as those powers are greater ; and, consequently, a 
certain nottiber of terms of the series will give the 
logarithm as near the truth as m^y be required. . 

But a more commodious way than that of em- 
ploying the successive extractions of the square 
root of z, in order to redmce Vz—l to a fraction, 
is, when % is a large number, to find such a power 
a"" of some other number as is nearly equal to it, 
and put z = cr±d; in which case 

log. z = log. (a" ± rf) = 
log.a-(l±-) = mlog.a+log.(l±-). ,; 

And, consequently, by using either of the series 
before given, we shall have 

log. x=mlog.a±M{— + ^(^ + 3^ + &c.}. 

Or 

log.» = 

Which series, in most cases of this kind, con- 
verges very rapidly. 



272 OF LOI7AUTHMS. 

To this we may farther add, that if, in the com- 
mon exponential series before given, , - 



A . A* o a5 , A* - . ^ 



w* = l +-a:+ — x^-{- x^-^ — T— a?*+&c. 

I 1.2 1.2.3 1.2.3.4. 

— ^^ be substituted for its equal A, we shall hav^ 



71^=1 + 



M 1.2^ M ' 1.2,3^ M ' 

And; by taking \r, in this expression, ==; 1\ therfe 
will arise 

* * . 

Which last series gives the value of the number 
w, in terms of its logarithm, when the logarithm 
and the modulus of the system are known* 

And if e be made to represent the number whose 
Neperian logarithm is 1 ; e being, in th»t case, the 
base of this system, we shall have 

Also, since log.w=rM l.n^ if a?"* and r^ he succes- 
sively substituted for w, in the last of the above 
expressions, we shall have 

r" = l +ml.r +-j^(ml.r)- + -i-(ml.r)' + &c." ' 

And, by subtracting the latter of these two series 
from the former, there will ari^e 

V 

I , 

wi(l.r-l.r) m\\?x-Vr) m^(\^x-V^r) 

— r-+ 1.2 + .1.2.3 ^^^- 

M^hich theorem w§.s. first giv^n by Bossut, in hii* 
Traits, du Calcul Differential et Int^grfd^ in order 
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to explain an apparent paradox, which had been 
thoQght to attend one of the first principles of that 
doctrinie. 

Ot^ FUNCTtONS. 



'S 



Having treated pretty fuUvj in the precedin] 
ai-ticles of the present work, on nearly every pari 
of common algebra, which appeared the most de- 
serving of attention^ I shall herci byway of sup-* 
plement^ lay before the reader a slight sketch of 
the doctrine of fdnctions; which is a new methdd 
of investigating the properties and relations of va- 
riable quantities, that has, of late, become one of 
the most fertile and important branches of analysis,. 
With this view, it will be proper to observe, that 
some cJf the earlier analysts comprehended under 
the denomination of the functioiis of a quantity^ 
all the powers or roots of that quantity; and, 
afterwards^ the same appellation was extended to 
the sums, products^ quotients, &c/ of those powers 
and roots. 

At length, new ideas^ arising out of the gradual 
progress of analysis, led to a more comprehensive 
definition of the term iti question; which may be 
expressed as follows ; 

A function of one or more quantities, is an aJge- 
braical expression, into which those quantities en- 
ter, in any manner whatever, either mixed, or v^ot, 
with known quantities. 

Or, in other words, any quantity, of which the 
value depends upon one or several other quantities, 
is called a function .of those quantities, whether we 
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know or not the operations that mtrst be emploj'ed 
to pass froiB these to the former: thus 

m 

<^±x^i (a^±bx^yt,a'y alog.Xy sin. a?, &c. 
are all functions of the single quantity x; and 

X axy xy asiD.^-^ 

^^^' ^"^^ {a^bx^CK'^f ^^'^'^ ' 

ure all functions of the two quantities x and y. 

When the forms of these, or any other fnnctionsf 
are known, or given, they are commonly designated, 
for the sake of greater simplicity, by the symbols 
k|, V, or z, or ?othe other single letter. 

But when they are indeterminate, or of an un-»- 
known form, tfa^ function, in that cas^, is re'> 
presented' by y, F, ^, or>[/: thus 

/^. >% /(« -f ^•^). &<^- 
denote th« functions of a?, x\ (a + bx), &c. re- 
spectively. 

And if, in any investigation, other ftnctions of 
the same quantities are to be indicated, thfey must 
be represented by a di&rent symbol ; as 

¥x, Fx^, ¥{a + bx)y &c. 
taking care always to ^ffiK, in sucJi instances, the 
sfime symbol to the same denomination ef tlie 
fanction. 

Also, if two functions of x, y, one in x and thfe 

other in y, be composed in the same manner, and 

have the same known quantities, they may be de- 

.t>oted, in any calculation, by the same symbol; 

thus 

> and ^ 

are two like functions of x and j/y which beoome 

identical in making y=^x. 



jB«t;ifibwP3ftinc^R^> ^W^ «»««Bip«efl in the 

same characteristic, in the course of the sam^ qaj- 
dilation • 

Nevertheless, if any two f&ia^ions of this kind 
^iflfer.pnly by hm^s # jtwiWfi <m^^A m 9P% 
And ^ in the i^th^, .i^ey laaay .be ^^aote^ by the 
««^^ie symbol, as follows: 

f{x, a), and/(y, 6>. 

tin irhkh-case a. ^nd^i^are .supposed to. enter into 

'ihe exprsssiop of t^e rfimetion like uufknoff n qnaji- 

tities ; because, although they are oopsCant, W^en 

taken separately, th^ lEKO^he regadred as if they 

were variable, iwfaen. employed in this way* 

In (Jikre: ^ft«iner, ?^o, Hjiiiy the fuuctioa pf m^ 
twoxva^i&bteiCjwftftfJltieSj ^'> y, w^jiqb ftreiudep^n^e^t 
pf f>a«b Qihm .be dfisigftfttpd ttqfer .^e Jqvpi 

And so <m' ^for all other 'S^JmUar <;ase«. 

Fonolions are 'like wi^e^iktingui^hed by -the de- 
nominations of algebraic and transcendental, jtc- 
cording to the nature of the expressioa under \Wiich 
they are exhibited : thus, 

Algebraic functions are such as ^esult*fiH>m the 
common operations of that science^ or which can 
be -expressed algebraicmly ; as 

a + bx, (a*-**)"^, « + («» + «•')% &c. 

- • • * ** 

And traii^cendental functions. are s\ic}i,a,s.CfM^.npt 
be €ixpre«sed algebraically, by any limited ,pja|nber 
of terms; as 

a% af, alog.^, acos.x, .&c. 

T 2 
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They are also divided into explicit and implicit 
functions, according to the nature of the equation 
by which they are e:xpre»sed; thus in the equa- 
tions 

y^axx-^bx^-^-cz^i 

y is an explicit function of x in the first, and of x 
andjr in the second; because, when any particular 
values are given to the quantities or, %y the value of y 
becomes known. • 

But when the powers, or products, of the un- 
known quantities are uiixed together, asl in the two 
following equations, 

3^ -{-rf + z^:s=.ax%'\'hyZ'\-cXy^ . 
' jt is said to be an implicit function oiy in the first, 
and oiy and % in the second; because the determi- 
nation of Xy when the latter are known, depends 
upon the solution of an algebraic equation. 

The last of these denominations may also be ap- 
, plied to various othei: expressions, vyhich do not 
appear under the form of an equation* 

Thus, in the circle, the sine isi an implicit func- 
tion of tlie arc, although the state of analysis does 
not afibrd any means of expressing the relations of 
these two quantities. 

It may here, also, be farther observed, that sy- 

metrical functions are such as do not change their 

•values for any permutations that may be made 

in the quantities on which they depend. ^ 

- Thus, if there be taken the two following equa- 

tionsj 

x-vy-p^ and xy^q^ 
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from which, hy substitution and transposition^ we 
can really obtain 

J?*— pjc-f g = p, 

it is obvious^ that the two unknown quantities ae 
and y are roots of the same equation ; because they 
both enter, in the same manner,^into the conditions 
of the question. 

And if 2xy^ in the second of the proposed eqna^ 
tipns, be taken from the squarp of x -^-y in the first^ 
we shall have 

Where it is plain, that x may be changed into y, 
or y into Xy without altering the value of the ex^- 
pressipn. 

In like manner, if a, jS, 7, 8, t, be made to de- 
note the roots of an equation of the . fifth power^ 
tl^e qjiantities 

- a^ + 3^ + 7^ + S»4-i^, 

will be sytnetrical functions of the voots of that 
equation. 

^pd th^ same may be shpwn of the sums of tlieir 
products, when taken two by two, three by three, 
&c.; as in Art, (n) 3, p,. 4p. 

Xo this we may farther add^ that- th^ functions 
of quantities may be frequently changed, either by 
the simple operations of algebra, or by substitution, 
into others pf more convenient forms ; thus, in the 
first case. 
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/(2-3. + .^ f(J^), and A:^^^^), 

may be transformed, by the first of these methods^ 
into 

.fm^:,)ia^a>)},fi~^^ + ^), and 

Which latter expressions are respectively- ©qui- 
valent to the former. 

The following easy examples, taken from a great 
variety of others that might be proposed, will 
also serve to illustrate the second of these methods, 

1« Smppoii^'it were required to render <p(a* -f J^)**" 
jatiosral. 

This, by putting x^^-^ ^ will become ^{-'T^^^)* 

^4 If it be required tof repder ^(a 4- hxY r&tiodal^ 

we shall have, by substituting hz^-T for 4?, the 
equivalent expression (^ibz). 

« 

3. Again, if <^(a + &^)p:is to be rendered ra- 

... '* 

tional, this will become <p(^)% by putting (a + fe4?)«" = 

z , which gives x^—r—* 

4. Aiid <P(f-^)^j may be ti'^Asfdrmed to ^(«)", 

by putting (77^)^ = 2"; which gives ^=*^^. 

5. In like mannef, if x be any rational function ' 
of*» ' 0(t!^) ) "^i" hecorfte f[^^^}, by patting 
V(l + i"') = 1 + ZiT ; which gives x = -^. 



6. Also, supposing, as before, x to be any ra« 
tional function of\r, the following expres^oB 

*^ V(a + iu + c^*)^' 

may be made rational^ by pnttio]^ it imder the form 

where JwVc, «=*-. andfit=^. 

For, making V(« + ^^ + x^) = x + «^ we shall 
readily obtain, 

^^£^' andiv'(« + ea?+4?')-^,(^^~^)- 

Wliich^ by siibstittition, wjll convert the proposed 
expression into a rational function in terms of z. 

And, by following a similar method, various 
other transformations may be obtained, which are 
of great ase in the Diophantine Analysis^ and in 
finding theiluents of many fluxidnal expressions. 

But the most valuable paft of the doctrine of 
Functions, is that which has arisen out of the nu-r 
merpus discoveries and improvements that have 
been made in it by Lagrange, under whose hands 
it has assumed the form of a new science. 

We can here, however, only enter into a few 
such details, respecting this branch ^f the subject, 
as 0ay enable the reader tp form ;aiome idea of the 
pofinner in which th^ fir^t principles of the doc- 
trine, as laid d^wi) by the author, in his two oel&. 
brated works, the Th^orie des Fonctions .Ane^ 
^ti^u(S6\ an4 Le^mt^ su/r le Calcul des FomtUms, 
t}ave been deyeipped ftpd applied. 

For tl)iis purpose, let Jja denote, agreeably ta 



-er*** 



286l OF FUNCTIONS.. 

4 

what has been before shown, any function of the 
variable quantity x. 

Then, if j? -h i be substituted in the place of Xy we 
/ shall have, according to all the known expansions 

of any binomial expressiqn^ of this kind, 
Jlx-\'i)=Jx-{-j)t + q^-\'rf -h&LC. 

Where the coefficients />, q, r, &c. of the iur- 
determinate quantity i, are new functions of x^ 
which may be all derived from each pther, accqrd-r 
ing to a certain regular law. 

For suppose the variable quantity x, in this ex- 
pression ;, to be changed into x-^o, o being any in- 
determinate quantity whatever, independent of L 

Then, since /(x-hi) becomes /(x + i + O), it is 
evident that the result will be the same, whether 
we substitute i + p for /, in the above series, or xi-o 
for X. 

But, by the first of these substitutiops^ ^e shall 
Jiave 

f'^ '^Pi^ + o) + j(« + qY + r{i + oY + &c. 

t. 

Or, taking only the t\vo first terms of the several 
powers of i + p, which ivill be sufficient for the 
purpose intended, 

Jx+pi -f q^ + rr^ + si* -h&c, 
-f /?o + 2qio -f Sri^Q + 4s?o + &c. 

And, in order* to make the second substitution, 
let ya:+po + &c., p •{- p*'0 -^ hc.^ y-h jf'o+&c., be 
what fx^ J9, 5, r., &c. becoine, in putting a? 4- o 
for 0?. 

Then omitting, in the development, as before, all 
the terms that involve the square, and other highey 
Bowers of o, the same formula will becprae 
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fx+pi+q^ +rP +si* +&C, 
+po + j/io + 9'i*o + r'i'o + &c. 

And, consequently, as the two results, thus oin 
tained, will be identical, independently of i and o, 
which may be any qnantities whatever, we shall have, 
by comparing the homologous terms, p=p, and 



Zr=*q' 
&c. 



Or 



1 , 

s =7/ 

&c. 



Where;) is the first function derived from ^,/ 
the first fanction derive4 from p, 9' the first derived 
from q, r' the first derived from r ; and so on. 

Hence, if, for the sgke of greater simplicity and 
uniformity, the first function derived from ^, be 
denoted by/'«, the first derived from fx hyf% 
the first derived from f'x by f"x, &c. we shall 
Jjave p =f'x ; and, consequently. 



Or 









&c. 



&c. 



. The successive functions fx, f"x, /'"x, &c, 
heing here nothing more than the coefficients of | 
in the first terms of the developments of /(x+»), 

f{x + i),f"{x4i),^C' , . J. t. 

Wherefore, if these values be substituted m the 
development of i^x + 1), above given,- there wUl arise 

/(^ + £) =/* + ifx + ^f'x + ^J"'x. + ^/ V&.^' 
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Which expression has the adrant^ge of showing 
in what manner the tern>3 of tlie series depend 
upon each otheiv; and,, above all, when we know 
the isecond term if^x, how all the re^t of the terms 
laaay be obtained from it^ by the same unifonn 
process^ . 

The first of these functions, or foyis called the 
primitive function. Math respect to y^, ^'a?, &c^ 
which are derived frorii it; and th^ latter are called 
derived functions, witb respect to the first. 

Thus J*'x is called the first derived function, or 
$imply the first function; the second J'^^x^ which 
is derived from the last, the second derived function, 
or simply ths second function; and so on. 

In like manner, if 3^ be any function whatever of 
jc, and y% i/'\ y*"^ &c. be the first, second, third, 
&c. derived functions^ the value of y^ whpn a? bo» ' 
comes X -f zV will be . 

So that, although the several orders of derived 
functions owe their origin to the development of 
the primitive function, when augmented by some 
indeterminate quantity i, they ajre wholly inde^ 
pendent of that quantity, which is of usq chiefly in 
ascertaining their formation. 

Hence, when we know, in any case, how to pass 
from the primitive fiinction to the first derived 
function, we can abstract from the development, 
land consider the derivations of these functions as a 
new species of algebraical operation, more gene- 
ral and extensive than that of the raising of powers, 
or qxtraction of roots. 



Ihn^y let tbeve be taketH a» <me of th« easiest 
examples of this method, fx^x"^, which' gives- 

Then, since it can be stown, from the simple 
^fincipfes of algebra, that the two first terms of the 
;wth ppwef of i? + i are - 

x'^ + mx'^'Hf 

whatever Inay be tkavaloe of m^ it foHaws^ from 
what has been above shaivn^ that 

And, therefore, hf %vSb$XiiXi^^ these q^a^lities 
in the general series 

beforehand, we shnllbare, for the easels: 4:'% 
tbeseiifi^ 

/(*+«•) = 

which is the known formula of the binomial, or the 
development of {x + iTi for any value of w, whether 
integral oi^ fractional^ positive or negative, 

Again, let there be taken, as a second example 
of this kind, the exponential expression fx^a', 
which gives 

Then, if there be put, in this case, a=ss l -f &, we 
shall have, by the formula before demonstrated, 

. «^ = (1 + f,)' = 1 + ib.+'^b^ + ^^-'^^!r% + &c. 

Apd, conseqwently, by ordering the terms ac^ 
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cording to the powers of t, the two first terms of 
the series will be 

i^{b--ll^rllf^lb^ + kc.)i. 

- Or takings for the sake of greater sixjipUcity, 

^ 2 3 4 



or 



(a^l)^i(a-^l)^ + i(a-ir-.&(j. 



^A. 



the same two terms may be denoted by 1 -i-a/; a 
being what is usually considered as the modulus of 
the exponential of which a is the base. 

Heixce, multiplying this last ^expression by a*, 
we shall have 

for the two first terms of the development of a*"***; 

lyhere.AO* is the first function derived from a*. 

And, therefore, by repeating the same operation^ 

the second function, which is derived from this, 

will be AX AC*, or aV, the third, or that derivecl 

from the last, aV, &c,; so that mRkingya: = flf', we 

shall have 

fx^Kif, f'^^K^a\ /'''x = aV, &c. 

When^, if these values be substituted in the* 

development of jf (a; + i), the forpauja. before given 

will become 

And, consequently, by dividing each side of this 
equation, by a*, we shall havfe 

•i* + &c. 



tf=l-*-A« + — i^+ -^ 



:r^ 



2' • 2.3^ • 2,3.4' 

Which last series serves to show how any power 
of a quantity may be converted into a series^ that 



dF FUNCTIONS. 285 

shall follow the order of the successive powers 
of its exponent. 

The same series also enables us to determine the 
value of the base a in terms of the modulus a; for, 
by taking i^l^ we shall have 

'And when A, in this last equation, is =1, the 
value of a will be expressed by the simple series 

the approximate sum of which, according to what 
has beeii shown in the preceding article, will be = 

2.718281828459- 

Which number is commonly represented by e^ 
bein^ the base of the exponential whose modulus is 

unitv. 

Hence, taking, agreeably to this mode of notation, 
jf X = e*, we shall likewise have f^x = e% f^x = e"^, 
&C.J and, consequently, 

H 

Also, if in the equation tf = 1 + Ai + rA^i' 4- &c* 
above found, i be taken =-, we shall have 

A 

' From which equation it appears, that the relations 
of the three constant quantities a, a, ; and e, may 
be expressed by 






Where Jt i^ lilmu^ thiit^. lining a iip^ati^'ejy, a 
tviU be changed into -; and, coB«eej««tttiy, khe 

former ex^at^op A^;(a^l)ri(^- 0' + 5(«.-'l)'- 
&c• will become . 

Which Jktjte/ , aeries m}l give the yaliierof A more 
readily than the farmer, when a is a Bojpl?er greater 
than unity. 

Thus, fo^r Histance, if .ir^ in this ease, be taken 
= 10, we shaU have 

Which, by calculating a sufficient number of the 
<teiins,wni give 

A =^2.3025850929^4. 

« 

Lastly, let there be taken J? = a^°«'^, orj^=1o^..r; . 
which gives 

Then, putting x-^i in the place of x, we shall 
have f(:X^ i) « log. (;r H-i), or 

The -two menil^ers df whidh equation ou^tto be 
identical, whatever may be the value of i. 

But, by the general development before given, 
we haye 

, -Or, putting if' x + ^/''a?,+ -^f'x + &c. = %, the 
iame formala will become 



Or 

And, consequently^ by dividing jc + i and ^^i' by 
J?, wp shall have 



1 + -= a\ 



But according to the forttiula above given, we 
have, in general, 

A* a' ' 

Ifl' t=. I •+ A« + *^^* + ^-y 2' + &C. 

Or 

l+-=l + A%+-z^ + 5^;s' + &c. 

Whence, ' putting for « it« former value, and or-^ 
dering the terras according to the powers of i, there 
will arise the identical equation 

From which, by a comparison of the Serins, we 
sliall have 

-=a/'i*, or f\v^ — . 

And, consequently, by taking the other derived 
functions, according to the general rule, 

r'x^^\ f'x:^— &C. 

Whence, substituting these in the developnuuit 

-of J^i^x -I- i ) , 'we shall have 

lx>g.(«+i)=l<«.*+^-2^,-+^-&C. 

But, by the theory of logarithms, laid down .in 
the last article. 



.• k 



log. (x + i) ~ log. ;r a log. (^).= log.(l +*-). 
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Whence^ if -, in the preceding formula^ be put 
5=^, we shall have , 

log.(l -hi/):s=i(y~^3/'+iy-iyV&cO. 

Or making 1 -^-tf^z, which givesy = 2;— 1, this 
last equation will become 

Which is the same as the series before found, 
for log. Zy in the article before quoted. 

Many other applications of this doctrine, of a 
much more extensive and interesting nature, may 
be found in the two learned works mentioned in 
the former part of this article ; but, as they relate 
chiefly to some of the higher branches of analysis^ 
they could not, with propriety, be introduced into a 
perforniance like the present, which is meant to be 

purely algebraical (e). 

' ■ ' ■ ' .... ■ . ■ - , ^ 

(e) The principal object of the author, in the works here rie- 
ferred to, is to establish the Differential Calculus, or Method of 
Fluxions, upon pure analytical principles, independently of any 
assumpttoD of infinitely small quant hies,' or such as are supposed 
to be generated by motion ; which he justly regards as involving 
Tiotions and difficulties wholly foreign to the nature of the sub- 
ject. But although the new point of view, under which these 
important doctrines are here exhibited, possesses the great ad- 
vantage of being free from the obscurities and metaphysical 
subtleties that have hitherto attended them, it tnyst yet be coii>- 
fessed, that the mode he has followed, in treating of their first 
principles, is neither so simple nor unobjectionable as could be 
\visht»d; particularly in the expansion of his fundamental for- 
mula, Jlx+ i), which he has generalised too hastily; as we can, 
evidently, form no idea how such a deveiopmenf lis ta be elfected, 
viriihout a reference to the particular cases in which that function 
kas been expanded. 



OT ELIMIKATION. M9' 



OF ELIMINATION. 

Elimination is the method of exterminating all 
the unknown quantities, except one, from two, 
three, or more, given equations, in order to re- 
duce them to a single, or final equation, which 
shall contain only the remaining unknown quan-^ 
tity and certain known coefficients (^f). 

This may be drnie^ When the proposed equations 
are all simple ones, by the rules which hare been 
laid down for that purpose, in Art. (o), Vol.i, p. 96; 
but if they are of the second, third, or other higher 
orders, the elimination is frequently attended with 
great diflficulties. 

In these cases, when only two equations of this 
kind are given, the most natural .method appears 
to be that of finding the value of the unknown 
quantity, which is to be eliminated, in one of them, 
and then substituting that value in the other; by 
which means we shall obtain a single equation, 
containing only one unknown quantity. 

Thus, if it were required to eliminate x in the 
two equations 

fa 
- 1 t _i "- _ - - ' — — ^^^^ — - — ^-^ ^- — -^^^ — ■ — - ■ ^ 

(/) The subject here treated of is, properly, a branch of the 
general doctrine of equations, laid dowp in Art. (n), Vol. u, 
p. 38, which shopld hav^ been introduced under that head ; but 
being of a very intricate nature, it was judged best to give MKh 
an account of it, as the limits of the work would perniity in » 
separate article. 

VOL, II. U 



290 OF ELIMINATION. 

we shall have, from the first, x=>/(5— y*); which 
value, being substituted in the second, gives 

y^(5^y)=_2, or 

And, therefore, by multiplication and transpo- 
sition, there will arise 

3^* -.5^^-1-4 = 0; 

which is the resulting or fipj^l equation required. 

Also^ if it were required to eUmio^te x, in the 
two equations 

we shall have, from the second, a?^\/(22^^— 14); 
which value, being substituted in the first, gives 

2y*-.14-%V(2/-14)-f 8 = 0, or 
2/~ 6 = 23/^/(2/ - 1 4) . 

And, consequent! y^ by involution and transpo- 
sition, there will arise 

which is the resulting or final equation in th^s cas^. 

And if y and J? be determined, iu either of tjiese 
examples, according to the common rules,, their 
corresponding values will be found to answer the 
conditions of the question. 

But this method, it is evident, cannot always be 
used, on account of our having no general rule 
for determining the I'oots of equations above those 
of the fourth degree. 

And besides, if the proposed equations were only 
of the third degree, instead of the second, the cal* 
dilation, in this way, would be found extremely 
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embarrassing^ from its bfeing necessary to free the 
final equation from surds. 

Some of the earlier analysts, therefore, had re- 
course, upon these occasions, to a diflFcrent naode^ 
of proceeding; which may be illustrated as follows : 

Let it be required, for instance, to eliminate Xy 
from the tw*o following equatimis of the second 
degree, 

a?* + p'x + a' = 0; 

where p, €t, p',. a^ are i^pposed to be certain given 
functions of y. 

Then, by subtracting the second equation from 
the first, we shall have 

(p — p')ar + a — a' = 0, or 

a- a' 
x= . 

And, consequently^ if this value be substituted 
in either of the two proposed equations, as, for ex- 
ample, in the firsts there will arise 

7 ik--^ 7^ + Gt = 0. 

(p— w)* p— p' ' , 

Or, by clearing the expression of its denominators^ 
and simplifying th6 result 

(a-aO" + (p-pO(pet'-apO = 0; 

which last formula, it is obvious, will give the final 
equation in y, by barely substituting for p, F^g a, 
Q,% their particular values. 

Also, if it were required to eliminate x, in the 
two following, equations of the third degree, 

/ pir'^H- or* + r:c + s =0, 

U 2 - 
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we shall have, by mnltiplyni^ the first by v\ and 
the second by p, and sabtractiog the latter result 
from the former^ 

• (p'a-paO^ + (^«^-«Ox + p's-w'=0. ... (1) 

And, by again mnltiplying the first of the same 
two equations by s^ and the second by s, and sub- 
tracting as before, there will arise 

(s'p - spOj' -h (s'tt- saOJc^ + (s'r - srOx= O. 

Or 

(s'p~sp')jr + (s'a-sa>+ (s'R-sm')=0 (2) 

Whence, if equations (l) (2), which are now 
each of the second degree with respect to x, be re- 
presented by 

px'-^qx^r =0, 
/^V-f y'x + r'=0, 

we can obtain, by treating them in the same man- 
ner as the former, two other equatioiis of the first 
degree with respect to x; from which the final 
equation in y may be readily determined. 

But this method, also, though far less laborious 
than the first, is still very incomplete, as it gene- 
rally gives the final equation of a higher degree 
than it ought^ and throws no light upon the 
manner of finding the value of the unknown quan- 
tity that is eliminated. 

In order, therefore, to remedy these defects, it 
became necessary to devise some other mode of in- 
vestigation, that should be less complex and un- 
certain in its operations, and more directly applica- 
ble to the purpose intended. 
'This was done by con^dering, that any two 
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equations of the kind here mentioned, which are 
compatible with each other, must have one, or 
more, of the values of x aild y common to them 
both, or otherwise they could not subsist together 
at the same time ; as is evident from the examples 
above given. 

Hence, sinqe the left hand members of any two 
equations of this kind, by Art. (n), p. 38, must 
have a common divisor, if this be determined' ac-r 
cording to the method made use of for that pur- 
pose, in Art. (f). Vol. i, p. 28, by continuing the 
operation till we arrive at a remainder independent 
of one of the unknown quantities, as x, this re- 
mainder being put = 0, will give the final equation 
in terms of the other quantity y. 

Thus, if there be given the two following eqna- 

tions, 

0?* + 3x*y + 3 J2/' - 98 = 0, 

0?* + 4a?3^ -- 23/* — 10 =0, 

their greatest common divisor, found by following 
the process above mentioned, will be 

(9/ -f 10)a: - Jjy ^ lOy - 98. 
And the last remainder, which is independent of 
.r, when put «0, will be 
43/ + 345/ - 1960/ -f 750/ - 294OJ/ - 4302 = 0. 

From whipb equation it will be readily found, by 
trial, that 

Whence, putting the common divisor, above 
foupd, or the remainder preceding the last, also 
== 0, and substituting 3 for y, we shall have, in this 



294 OF ELIMINATION. 

(8I + 10)a?~54-30-98 = 0, or 
JJIJ?— 182 = 0; where x = 2. 

But if, in any question of this kind^ the value of 
y^ 'obtained from the , final equation, should, of 
itself, render the above mentioned remainder = O, 
'We must then have recourse to the next preceding 
remainder; which, in that case, will be the com- 
jnon dii^isor; and, being a quadratic, will give, 
when put = 0, two values of Xj corresponding to 
that of y. 

And if this remainder, likewise, should be annihi- 
lated, by the same substitution for y, we must then 
take the remainder preceding that; which will now 
be the common divisor; and^ being a cubic, will give, 
by putting it.;=0, three values of x, answering to 
that of y; and so on. 

Which mode of reasoning, it is evident, will also 
^pply to any two equations whatever, of this kind, 

a?"+pV"' + aV-*+ , • , . ^t'x + V^O. 

Where the second unknown quantity y is en- 
veloped in the coefficients p, a, &c. and p', a', &c. id 
such a manner, that the latter, when the equations 
?^re complete, are of the form 

p' = a' + b'y, a=c' + d'i/ + e^y*, 

In which case it is only necessary, as in the 
former example, to find the greatest common di- 
Yisor of their two left hand members, and then 
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putting the remainder, which is independent of x^ 
=?0, for the final equation in y\ and afterwards 
ascending to the preceding remainders, for the 
common divisor that ought to give the value of x. 

It may here he observed, however, that Euler, 
inste£id of finding the common divisor in this way, 
employed a more commodious method of pro- 
ceeding; which may be shown thus; 

Let the two proposed equatipns, that are to be 
resolved, be 

0?^ + PX -h GL = 0, 

tx? + pV + q!x + r' = 0, 
where p, a, p', a', r', are certain known func- 
tions of y, as before. 

Then, if x — a be made to denote the fafctor 
which ought to be common to the first two mem- 
bers of these equations, we shall have, by the fol- 
lowing assumption of the remaining factors, 

X* -f pa? -f a = (x — a)(a? -f^), 

x" + pV + q!x^ r' = (j? — a)(j?^ H-/)x + q) ; 

where Sy p^ q, are unknown functions of the cor 

efficients, involving the several powers of y, that 

are to be determined. 

And, consequently, by eliminating j?— a, in each 
of these last equations, we shall have 



/ 



"W. 



X + 8 X* + px -k- q 

Or 

{X^ -f PJ? + Gl)(x* + pa? + j)n=(ic' + pV + QlX + R0(a?+5). 

Which last expression, by actual multiplication 
and simplifying the result, will become 
0?* + (p -^p)x' 4- (a +pp + q)3^ -f (pa + qv)x + qo, == 
x^ '+ (p' + s)x^ + {Oif + sy')x^ + (r' -f s(df)x + SVi\ 
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Hence, hj comparing the coefficients of the ho» 
mologous terms, or like powers of so, there will 
arise 

pa + qp — K' + sofj 
q^ = sk\ 

And as we have here four equations, and only 
three unknown quantities, p^ 9, *, we can exter- 
minate those which rise to the first degree; and 
by that means obtain an equation containing oqly 
the quantities p, et; F% 0.% k% which, therefore, 
will be the final equation in y. 

But this theory, as for as regards the solution, of 
two equations containing two unknown quantities, 
may be rendered more simple by m^ans of the sy- 
metrical jfunctions of their roots, treated of in 
Art. (n) 4, p. 51. 

Thus, let there be taken, as before, the two 
complete equations (g) 

ar+pa?'"-'-Maj?*-*+ , , . . +TX+ v=0, . .(1) 

jE?* + pV"'+aV-*+ .... +t'j?4-v'=o. • . (2) 

And suppose equation (l) to be resolved, and 
that its roots are J? = a, 0? = ^, 0^=7, &c.; a, 0, y. 



(g) Any equatiqn of this kind, k saifl to be complete, when it 
contains all the powers and products of x and y, that do not 
surpass the degree by which the equation is denoted ; reckoning 
the peiwers of the- products as formed by the sum of their exr* 
ponents: thus 

3^ + (a + by)x^'^ + {c ^ dy ^ c^)x'^ «+ . . .{p + qy-^ ... (y*)==a 

i^ a complete equation of the mth degree, as will be found by 
multipilying the factors, of which its several terms are cocpposedj, 
together. 
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&€. being fmu^tions of the other unknown qaan- 

Then, since these roots roust also be roots of 
equation (2), we sliall have, by the separate substN 
tation of them in that equation, tlie following 
results : 

flt'^-hpV->+aV-*+ +t'« + v'=o. . . (3) 

/3'* + p'0"-^ + a'0»-»+ +T'^ + v''=o ... (4) 

y" + pV"-' + Gty-'+ +T'y + v'=*0. . .(5) 

&c. &c. 

Which are all dijgferent equations in y, whose 
roc^s, when coinbiaed with those of J? = e», ^ =«: /3, 
x»y, &c. ought to satisfy each of the former equar 
tioBs (i) (2), by reducing the«i to O. 

And as the several values of y, deduced from 
these equations, must be roots of the final equation, 
this maybe obtained by multiplying them together, 
and putting their product =0; since the result, in 
that case, will evidently involve all those roots. 

But as this product will not be changed, for any 
permutations that may be made in the order of the 
quantities a, ^, y, &c. which all concur, in the 
same manner, in its formation, it follows, that 
these may be all obtained in terms of the coeffi- 
cients p, a, R, &c. of equation (1), according to 
the method laid down for tliat purpose in the arti- 
cle before referred 'to. 

Thus, as an exemplification of this mode of pro* 
ceeding, let there be given the two equations 
x' + « j?y + Ay -f CO? + rf^ -f e = 0, 

from which it is required to find the final equation 
iny. . 
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- Then^ if there be put, in this case, p^ay + c, 
q — hy^^dy^e, p'^a'y^c^^ and q'=^tfy^-\'d'y^e'y 
the proposed equations will become of the forms 

0!^ + pX+ 9=0, 

x^-^p'x + q'^O. 

Wherefore, supposing a and /3 to be the two 

vahies, or roots of J?, deduced from the first of 

these equations, we shall have, by substituting them 

in the second, 

a*+J!?'a4-y' = 0, 

^'+p'^ + q'=^0. 

And, consequently, as these last equations ought 
to concur equally in the formation of the final equa- 
tion, they must be so combined that the latter may 
contain them both. 

Hence, multiplying them together, in order to 
obtain this result, we shall have, for their product, 

/y'(a + ^) + 9'*=0. 

But from what has been shown, in Art. (n) 3, 
p. 44, respecting the relations of the roots of equa- 
tions, it appears, that 

a'^' = q\ a*0 + a0^ = a0(a + ^)= ~j5j; , 

Whence, by substituting these values for their 
Hjquals, in the above equation, we shall have 

S* - p'pq 4- y J +pY -^qq'- pp'q' -h j"* = O. 
Or, since 9' - 2 J9' + 9"® = (5 - j')*, and -p'pq-^ 
p'^q -f/)Y"~KPV== (P?'^i^9)(?-^0^^hesame equa- 
tion will becotne of the form 

which, therefore, by putting the particular values 
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of y forp, 5; p'; j'^ will be the final eqaatioti re- 
quired (A). 

If three equations of this kind be ^iven, contain- 
isg three unktiovvn quantities^ as 

(1) . . . f(j?, y, 2J) = 0, (2) . . . /(x, y, 2j) = 0, 

(3); . . .<p{.T,t/, x) = 0, 

they may be resolved by first eliminating ;2 in equa- 
tions (1), (2), and then in equations (l), (3), when 
there will remain only two equations in x and y^ 
which may be treated as above. 

Thus, for example, let the three proposed equa- 
tions be 

ar+3/ + 2 — 6 = 0, ^' — o;^— ^* — 4 = 0, and 

Then, by eliminating % in the first and second of 
these equations, and in the first and third, we 
shall have 

(a? — 6)2/ — Go? +16 = 0, and 
(3a:-~l2)y-f(a?*-l2a:H-29)=^0, 

And, by again eliminating y in these two last 
equations, there will arise 

a?'-l9j?H-18 = 0, 

for the final equation in a:; in which x is evidently 

= 1- 

And, if this value be substituted for j?, in either of 



(A) It might have been here farther shown, that the final equa* 
tton, resulting from the elimination of one of the unknown quan- 
tities in any two equations of this kind, of the degrees m 
and n, can never rise higher, when properly resolved, than the 
fnnth degree; but the demonstration is too complicated and ab« 
^ruse to be given in a work like the present. 
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the two equations in x and y, we shall have y = 2; 
jand 1 and 2 being put for x audt/, in the three first 
equations^ will give 2 = 3: which values of x, y, 
and z will be found to satisfy each of the proposed 
equations. 

But it must be observed, that by this successive 
elimination, the three given equations do not con- 
cur in the same manner, in the formation of the 
final equation. 

Equation (l), for instance, is employed twice, 
while equations (2) and (3) are only employed 
once ; by which it happens, that the result ob- 
tained, in this way, frequently involves a factor 
that does not belong to the questioQ. 

To what is here said, we may farther add, that 
Cramer, at the end of his Introduction h V Analyse 
des Lignes Courbes, 17^0, p. 656, etseq., has given 
a method of eliu)inating all the unknown quantities, 
except one, from any number of simple equations, 
which is much more commodious in practice than 
that laid down in Art. (o), p. 79; which method, 
as improved by Bezout in his ThSotie gdn&ale des 
Equations AlgSriques, 1779> i^^iy be elucidated as 
follows (i). 

Let there be proposed, for instance, as one of 



(}') The rule here given appears to have been obtaiped by io- 
duction^ from observing the law of the formation of the nume- 
rators and denominators of the fractions expressing the values of 
4he unknown quantities, in such cases of this kind as had been 
previously resolved by other methods; but the principles upon 
which it is founded are not sufBciently evident to lead to a ge« 
neral demonstration of the theorem. 
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the easiest cases of this kind^ the tw6 simple equa- 
tions 

ax +by + c^Oj 

a'a? + ft't/ + c' =c 0. 

Then, if the absolute terms Cy c' of these equa- 
tions be each multiplied by some unknown quan- 
tity t, we shall have 

And if X, in the product of the three unknown 

quantities xyt^ be changed into a, y into h^ and t 

into c, there will arise, by changing the signs of the 

even terims, 

ayt — hxt -f txy. 

Also, if Xy in this last expression, be again 
changed into a', y into i', and t into c', the result, 
by changing the second, fourth, &c. terms, as before, 
will be 

ob't -t ac'y — a'ht + hc'x + a'cy — Vex. 

Or, by collecting the coefficients of the unknown 
quantities f, y, j?, 

{a'h - aV)t - {ac' - fl'c)y 4- (ic' - Vc)x. 

From which expression, according to the prin- 
ciples he has laid down^ in the article above referred 
,to, we shall have 

The values of the unknown quantities, in each of 
' the proposed equations, being always the fractions, 
whose numerators are their coefficients, in the last 
of these expressions thus obtained, and their deno- 
minators the coefficient of t. 
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Again^ let there be taken, as another example, 
the three simple equations, 

ax -^by -hcz +d =0, 

a' x-^ Vy + c'% + (i' = 0, 
Q:'x^V'y^c''%-^d:'^Q. 
Then, multiplying the absolute terms d^ d\ 4'% 
by t, as before, we shall have 

ax -hby +CZ +dt 5=0, 
a'x + Vy + c'% + d't = 0, 
d'x + Vy + t^'z + d''t ;= O. 

And, consequently, by changing x ia this pro- 
duct, xyzt into a, ^ injto £, % into c, aa4 ^ into dj 
there will arise, for the first line, by changiBg the 
ssigns of the even terras, 

ayzt^bxztr^cxyt — dxyz. 

And by again changing x into a', y into J', z 
into c\ and / into d\ the second line, by observing 
tlie same rule for the signs, will be 

ah'zt — ac'yt + ad^yz — a^hzt + hc'xt — hd'xz + ca'y< — 
cft^'xf -f cd'xy — aVy« + dJ/xz — rfc'Ay . 
Or, by collecting the coefficients of zt^ yt, yZy 
&c. properly together, 

{aV — a'h)zt — («c' — a'c)yt -h (arf'— a'd)yz + 
(fee' - ft'c)a?/ - {hd' - ft'rf) j-^ + (erf' - &d)xy. 

Also, by again changing x into a'', y into ft'', i2 
into e", and t into rf", and observing the same rule 
for the signs as before, the third line will be 

+ { (flft' - a'ft) e" - {ac' - a'e)ft" + (fte' - hc')a'' \ t 
^ [ (aft' - a'ft)rf" - (ad' - a'rf)6" + (id' - Vd)a'' } z 
-f [ (ae' - a'e)d" - {ad' - a'rf)e" + (erf' - c'rf)a" j^^ 
^ { (ftc' ~ ft'e)rf" ^ (W - ft'rf)c'' + (erf' - c'rf) ft" }x 
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Whence, accordang to the principle before men- 
toued, we 8hall have 

^ "" (afc'-a'6)c" - [ad - a'c)^' + (^c' - iyc)a" 
_ ^ (acf - afc)d'' -^{nd'^ a'd )c'* 4- {cd' - &d)a'' 

-- (a6^ -^ fl^^)<f^^ - {ad' ->• a^<f )^^^ -i- {hd" }/c)a'i 
^"^ f^ab'-a'b)c"-^{ac'-a'c)h"^{hd''l/c)a'' 

And in the same way may tTiis process be em- 
ployed for fonr, five, or more equations; observ- 
ing when any of the signs of the coefficients of the 
unknown quantities are — , to employ a contrary 
sign to that which the rule prescribes ; and if any 
term in tjie proposed equations be wanting, its 
place may be supplied by a fictions coefficient, 
which can afterwards be rejected in the resplt. 

What has been said, in this and the former part 
of the present article, will enable the learner to re- 
solve any number of simple equations, of the kind 
above mentioned, as well as any two equations of 
any degree whatever; but if these methods be ap- 
plied to three or more eqpations of the higher orders, 
they will be found subject to numerous inconve- 
niencies. - 

The firstof these is, that they give difierent final 
equations, according to the diflferent combinations 
which they are made to undergo, in order to reduce 
them to a smaller number of equations* 

Tbus, for example, if there be three given 
equations, and the first be combined with the 
second, for the purpose of exterminating one of 
the unknown quantities, and then the first with 
the third, in order to exterminate the same un- 
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known quantity, we shall not have the same final 
equation, as would be found in combining the first 
with the second, and the second with the third, or 
the first with the third, and the third with the 
second. 

They also, commonly, give a final equation of a 
much higher degree than is necessary for containing 
such values only as properly belong to the question. 
Jf we have, for instance, four equations' of the 
second degree,.. t|>e successive elimination of the 
unknown quao^itigs^ ^iv.es a. f\nal isquation of the 
two hundred aqd £i£t}^7si^tl;t degjre^, whereas it ought 
not to exceed the sixteenth, degrea^ and if the 
equations w^ere of the . thii*d degirets the- difference 
w^oujd be much grea-ter. , 

These .circuinstanci^s^ and various others, arising 
frojB the equations. being in some cases incomplete, 
led M. Bezout to reconsider this curious subject; 
and b^ accordingly gave, in his learned treatise before 
njeotioned, a th^ojiry of ^he dbctrine of elimination, 
whicj) is free ^iom most. -of the objections that had 
liitbertp beep msd^ i^gainst i( ; -sbowing, among othei' 
mattei:spfi{p^r^ance) in tbi^branchofanalysis^that 
the degree ofjthe final equation, resulting from the 
elimination of any number of complete equations, 
containing a like number of unknown quantities, 
and of any degrees whatever, is equal to the pro- 
duct of their exponents; but the subject, from the 
general and abstract manner in which he has 
treated it, is too intricate to admit of anv farther 
^ctuils. 



APPENDIX. 

« 

©F THE APPLICATION OF ALGEBRA TO 

GEOMETRY. 

IN the preceding psurt of the work, we hare con- 
sidered Algebra as an independent science^ and de- 
monstrated its mles ^and operations from its own 
principles; bat as the nnmerons applications of 
which it is susceptible onght not to be wholly over-^ 
looked^ we shall now show its use in the resolU'>> 
tion of geometrical problems^ and the investiga* 
tions of snch theorems as depend npon the pror 
perties of right lines and the circle; which con- 
stitnte what is nsnally called common^ or plane 
Geometry(a). 

For this purpose it may be observed, that when 
any proposition of the kind liere mentipned is 
required to be resolved algebraically^ it will be 
necessary, in the first place, to draw a figure that 
shall represent the several parts, or conditions, of 



(a) The learner, before he can obtain a competent know* 
ledge of the method of application above mentioned, must first 
make himself master of the prii^cipal propositions of Euclid, or of 
those contained in my Elements of Geometry, where he will find 
ail the essential principles of the science comprised within a 
much shorter compass. 

And in such cases where it may be requisite to extend this 
mode of application to trigonometry, mechanics, or any other 
}>ranch of mathematics, a previous knowledge of the nature 
and principles of these subjects will be equally necessary^ 

VOL. II, X 
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the problem under consideration^ and to regard it 
as the true one, 

Then^ having pro]^erIyi c<tnM<iered the nature 
of the question, the figure so formed, must, if 
necessary^ be sljil farther prepared foi; sohition, by 
producing, or drawing, 4»uch lines in it as may 
appear, by their connexion or relations to each 
other, to be most conducive tO:the end proposed. 

This being done, let the unknown line, on lines, 
which k is judged will be the easiest to find,, to^ 
getlier with tho«e that are known^ be denoted 
by the eomtndn algebraicsd symbols, or letters; 
then, by means of the proper geometrical t&eo« 
reflifi, make out as many e^alions, indepoident 
of each other, as there' are uaiksown quantities em* 
ployed; and the resolutkm of tliese, in the- osnaji 
manner^ wiit gi^e the sohitiei^ of the problem* 

But as no general rules can be laid down foDdsraw*^ 
ing the linos here nientionex^ and selecting the pro- 
pei^st quantities to substitRte ibr,. so as to hnng 
o^t th€ most sinvpttt conclitsiofas, the best itoi^nas of 
obtaining tep^rience in these mutters will be to 
try the soliattoin of the same pi»blem in difierent 
waysf-and- then, to apply, that which succeeds the 
bestto*other cases/ of the same kind, whpa they 
after wards, o^cor* 

The JoUowsng. ejections, howev^Xy which are 
extracted, withv some ^iherations, from Newton's 
Universal Arithmetic, and the fourth edition of 
Simpson!s Algebra, 177^> will often be found of 
considerable*, u&e to. the learner, by showing him 
how to proceed in many ca«es of this kind> where 
he would otheEwise be left to- his own judgment. 



IH* Jn prepEuring tUe^ figure mllMf mtnoer abo^' 
meaticNB^j b]^ pcodneidg, or dravrisg^ certain lines^ 
let thwai be eitkev pavaUel m perpoodiciiUr ^; 
some other ' Haes m h, op he so draiwn aa to ferm^ 
simlM tmi)gle9;' and, if an angle b^ given^ let 
the peif^endicolar be drawn opposite to k, and »^ 
as to fall^ if possible, from one ^ad of a given 
line. 

2d. In selecting the proper quantities to substi- 
tute for, let those' be chosen, whither required* or 
not, that are nearest to the known or given parts, 
of the figure, and. by means of which the next ad-^ 
jacent parts may be obtained by addition or sub- 
traction only, without using surds. 

*Sd. When, in any problem, there are two lines^ 
or quantities, alike related to other parts oH the 
fignre, or problem, the. best way is not to make 
Hse of either of them separately, but to substitute 
for their sum, diflference, or rectangle, or the sum 
of their alternate quotients ^ or for scune other line 
or lines in the figure^ to which they have both the 
same relation* 

4th. When the area, or the perimeter, of a figure 
is given, or such parts of it as have only a remote 
relation to the parts that are to be found, it will 
sometimes be of use to assume another %ure simi* 
lar to the proposed one« that shall have one of its 
sides equal to unity, or to some other knpwn quan* 
tity; as the other parts^ of the figure, in such cases, 
may then be determined by the known proportions 
of their like sides,' or pstrtt/ and dience the resulting 
eijaatroir required. 

Xhe<^ being the most general observations that 

X 2 
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have hitherto been, collected upon this snbject, I 
shall now'proceed <ta elucidate tliem by proper ex- 
amples ; leaving such farther remat^ks as may arise 
ont of the mode of jnroceading here used, to be ap- 
plied by the learner, as occasion requires^ to th^ 
solutions of the miscellaneous problems given at 
the end of the present article-. 

PROBLEM I. 

The base^ and the sum of the hypothenuse and 
perpendicular of a right angled triangle being 
given, it is required to determine the triangle* 




Let ABC, right angled at c, be the proposed 
triangle ; and put bc = 6 and AC = x. 

Then, if the jsum of ab and ac be represented 
by s, the hypothenuse ab will be expressed by s—x. 

But, by the well known property of right angled 
triangles (Euc. i, 47) 

ac' + bc*=ab% or 

Whence, omitting x*, which is common to 
both sides of the equation, and transposing the 
other terms, we shall hav^ 

2.vx = 5* — i*, or 

{b) The. edition of Euclid, referred to in this and all the foU 
lowing problems^ is that of Sr/Simson, London, 1801; which^ 
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which is the valtttt^ftlhe pfty endkolar ac ; )vhere 
s and b may be any .iftiaibers nviiateTer^ provided s 
be greater than ^. ' - , i 

r In like mannen if -the base audi. the di&rence 
between the hypothenuseand perpendic1;llj^:begiven^ 
we shall have, by phttiog x for the perpendicular 
and if + J? far the hypo&enos?^ 

^-l-2dlr + rf* = y + a?*, or 



a == 



2rf 



Where the base (b) and the given difierencp 
(d) may be any numbers, as before, provided b he. 
greater than d. 



PROBLEM II. 



The diffei^nce between the diagonal of a square 
and one of its sides being given^ to determine the 
square 




ff — c 

Let AC be the proposed square, and put the side 
BC, or CD, =0?. , . . , 

Then, if the differepc^ ofBD and^BC bp put =a, 
the hypothenuse bd will be ^x-td. W^_ ' / > . 

But since, as in the former problem, BC*+*cb*^ 
or 2bc*= bd*, we shall have 



may also be used in the geometricaT con^f ucf Ibrt ' of these 
problems* should the student be inclined to exerdste.hU talent$ 
upon this elegant* but more diificult branch of the subject, 
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Which equation, being resolved tiCcot^g to 
the rule Idd do^n (of ijitadratie^^ in Vol. i. Art. {t\ 
p. 124, gives 

Which is the valae of the side b<:, as WAS retjuired. 

PROBLSM til. 

The diagonal of k rectangle abcd, and the 
perimeter^ or sum of all its fotr sidts, being given, 
to find the fddes 




. Let the diagonal ac =^, half the perimeter ab + 
BC=a, and the base BC = a:3 then will the altitude 
AB = a — a:. 

And since, as in the former problem, ab* + 
BC*=AC% we shall have 

a*--2(ir + a?' + jj^«=rf% or 



x^—ax^ 



d*^a^ 



Which last equation, being resolved, as in the 
fprmer instance, gives 

Where a must be 4:aken greater than d and less 
than dV2. 

PROBLEM IV. 

The base and perpendicular of any plane trian- 
gle ABC being given, to find the side of its inscribed 
square. 
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, Let EO be tlie ifispribed square; and put bc = i, 
AD=p, and the side of the square eh or EF = :f, 

Then, because the triangles abc, aeh, are similar, 
(Euc. VI, 4,) we shall have 

AD r Be : : XI : eh, or 

p : b :: (p — x) *. x. 

Whence, taking the products of the means and 
extremes, there will arise 

Which, by tralispoisrtiotl and division, gives 

4 

• ■ ijb 

X =^ 5^ — ^. 

Where h and p luay fa^ nay uvmbers whatever. 

PROSliEM V. 

Having^ Afe-kn^ths ^ ttiree perpen^uTars, 
EF, EG, EH, iJraWtt from a eertain j^oint fi, 
wiAiti' ati equilateral trian^lie abc, to its three 
"sides, to determine Hie sides. 




Draw the.)^^euiKcciI|ir Aib, Md b^ifiig join^ 
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EA, EB^ and EC^ pnt ef = a^ eg = b, eh s= c, and bd 
(which is f Bc) =j?. 

Then, since AB, BC^ or ca^ are each ^2Xy we shall 
have, by Euc. i, 47, 

AD = V(aB* — BD*) = V{4J^ — U*) = V'S J:* = XV3. 

And because the area of any plane triangle is 
equal to half the rectangle of its base and perpen- 
dicular, it follows, that 

AABjC = ^BC X AD =4? X XV3=^a^V3, . 
AB£C = §BC X EF =XX a ^OXj 
AA£C3=^AC XEG=4?X b = i J?, 
A AEB ==§AB X EH =X X C = CX. 

But the last three triangles, bec, aec, aeb^ are^ 
together, equal to the whole triangle abc ; whence 

xWS^ax + bx'tcx. 

• - * . 

And, consequently, if each side of this equation 
be divided by x, we shall have 

xV3 = «-hft + c, of ' 

X = . 

Which is, therefore, half the kngtb of cither of 
the three equal sides of the triangle. 

Coa. 3ince, jrom what is above showi^^ ax> is :=; 
xV3, it follows^ that the sum of all the perpendi- 
culars, drawn from any point in an equilateral tri- 
angle to each of its sides, is equal to the whole per^ 
pendicular of the triangle, 

problem VI. 

Through a giv6n point p, in a given circle acbd, 
to draw a oof d cp> ot a given lengtb. 



ALGWtfiA- 7^ QSOl£nrRT. 



4t^ 



"%'* 




• f 



*i 



Draw the diameter afjb; and put CD = a, ap=sJ|,^ 
n^Cy and cv^x; then ,will FD^a-^x. 

But, by t|ie property of the circle, {Efiq. ill. ;?5i), 
CPxrD=APx PB; whence r 

x{a—x)r^bc, or. i 

X*— aa:= —be. . 

Which equation, being resolved in the usual way, 
gives 

where x has two values, both of which are positive. 

PROBLEM VII. 

Through a given point p, without a given circle! 
ABDC, to draw a right Kne so that the part cd, in- 
tercepted by the circumference, shall be of a given 
length. 




Draw PAB thrpugli th^ center o ; and put cd ^ a, 
?A=ft,. PB = c, and.pc.=rj?; then will rp=^x+a. 

But, by the pic^Yty of the circle, (£u€. Ill, 36, 
Cpr»,) PC X PD » PA X PB ; wh^ice 

x{x + a) =s 5c, or 
x^i-ax^bCf 



- Whick^qaatioo being resolved^ as in the fomser 
^robl€tt>> gives 

where one value of x is positive and the other 
negative (c). 

The base b€, of ^ny "pltutib ttiangte xisd, the TOta 
lif the «s5<tes iite, AC, and the feie a1^, draWn f rbm 
the vertex to the middle;^ the basfe, being ^Ven, 
to determine the tt^agle. 



.» « 




B I> C ' ' 

Put BD or DC ^a, AB ^ij AB + AC =s5, and ab s= j?; 
then will AC = 5 — a:. 

But, by mj Geppaetry^ B. u, 1^,, ab* + ac*^ 
2bi>* + 2ap*; whence 

^ x*+(5-^)'«2a* + 2A% pr 

Which last e(|uation, being resolved as Jn the 
former instances, gives 

(<?) The two ISfcst protfcirw, with a few slight atlcfratiaijs, may 
li^re^ify-^mpix^ycid for »BtidU)g:ih^f06(8iQiriqiMu)l'arA} •<|WtSon8 
by construction ; but ^tw^ c^ •weU. its the iselbods fpequently 
given for constructing some of tl>e higher orders of equations/ is 
a matter of little importande in the present state of mathematical 
science. 



ALG£B|tA (in cBomarRY. lati 

£ari;be.Tahit8 to£ tlie tmoiiies Jdi aild oM^Vof 'tiito 
tuiaagk^ takbig thibisign ^ fcrfoae c| t^Mii kmd^ 
— for the other; 

• • • 

f&OBLEM IX. 

The two sides Ah, xc, apd the line as>, bisecting 
the vertical angle^ qf^y phine triangle^ abc, being 
given^ to find the base BC« 







B 

Put AB = a, AC = i^ AD = c. and jbc = x ; thcuu^bir 
Euc. vn 3, we $hall have 

AB(a) : Ac(6) : : bd : do, 

Aod^ conseqaendy^ by the coibposition of ration 
(Euc. v^ 18,) 

affi : tt';: i» : BDr«= — ^, lajid ' 
a + : i: X : dc = — r. 

But, by EUC.ITI, 13, BBX1>C + AD'=5ABX AC; 

wherefore, also, 

~ + c^=a6, or 



From which last equation we have 
wbiqa is the viJue of the base bc^ ais required* 
Having given the lengths "of ttro fififes, aO> B£^ 
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r 

drKwti'fr«n 'tlie axnite>aDglKg lof a right angled lri« 
angle amc; to the middle of .the opposite . $tdes^ it 
is required to determine the triangle. ' : • 

A 



. 1 



'•/ ■'. 



* I ^ j^d 







^ ^i I U • . « • J 



B ^ D C 

Put AB^a, BEs=J, CD, or icB=9j?, and cb or 
^CA=y; then, since (Euc, i, 47) cd*-I-ca*=5AI>% 
and CE* + CB* = be% we shall have 

Whence, taking the second of these equation^ 
from fouir times the first, there will arise 

I5fs=.4a*-b\ or 

And, in Uke manner, taking the^ first of the 
same equations from four times the second, there 
will arise 



J?= a/ 



15 



Which values^ of x and y are half the lengths of 
the hase and perpendicular of the triangle. 



; • 



PtlOBL^iC XI. 

Having given the ratio of^ the twfi sides of ja plane 
triangib abc^ and the segments of th'e base/miidehy 
a perpendieular faUing^ from the vertical fqigle> to 
determine the trjAugle^ - 
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A 




B B c 

I 

Put BDs»a» DC as ft, AB«x, AC«y, and the ratio 
of the sides as tti to n. 

Then, since, by the question^ ab : ac : : m : n, 
and by B. ii, l6,. of my. Geometry;^ ab* — ac* = 
BD* — DC*, we shall have 

X : y :: m : n, and 

But, by the first of these expressions, nx = my, 
ory^— ; vi^hence, if this be subsisted rfpf;^ in 
die second, there will arise 

« 

ar'-Jjf' =«*-*', or 

And, consequently, by division and extracting 
the square root, we shall have 

jjswv'-r — I, and 

which i^re the values of the two, sides ab, ac, of the 
triangle, as was required. 

PROBLEM XII. 

Given the hypothennse of a right angkd triangle 
ABC, and the side of its inscribed square be,' to 
find the other two sides 6f the triangle. 



4» 
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A 




Put AB,=»A,. WLy or wr^^^. At :wx, an* cii^t/; 
dien^ by simila]" triangles^ we shall hare 

Ac(ar) : CB(y) :: Ar(r-^) : fd(:s). 

And^ consequently, by multiplying the means 
and extremes, 

xjf^^^sxy or 

xy^s{x'Vy)y .... (1). 

But since, by Euc. i, 47, ac* + cb* = ab% we shall 
likewise have 

^» +/=.*•. . . . , . (2) 

Whence, if twice equation (l) be added to equa* 
tion (2), there will arise 

x^-\2xy+y^^h^^2s{j€'\'y)^ or 
{x +y )' -- 2s{x + y) = h^. 

Which equation, being resolved after the manner 
of a quadratic, gives 

a?+3^=JiV(/e* + **), or 

Hence, if this value be substituted for y in equa^ 
tion (l), there will arise 

x^-'{s±V{h^+s'}}x^ -*{*±^(A' + *')}- 

Awl, cooseqneiitly, by resolving thb last equav 
tion, we shall have 
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_« 



Which are the vahies of the perpendicular ac 
and base bc, a& was required. 

Hovin^ ghen flie perfmet^ of a r%l)t aagted 
triangle abc^ and the peipea^cular qo^ faUieg 
from the right angle on the hypothennse^ to. de- 
termine the triangle. 




Pnt p = perimeter, cd = a, ag = x, and bc =»y ; . 

thfin Ap=/-(a?HryO- 

But, by right angled triangles (Euc. i, 4?;) 
AC* + Bc' = AB*; whence 

r • 

Or, by transposing the tenns and dividing by 2, 
p{x^y)'-if^xy. . . . . ; (1). 

And since, by similar triangles^ AB : bc :: ac : qD, 

we shall also have, by multiplying the means and 

extremes, 

AB X cj> = Bex AC, or 

ap-a(a? + y)=jiy (2) 

Whence, by con^ring exptatipn (1) with eqnlv- 

tion (2), there will arise^ 
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Where 
J? 4- V = ^* or 

^ a + p 

Andy if these values be jiow substituted for a + tf 
and^ in equation (2), the result, when simplified 
and reduced, will give 

(a+p)x'-p(a + ^p)x^--'^ap\ 

Trom which last equation and the value of- y, 
above found, we shall have 

and 

And, if the sum of these two sides be taken froni 
p^ the result will give 

Which expressions are, therefore, respectively 
equal to tlie values of the three sides of the 
triangle. ' 

PROPLEM XIV, 

Given the perpendicular, base, and sum of the 
sides of an obtuse angled plane triangle abc; to 
determine the triangle. 




Let the perpendicular ad=^, the hase BC = fc, 
the sum of ab and acsb^, and Uieir difference =x. 
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Then^ since half the diffetence of any two cpan-^ 
tities added to half their 8nm gi^es the greater^ 
and^ when subtracted^ the less^ we shall have 
AB = ^(A' + d?), and AC=f(*— a?). 

But^ by Euc* i, 47, cr>* =s ac* — ax)% . or 
CDt^V\l{s^-xy ^p^}; and, by B* li, 12> 
AB* = BC* + AC* + 2bc ^ cv ; whencc 

And if each of the sides 6f ihis last equation be 
squared, there will arise^ by transposition and sim^ 
plifying tlie result, 

(«»-A>«=iV-**)-4iy, or 

Whence!, by addition and snbtractidn, W6 shall 
have 

AB = | + -^/(l— ^), and 

VTbich are the sides of the triangle, as w&s re^ 
qnired. ' . 

PEOIitEM XV> 

It is required to dt^: ^ r%iit line Bt'£ frda| one 
triF the angles B 6f a given square •bj>> ^ tfattt .the 
part tE,, intercepted by <y£ and bc, dbaii W of a 
given length* - ! , , ... 
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Bisect F£ in G , and put ab or bc = a, fg or ge = &, 
and BG^x; then will BE^x-hb and bf5=x — A, 

Bat since, by right angled triangles, ae^^^be' — 
ab', we shall have 

And, because the triangles bcf, EAB,,are similar^ 
BF I BC :: BE : ae, or 

a{x -^b) ^ {x-by{(x -\-by --a"}. 

Whence, by squaring each side of this equation, 
and arranging the terms in order^ there will arise 

x'r^ 2{a' + b')x' = b'{2a' -&').. 
Which equation, being resolved after the man- 
ner of a quadratic^ will give 

xz:=V{a' + b^±aV{a^ + 4b')}. 
And, consequently, by adding ft to, or subtracting 
it frpm this last expression, we shall .b^v^. 
BE = A/{a' + 6'±av/(a' + 460}-f-i,.or 
BF=f= v;{a^4- 6*± ffVK4- 4**) } -6. 
Which values, by determining the point z, or r, 
will satisfy the problem. . 

. Where it may be observed, that the point g lies 
in the circumference of a circle, described from the 
centre d, with the radius fg. 

. PROBLEM XVI. 

^ The perimeter of a right angled triangle abc, and 
th^mdius of it& inscribed cir^ile beiing given, to 
determine the triangU. 
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I^et the perimeter of the triangle =/?, the radios 
OD, OE, or OF of the inscribed circle s=r, .AE = a?, 
and Bl>tt:y. 

Th^n, since in the right angled triangles aeo, afo; 
OE is eqnal to of^ and AO is common, af will also 
be e<)nal ae, or ar. 

And, in like manner, it may be shown, that BF 
is equal to bd, ory. 

But, by the question, and Euc. i, 47, we 
have 

(x + r) + (y + r) + {x -i-y) =/?, and 
(x + r)^ + (5^ + ry = (x +y)\ 

Or, by adding the terms of the first, and squaring 
those of the second, 

x-^ry^^p—Vf and 
r(x^y)^'xy'^7^. 

Hence, since, in the first of these equations, 
y—{\p—r)—Xy if this value be substituted for y 
in the second, there will arise 

^* - ( 2p - 0^= -^ Ki/^ ^ ^)- 
Which equation, being resolved in the usual 
tnaoner; ^\k% 

. . and 

And, consequently, if r, be added to each of 
these last exprcissions, we shall have 

AC = ^(ip + r)±A/{:^(§;>-r)*-r(i/?-r)}, 

and 

*ibr the yalues of the perpendicular and base of the 
triangle, as was required. 

Y 2 
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PROBLEM XVII. 

From one of the extremities a^ of the dkm^ter 
of a ^ven setekif d^ AbB^ to draw a right line ax> so 
that the part bb^ iaterc^pted by the circumference 
and a perpendicular drawn from the other ex* 
tremity^ shall he of a ^ven length* 




Let th^ diameter ab = ^^ 0£ = e^ and a9 ^ ^ ; and 
join BD. 

Then^ because the angle APB is a right angle^ 
(£aC. Ill, 3I5) the triangles abe^ abp, are similar. 

^tid, consequently, by comparing their like sideSj, 
we shall have 

AS t AB : : AB : ajd^ or 
w : d :: d : x-^a. 

Whence, multiplying the means and extremes of 
these proportionals, thefe will arise 

Which equation, being resolved after the usual 
Manner, wUl^ive , 

PR0BL£M XVIII. 

To describe a circle dirough t\vo given poftita 
ir, B, that slt&ll to^ck a right line co {riven in 
position. 
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C F G M 

Join AB ; and throngli o, the assumed centre of 
the required circle, draw fe perpendicular to AP ; 
which will hisect it iu E (Euc. iii,3). 

Also, join OB ; and draw eh, og, perpendicular 
to CD ; the latter of which will fall on the point of 
contact G (Euc. iii, 18). 

Hence, since a, £, B, h, f, are given points, put 
£B = a, ef=6, eh = c, and eo = x; which-will give 
ov — b—x. 

Then, because the triangle oeb is right angled 
at £, we shall have 

I ob' = eo' + eb% or 

I 09 = V(x'-ha'): 

But, by similar triangles, fe : Eif : : fo : OG^ 
or pp; or i : c : : b — x : ob; whence, aI$o, 

OB = |(i-a?)- 

And, consequently, if these two values of qb b^ 
put e<}us^ to each other, there will arise 

V(a;"rfa*) = ^(6-x). 

Or, by squaring each side of this equatipn, and 
^' simplifying tb^ result, 

/ (i*-cV + 36c*x = iV-«*)- 
Which last equation^ when resolved iu the usual 
manner, gives 
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for the distance of the centre o from the chord ab. 

« 

PROBLEM XIX. 

The three lines ao, bo, co, drawn from the an- 
gular points of a plane triangle abc, to the centre 
of its inscibed circle, being given, to find the radius 
of the cii'cle, and the sides of the triangle. 




• * 

Let o be the centre of the circle, and, on ao pro- 
duced, let fall the perpendiculars <:d; and draw oe, 
of, og, to the points of contact £, f, g. 

Then, because the three angles of the triangle 
ABC are, together, equal to two right angles, (Euc. 
I, 32,) the sum of their halves oac + 0CA + obe will 
be equal to one right angle. 

But the sum of the two former of these, oac + qca, 
is equal to the external angle DOC; whence the sum 
of DOC -f OBE, as also of doc 4- ocd, is equal to a 
right angle; and. Consequently, obe = ocd. 

Let, therefore, AO = a, BO = ft, co = c, and the 
radius OE, of, oroG=x. 

Then, since the triangles boe, cod are similar, 
BO : 0£ : : co : od, or 6 : or : : c : od ; which gives 

0D=?, andcD = V(c*-^'), or^^h'-'X'y 
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Also^ because the triangle aoc is obtnse angled 
al o^ we shall have (Euc. ii^ 12) 

AC* = AO* + CO* + 2ao X OD; or • 

AC = >/(«* -f C* -f -y-), or a/(-^ ^ -). 

But the triangles acd, aof, being likewise si- 

milar^ 

AC : CD : : AG : of, or 

6(a*+c*) + 2acxv c ,,, ' «v 

V{- ^ ) : -^/(6^-.a?*) :: a : x. 

Whence, multiplying the means and extremes, 
and squaring the result, there will arise 

ia?*{J(a* + c*)+2aca;}=flV(6*-a?*). 

Or, by collecting the terms together, and divid- 
ing by the coefficient of the highest power of x, 

, .ab ac fecv , abc 

From which last equation x may be determined, 
and thence the sides of the triangle (rf). 

PROBLEM XX. 

Given the three sides ab, bc, cd, of a trape- 
zium ABCD, inscribed in a semicircle, to find the 
diameter^ or remaining side ad. 




Ji — 



(d) This* and the following problem, cannot be constructed 
geometricatly, or by imeaps oiiiy of right lines and the circle, 
being what the ancients usually denominate solid problems, 
from the circumstance of their involving an 6<iuation of mora 
Uian two dimensions. 
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Let ABstf^ Bc=i, CD=c, rod ad^o?; tfcen, 

by EUC. VI, D, ACX3D = ADXBC + ABXCD, OT 

= ij? + ac. 
But ABD, ACD, being right angles, (Euc. iii, 31,) 

we shall haye 

ac=v'(ap*-dc'), orA/(x*-c*), and 
BD = v'(ad' — AB*), or v'(a;* — a*). 

Whence, by substituting these two values in the 
Ibrmer e:!^pression, there will arise 

Or, by squaring each side, and reducing the 
result. 

From which last equation, the valu? of x may b^ 
foTiQd, as in the last problem (e). 

MISCELLANEOUS PROBLEMS, 

PROBLEM I. 

To find the side of ,a square, inscribed in a 
giyeQ semicircle, whose diameter h d. 

Aus. -rdVS 

PROBLEM II. 

Having given the hypotbenuse (13) of a right 



(e) Newton, in his Universal Arithmetic, English edition, 
]72fi, h«8 resolved this problem in a vs^riety of difierent ways, 
in order to show, thai tome methods of pvoceeding, in cases of 
this kindc frequeally lead lo more elegant sotutions than others i^ 
^nA that a ready knowledge af these can. only be obtajf e<i by 
practice and obHrys^tiop*. 
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angled triangle, and the difierence between the 
other two sides (7), to find these sidc«i(/)* 

Ans« 5 and 12 

PKOBLEM III. 

To find the side of an equilateral triangle, in- 
scribed in a circle, whose diameter is d; aod that 
of another clrcamscribed about the ftame circle* 

. An8« §dV3, and <f%<S 

PROBLEM IV. 

To find the side of a regular pentagon, inscribed 
in a circle, whose diameter is d. 

Ans. ^(^/(lO-Sv^S) 

. PROBLEM V. 

To find the sides of a rectangle, the perimeter of 
which shall be equal to that of a square, whose side 
is a, and its area half that of the square. 

Ans. a + ^aV2 anda--§a/a 

PROBLEM VI. 

Having given the side (lO) of an equilateral tri- 
angle, to find the radii of its inscribed and circum^ 
scribing circles. Ans. 2.8868 and 5.77d6 

PROBLEM VII. 

Having given the perimeter (12) of a rhombus, 
and the sum (8) of its two diagonals, to find the 
diagonals. Ans. 4 + V2 and 4 - V2 



(/) Such of these questions as are proposed in nurahers^ 
should first be resoWed generally, hy means of the usual symboU* 
and then reduced to the answers above given, by substituting^ 
the noinecal vaUi^ of the tetters ia ttm results thus obtained. 
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PROBLEM Vlir. 

Required the area of a right . angled triangle, 
whose hypofhenuse is or", and the base and per- 
pendicular 3^ and jf . Ans. 1 .029085 

PROBLEM iX. 

Having given the two contigooas sides (^ V) of 
a parallelogram 9 and one of its diagonals {d)y to 
find the other diagonal. Ans. \/(2a^ + 2&' — £/^) 

PROBLEM X. 

Having given the perpendicular (300) of a plane 
triangle^ the sum of the two sides (II d)^, and the 
difference of the segments of the base (495), to 
find the base and the sides. 

Ans, 945, 375, and /SO 

PROBLEM XI. 

The lengths of three lines drawn from the three 
angles of a plane triangle to the middle of the oppo- 
site sides, being 18, 24, and 30, respectively; it is 
required to find the sides. 

Aos. 20, 28.844, and 34.176 



PROBLEM XII. I 

I 



In a plane triangle, there is given the base (50), 
the area (79^)5 and the difference of the sides (10), 
to find the sides and the perpendicular. 

Ans. 36, 46, and 33.261 

PROBLEM XIII. 

Given the base (194) of a plane triangle, the 
line that bisects the vertical angle {f^^)^ and the 
diameter (200) of the circumscribing circle, to find 
the other two sides. 

Ans. 81.3658^ and 157.43865 
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PROBLEM XIV. 

« 

The lengths of ttvolines that bisect the acate angles 
of a right angled plane triangle, being 40 and 50 
respectively, it is required to determine the three 
sides of the triangle. 

Ans. 35.80737, 47.40728, and 5<).41143 

PROBLEM XV. 

Given the altitude (4), the base (8), and the 
sum of the sides (12), of a plane triangle, to find 
the sides. ^3 g ^ 4^5 ^„ ^ qK^ 

' PROBLEM XVI. 

Having given the base of a plane triangle (15)^ 
its area (45), and the ratio of its otbor two sides as 
2 to 3, it is required to determine the lengths of 
these sides. 

Ans. 7.7915 and II.6872 

PROBLEM XVII. 

Given the perpendicular (24), the line bisecting 
the base (40), and the line bisecting the vertical 
angle (25), to determine the triangle. 

Ans. The base -z-v7 

7 ' 
PROBLEM XVIII. 

Given the hypothenuse (lOJ of a right angled 
triangle, and the difference of two lines drawn 
from its extremities to the centre of the inscribed 
circle (2), to determine the base and perpendicular. 

Ans. 8.08004 and 5.87447 
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PEOBJLEBi XIX. 

Having given the lengths {a, b,) of two chordi, 
cutting each other at right angles, in a circle^ and 
the distance (c) of their point of interserticm fron^ 
the centre^ to determine the diameter of the circle. 

PROBLEM XX. 

Two treeS; standing on an horizontal plane, are 
J 20 feet asnnder; the height of the highest of 
which is 100 feet, and that of the shortesit 80 j 
whereaboats in the plane must a person place him- 
self, so that his distance from the top of each tree, 
and the distance of the tops themselves, shall be all 
eqnal to each other? 

Ans • 20/12 1 feet from the bottom of the shortest, 
and 4GK/S feet from the bottom, of the other 

FROBI.EM XXI. 

Having given the sides of a trapezium, inscribed 
in a circle, equal to 6, 4, 5, and 3, respectively, to 
determine the diameter of the circle. 

Ans. ~V(l30xl^S)f or 7.051995 

PROBLEM XXII. 

Supposing the town a to be 30 miles from B, b 25 
miles from €, and c 20 miles from a ; whereabouts 
must a house be erected that shall be at aa equal 
distance from each of them ? 

Ans. 1 5.1 1855$ miles from each 

PROBLEM XXIII. 

In a plane triangle, having given the perpeur 



I 
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dicular (p)i and the radii (r^ &) of its inscribed 
and circointcrifai&g circles^ to determine the triiwgle. 

Ans. The base ^^^^^-f"-'^> 

J^KOBLEM XXIV. 

Having given the base of a plane triangle eqaaf 
to 2a, the perpendicular equal to a, and the snm of 
the cubes of its other two sides equal to three times 
the cube of the base ; to determine the sides (g*). 

Ans. a(2 + W6) and a(2 — -v'G) 

, APPLICATION OF ALGEBRA TO THE DOCTRINE 

OF CURVES. 

The use of Algebra, in the resolution of pro- 
blems in common Geometry, appears, to have been 
as ancient as the first introduction of that science 
into Europe; several propositions, relating to plane 
triaugks, having been resolved, in this way, by 



(^) This curious problem was first proposed in the Ladies' 
Diary, for the yiear 1704, in the following form : 

Id a {Mlbceof ^nt of thte Persian kings, there is said to have 
been a triangular figure such, that the sum of the cubes of twa 
of its sides was equal to three times the cube of its base, or other 
side, which was 200 feet in length; and the area, or space, in- 
dosed witlii!n its b»ondarte8> coatatiwd just lOOOO square feet ; 
from which dMa it is required to construct tb» triangle by cobi'« 
mpa^ ar pl*iic» giemikett-y. 

This was accordingly dooey tn the Diary for the following year, 
wh«r« tb«re was given tbe constmction of the proposer^ and tw* 
others, liy ^ifieront personl^ fix a farther account of whicb, zi 
well as for sereral algehratoal aolotituis of the probkni, seo 
the Skr^tofts togarithmici of Masere^ \%i ir^ p. 3J5» et $cq> 
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R^-omontahu,, in his T«atise of Trigonometry, 
written abont the year 1 464, which was some time 
prior in date to the Simtma Arithmetical and other 
worksr, of Lncas de Bargo, that have commonly been 
considered as the .earliest modern productions on 
aljgebra now extant. , 

But the application of this science to the doctrine 
of curves, which began to be employed at a much 
later period, is due to the celebrated Descartes; 
who, in his Geometry, published in 1637, first laid 
down the method, now generally followed, of ex- 
pressing the properties and relations of curves by 
means of algebraic equations; and thus gave ;aa 
impulse to this branch of science, which, from the 
improvements of later writers, and the subsequent 
invention of fluxions, has become a subject of the 
greatest utility and importance. 
. Curves, or, as they are comiiKonly called, geo- 
metrical lines, when treated of in this manner, are 
divided into classes, or orders, according to the di^t 
Hiensions of the equation that expresses the re- 
lation between their ordinates and abscissae; or, 
which amounts to thct same thing, according to the 
number tof points by which they may be cut by a 
fight line (A). 



\ {h) The ancients udmitted into geometry only right lines and 
the circle, and, iti some cases, the conic sections ; but the modern?,- 
in consequence of the great extent to which this branch has since 
been carried^ have agreed to introduce into it ail icinds of lines, 
that can be expressed by equations. They have, also, laid it 
down as a general rule, that no line^ of a su'perior order is to be 
used in the construction of a problem when rt can be done bj^ 
oae4>f an inferior oi^er; and that the curved which is the 
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Thiia^, a lifie of the first order is a tight line ; 
siqce 4t cw.pnly be cut by another right line in 
one pointy and is expressed by the simple equation^ 

Lrnes of 'the second order, or cnrves of the first 
kind^ are the circle and the conic sections, all of 
which niay be ciit by a right line in two points, 
and are expressed by the equation. 

Lines of the third order, or carves of the second 
kind, are such as can be cut by a right line in three 
points; their most general equation being 

Off + (flf^+ i)^* + {ex' -\-dx -h e)y + fj? -k-gx^ + 
Ar-i-i;=0. 

And, in tbc^same way, we may proceed for any 
Qtber order; obaeryieg, that in all caaes of this, 
kind, X denotes the ab9ci£ksa, and y. its correspond- 
ing ordinate ; and that «, J, c, &c. are given, or 
ponstant, quantities,, afiected with the signs +*or 
— , as it niay happen; of which one or more may; 



» » 



most esrsriv described, is always to be preferred, ia this case, to 
ooe. tha^ h 'more complex, without any regard to the greater or 
less degree of simplicity of the equation by which it is expressed. 
See the appendix to Newlon*s Universal Arithmetic, where the 
reader will Bnd a number of observations on this subject, which 
'9tk worlhy of his attention. 

(»} Siiice this elation* > which is of the first degree, com? 
prises only the right line, to which the name of curve camiot be 
applied, it has been, judged proper to distinguish the circle, 
conic sections, &c. by the generic appellation of lines, instead 
of that of • carves, in order to render the nomendaiure of thii 
branch of science, conformable to the njiture of the equations by 
which the several curves are expressed. 
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Tanisb, or be wanting, provided the eqnfttion, by 
snch a defect^ does not become of* a lower di« 
mension. 

Carves are also distil^isbed by the denomina- 
tions of algebraical or gciometrical^ aad tranacan- 
dental or mechanical. " , 

Algebraical^ or geometrical^ (iKveSj are those of 
which the relations of the ahscis^s^ and ordinatea 
can be expressed by a coDimon algebraic equation ; 
as in the circle and conic sections, above mentioned. 

Transcendental, or mechanical, curves/are such 
as cannot be expressed by a common algebraic 
equation; as in the case where one or more of the 
terms of the equation are of the form a log. x, or 
a sin.y, &c., or a quantity denoting a curve line* 

Exponential curves, are stich as are ^kpressed by 
equations which consist of terms whoste indices an*6 
indeterminate, or variable, quantities, as 

Also, if all the points of acurve lieinthesameplane^ 
jt is called a plane curve, and if they lie in different 
planes, it is said to be a e«rve*of double curvature. 

The axis of a curve is a right line drawn from 
the vertex through the centre, or middle, of thd 
curve; and if it bisects the ordinates it is called a 
diameter. 

The abscissae of a curve (de) are any parts, or 
segments, (Ap, AP&c.)oftheaKis, or diameter (ab), 
which originate at the vertex, or some other fixed 
point (a) J and are terminated by the ordinates, 
{pnty PM&e.;) which are lines drawn from certaia 
points in tl)e curve, perpendicular to the former^ 
or making the same given angle with thetn. 
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An absciss and its correspondiDg ordinate (as 
AP, PM, or AP, Aa), whether right or oblique^ when 
spoken of together, are frequently called co-ordi- 
nates; and the fixed lines, (ab, ac,) which are^ 
supposed to be so drawn as to determine Xheir di- 
rections, are called the axes of the co-ordinates. 

Hence, agreeably to what has been before ob- 
served, if the abscissa (ap),, be denoted by x, and 
its corresponding ordinate (pm), by y, the equa- 
tion, which expresses the relation between ap and 
PM,, or between x and ^, is called the equation of 
the curve (de) ; and, conversely, the curve is called 
the locus of that equation. 

If the curve turn round a fixed point, or centre, 
it is called a spiral, or radial curve, as abd; ia 
which case a line, cd, drawn from the centre (c), 
to any point in the curve, is an ordinate; and the 
absciss is a variable quantity. 




A tangent to a curve (ame), is a right line (tm), 
which touches the curve at a point (ivf), without 
cutting it; or so that no other right line can be 
drawn through the point of contact between it and 
the curve^ 
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The subtangeiit, is the distance (pt), of the 
ordinate (mp), from the intersection of the tangent 
and absciss ; and in the spiral 'Abd (see the former 
fig.), it is the line ct, which is perpendicular to the 
ordinate CD.; 

The normal is a line (Mei), drawn pei*pendicular 
• to the tangent (tm), from the point of contact (m), 
and meeting the line of the abscissae in a. 

The subnormal (pet), is the distance of the 
ordinate (mp), from that point in the line of the 
abscisste where the normal (Ma), or a perpendi- 
ctdar to "the curve, intersects it; and in the spiral, 
it is the line ca, perpendicualr'to ci), and cutting 
the line Dei, (which is perpendiu^lar to the cune,) 
in a. ; i > 

An asymptote to a curve (a e), .is a line (cd), 
drawn from some fixed point c, which coTjtinually 
approaches towards the curve, but never meets it, 
unless they be both considered as extended to an 
infinite distance. 




These particulars being premised, we shall now 
proceed to illustrate the. above doctrine, by apply-^ 
ing it chiefly to right lines, and such of the more 
remarkable cfun^es, as are most likely to attract th* 
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\ 
• • •• • r .. •»* 

attention of learners ; the stibjecit being by far tbo 
copious to be treated of at lefa^th, in a work like 
the present (Jt): 

OF THE RIGHT LINE. -. 

1. Let there be tak^i^ in the first place, the 
right lines ad, bc, cutting each other in b ; and 
draw MP nidking any angle with ad. 
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Tliep, aifiq0 tjip angles at b, b, an4 Mi M^ 'in- 
var3a,bJi^^ i4P.;w>M ha^fer^-tljp s^iue. ecmstftpt^atiot^ 
PM, frgiU; r\ifh^t^yev point ia^Bf theJiQe i)M,qi.ay be 
dra'wn.v ■•^•- ,} f".:]"' 

Hence, putting AB = a, AP=a?, pm=3/, and,.tl\^ 
above' mentioned ratip a3^fc :. c, w^e^shaU have 
' ' x — a(BP) : y (pm) ; : J : c, or 
. . , bi/ = cx'—ac. 

Which, equatibii expressesf the i^elation of the 
right line bc to ad, when a, the origin of the ab- 
scissae, falls beyond their point of intersection b. 

And by altering the values of a, J, €, and taking 
X and a positive or negative, as the case ' may re- 



(k) Those who are desiroiis of advancing beyond the elements 
of this branch of the science, may consult the excellent tract of 
Macjauriu, prio^e.d. as^ao appendis; ao^ his Algebra; as ^l90 the 
second book of the Analysis Infiuitorum of Eulcr, ancf Cramer's 
Introduction a V Analyse des Lignes Courbes, i^ch^re they will find 
.every part of the subjei't clearly and atly explamed.' 

z 3 
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quire, this equation may be made to coindde with 
any simple equation whatever. 

Thus, supposing ab to be = O^ or that the line 
of the abscissae commences at b, we shall have, in 
that case, 

by=cx, or y = r^. 

And, if the abscissa bp be considered as positive, 
Bj9, taken on the contraiy side of the point b, must 
. be regarded as negative, and the equation be 
changed accordingly. 

2. We may here also farther add, that it is in- 
different whether the co-ordinates, in this, or any 
other, case, be perpendicular to each other or not. 

For put Ap' = j/, and the perpendicular ordinate 
p'Mssy'; and let the angle mpp', which the oblilque 
ordinate MP makes with ad, be denoted by ^. 

Then, in the right angled tris^igle mp^p, we shall 
have 

sin.<p : rad.(l) :: y'(p*M) : y(PM) = j£^, 

and 
rad.(l) : cos.^ :: v(pm) : pp' = ^^^-^^. 

Whence, since 

a:=:AP = AP — PP =a? . '^, 

Sin. <p ' 

- if these values be substituted for x and y, in the 

expression bi/ = cx^ acy before obtained, there will 

arise 

V _ ^/^/ cofi.0 X y ^ 

Sin. ^ ^ ^ sin« ^ ^ • 

And, consequently, by multiplication and 
transposition, we shall have 

(6 -h c COS. ^)y*= c sin. ^xa^-^ac sin. ^. 



I 

I 
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Which is evidently an equation equally general 
with the former. 

Hence, as the perpendicularity of the ordinates 
to the axis does not affect the generality of "the 
equation, we shall, for the sake of simplicity, em- 
ploy them, in this way, in what follows, except 
when otherwise mentioned. 

For the same reason, we shall, also, take the 
origin of the abscissae, whenever it can be done, at 
the vertex, or some other remarkable point, within 
or without the curve; as well as pass over the 
transformations that are usually made of the axes 
of the co-ordinates, which are foreign to the design 
of the present article. 

OF THE CIRCLE. 

1 • Let there be now taken the circle acb, whose 
centre is o ; and put the diameter ab •=• d, the ab* 
scissa ad=:x, and the ordinate cD=y. 




Then, by the well known property of the figure, 
(Euc. VI, 8,) we shall have 
I AD X DB = CD% or 

Which expression may be considered as the 
equation of the circle. 

2. Or, if the radius oa, or ob, be put =r, and 
OD = x\ the last expression will become 
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*(AO-OD)(AO:f 00):=? CD% or ' / 

Which is an equation of a ipore simple form 
than that above given; : ^ . . , 

.3. Also^ if the rigM line tc be supposed tD touch 
the circle at c^ we shall have, fcy similar triangles^ 

Po(oa-ad) : DC : : DC t dt, or 

Of' x' ; .• -i-a — X 

Which are so many different expressions for 
the value of the subtangent dt, or the distance of 
the ordinate CD from the point of intersection (t), 
of the tangent tc. 

OF THE ELUPSE. 

1 . Let a thread, or fine wire, EpyE, be put round 
two pins, fixed at the poitits FjjT; then, if a pen, or 
pencil, be put through a knot at e, and moved- 
round these points as centres, so as al\yays to keep 
the string stretched, it will describe the curve aab^, 
which, is called an ellipse (/). 




(/) The genesis of the ellipse, here given, affords the follow- 
ing ready method of describing it mechanically by points. 
Take as many points in the transverse axis ab as may be 
thought necessary; and from the foci F,y^ with radii equal to 
the distances of tihose points from its two extremities h, b, de- 
scfribe a number of arcs^ and their intersections will be 60 msiny 
points in the curve. 
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Where it is to be observed, tbat the poitits f^ f^ 
about which the string moves, are called the foci ; 
and the lines ab, ad, drawn at right angles to 
each other through the centre c, or middle of the 
line F^) are called the transverse and conjugate 
axes, or diameters. 

2« Henc^, since the strihg.in this construction, 
always continues of the same length, it is evident, 
that the sum of two lines drawn from the foci 
F, ^ to any point of the curve, is equal to the 
transverse ^xis ab ; and that the distances fa, ^b, 
from the vertices a, b, are also equal to each 
pther. 

3. Let, therefore, Aflsft be an ellipse, described 
about the foci f,^ as above, and put the semi- 
transverse diameter ac==^, the semi-conjugate 
^c = c, CD = jc', and b;d ^y (m). 




Then, since, by the generqition of the curve, fod 
is equal to ^ab = *, we shall have, (Euc. i, 47,) cj^ 
or CF = ^(af^ — ac*) = ^{f -r- c*) ; which put = d> 

And, because the triangles j:df, ed /i are righ^ 
angled at D, 



^ »■ 



(m) In the propositions here given, as well as in those that 
fojlowj only s^c|i properties of, t(ie different ,<}u ryes, are noticed, 
as enter into the plan of the present article; which is designed 
qhiefly as an elementary introduction to the general doctrine of 
curves ; the student being referred for the rest to works writteiji 
expressly on this subject. 
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V(fd' + ed*), or V{(rf-a!')'+y*}5=FK, 

and 
-/(/b* + ED'), or V{{d+ x'Y +y« } «/e ; 
and, consequently, 
^/[{d-xy + */"}+ 's/{{d+xy+f}^¥E+fji = 2tior 

Whence, if each side of this last equation be 
squared, there will arise 

d*-2dx' + x^+if*=^ 

• 4t*-4U{(d+x'y+f}+d^ + tidaf + af' + i/'i 
or, by transposition and division, 

e + dx'=tV{id + a^y + f], 

Also, by again squaring this expression, there 
will result 

t* + 2dex' + d*x^ =d^f + idfs? + f x"" + fy', or 

And, consequently, if f — c* be now substituted 
in the place of its equal (2% we ^all have 

<y = *V - c"*'*, or 

Which is the equation of the curve, when the 
origin of the abscissae is t^ken at the centre of the 
ellipse, 

4. And if AD he denoted by x, and f — j? be substi-^ 
tuted for y, the last expression will then becfome 

Which is the equation of the curve, when the 
abscissa ad is tajsien from th^ end of the transverse 
axis AB. 

-^ 5. Hence, aJsQ, if this last expression be converted 
into ^ proportion, we shall obtain, by taking the 
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whole diameters instead of their halves, the follovr- 
ing proposition. 

As the square of the transverse axis is to the 
square of the conjugate, so is the rectangle of any 
two abscissae to the square of their ordinate: that 

IS, 

ab' : 0^^ : : ad x db : deK 

Which theorem, together with that arising out of 
the description of the figure, may be considered as 
exhibiting the two fundamental properties of the 
ellipse; being those from, which most of the others 
can be derived (n). 

6. Again, if fe be put =:z, cd = j?', and the 
distance of, or c/^ of the centre from either of the 
foci = ^, as before, we shall have, from what has 
been above shown, 

z=^V{{d—xy-^j/^}9 and 

And, consequently, by squaring each of these ex- ' 
pressions, there will arise 

«* = d*-2<ii/ + a?'^+y% and 



•— *- 



(n) If the doubly ordinate lA thts/or either of the other conic 
sections, pass^ through the focus, it is called the parameter (or 
equal measurer); being a constant quantity, which, in the ellipse 
and hyperbola, is always a third proportional to the transverse 
and conjogate axes; that i8, t : e :: t i p, or 



d" 



where p denotes the paran^eter, and t, c, the entire axes. 

It may here, likewise, be observed, that besides the two axes 
above mentioned, any other diameter and its conjugate, either 
in the ellipse or hyperbola^ are right lines drawn through the 
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Whence, if the second of these last equatipns J^ 
subtracted from the first, the result will give 

4tz—4f- ^Ad:xfi 

from which 

AC'— FC X CD 

FE = 5 or 

AC ^ 



z — 



t 

7. Or, if FD, which is = fc ^ cd, be taken as tha 
abscissa instead of do, and put = x'\ there will arise, 
by substituting d-^$" foxx' in the last expression, 

z^ ^—=—7— 

But, from what has been before shown^ f-^d^^^ c\ 
)jrbence, also, we have 

d'+dx'' 

5? = -- . 

t 

Which expression, together with that given 
above, furnishes two other equations, that may be 
considered as characteristic of the ellipse. 

8. Also, if the angle efd be denoted by ^, and 
the other parts of the triangle fde^ as before, we 
shall have 

rad. (1) : fe(x) : : cos. efd(<P) : FD(a?'0^ w . 

^''==;?cos. ^, 

Whence, by substituting this value fpr x^ in the 

centre; and terminated on-qach sid^ by the curve; tlie latter. 
l)eing so taken as to be parallel to the tangent at the vertex of 
the former. 

Also that a right line fe^ or /e, drawn from either of the foci, 
to any point £ in the curve^ is called the radius vector of the 
curve; and the distance of the centre c from the focus w, or /- 
b called the eccentricity of tlie ellipse. 
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last expression, the result, wh^n treated in the 
uspal way, ^ilj give > . i ' 

'^^ ^ ...':• = • 

^ — « COS. <p 

Which last equation, like all those that are de-r 
rivecj from considering the co-ordinates a$ origi- 
nating at the same point, of pple pf the cpii^ve, is 
called the polar equation, and is of great use in the 
application of analysis tp astronomy* 

9. And if the angle efd, or ^, in this case, be a 
right angle, it^ coaine will be =0, and we shall 
then have 

t 
Where t, c, being the semi axes, z, which now 
represents an ordinate at the focus, is evidently 
equal to half the parameter, agreeably to what has 
been observed in the preceding note. 

10. Again, if it be required to draw a tangent to 
the ellipse^ at any given point e, this may be done 
jis follows: 

^1 




From E, draw EF, e/, to the two foci; and, in 
^E produced,, ti^e eg equal to ef, and join gf; 
tfaen^ if ET be drawn so as to bisect the angle gjef, 
it will be the tangent required. 

For, in TE produced, take any other point e, and 
jpin eF, e^ and eG, 

Then, since, the two- sides jeg^ eh, and the iiw 
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clnded angle geh^ of the triangle ghe, dre respec«> 
tively equal to the two sides ef, £H> and the in- 
clnded angle feh, of the triangle fhe^ the side gh 
will be equal to hf^ and the angle ghe to fh£ 
(Enc. 1,4). 

Ahoy because the two sides gh, ne^ and the in- 
cluded angle gh^^ of the triangle Gen, are respect- 
ively equal to the two sides fh^ He, and the in- 
cluded angle FHe, of the triangle Fen, the side ea 
will be equal to €F. 

Bat, since, by Euc. i, 20, the sum of tl^e sides 
ef, CQ, or ef+ er, is greater than g/J or ef + i&J] 
the point e must fall out of the curve, or otherwise, 
irom the nature of the ellipse, 5/*+ er would be 
equal to ef + £/^ 

And as this is the case for every point whatever, 
that can be taken in the line tk, except the point 
£, it is evident that tk is a tangent to the curve 
at £ (o). 

11. From what has been here shown, it will also 
be easy to determine the point t, in which the tan- 
gent ET meets the axis ba produced. 

For since the outward angle gef, of the triangle 



(o) Since the angle ke/, in this proposition, is equal to get 
(Euc. I, 15), or TEF, it follows, that two lines drawn from the 
foci of an ellipse to the point of contact make equal angles with 
the tangent; and, consequently, as it is a well known princi- 
ple in optics, that the angle of incidence is eqnal to the angle 
of reflection, it is evident, from what is above shown, that rays 
of light, issuing from one focus of an ellipse^ and meeting the 
curve in every point, will be reflected into lines drawn fron% 
those points to the other focus ; which is the reason why the 
points V, ft are called focl» or burning points. 



•^»w» 
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fe/^ is bisected by the right line et, we shall have 

(£uc. VI, A,) 

TF : if : : ef : : E^I 
Or, because tf = ct--cf, t/'=CT + CF, and by 
ttie description of the curve e/^ab — ef, or 2c a — 
ef, it will be as 

CT— cf : CT + CF :: ef : Sca — ef. 
And, consequently, by taking the sum and dif- 
ference of each antecedent and its consequent, we 
shall have 



2tc : 2CF :: 2ca : 2ca — 2ef, or 

CT : CA : : CF : CA — EF, 

But, from what has been before shown^ 

CA*— CP X CD 

EF = — ' — ; 

CA 

which gives 
ca(ca — ef) = cf X CD, or 
CA : CD :: cf : ca — ef. 



Wherefore, by compaling this with the last pro- 
portion, there will arise 

CT : CA :: CA : cD, or 

CD : CA : : CA : ex. 
1 2. Hence, as ct is always a third proportional 
to CD and ca, it is evident, if the points d, a rernaiu 
constant, that the tangent, drawn from the ex- 
tremities e, e', of the common ordinate dee', of 
any number of ellipses, described upon the same 
transverse axis ab, will all meet in the same 
point T. 
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And since among the series of ellipses^ so fotmed^ 
there must be one that has its two axes equal td 
each other, as in the circl6^ it: follows that the 
above property will lloM equally in this case as in 
the former; and theiice furnished the following 
elegant method of drawing a tangent to any point 
E in the cutve of a giveh ellipse ae'b. ' 

From the centre c, with a radius equal to half 
the transverse axis ab, describe the semicircle ae'b, 
meeting the ordinate de produced in e'; join the 
points c, E^, and dravp' e^t' perpendicular to ce% 
meeting ba produced in T; then, if the right line 
TE be drawn through the points t, e, it will be a 
tangent to the ellipse at e. 

13. Also, if CA be now put= f, and CD = x\ asusual^ 
we shall have, from what ha3 been above shown, 

CD(y) : ica(#) : : •ca(<) i ct, or 
CT = - , and DT = — r-* 

Which expressions give the values of CT, and the 
subtangent DT, both for the circle and ellipse, when 
the abscissa CD is reckoned from the centre C ; and 
if, in the circle, is considered as the diameter. 

14. Or, if AD be denoted by j?, and #— a? be substi-. 
tuted for x' in each of the jast equations, we shall 
have 

CT=- — , atid DT= . 

t-x^ t-x 

Which expressions are the values of ct, and 
the stibtangent dt, for the circle and ellipse, when 
the abscissa ad is reckoned from the extremity of 
the transverse axis ab. 
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15. It may here, also/be farther shown, that the 
transverse diameter (ab) of any ellipse, is to the con* 
jugate (ai),.as the area of a circle, whose diameter 
is the transverse, is to the area of the ellipse; 




'/ 



J'or, by the g'eneral property of the ellipse before 
mentioned, 

A€% or CG", : ca* . : : ad x db : Dfi*. 

And, by the common property of the circle, 
(Euc. VI, 8, or VI, 13), 

AD X DB=DE^^ 

Whence, if this value be substituted for ad x db, 
in the last proportion, we shall have 

CG^ : ca* : : de'* : de*, or 
CG : ca : : de' : de. 

Which analogy will evidently bold for any 
ordinates whatever, that are drawn from different 
points 'in the transverse axis ab, parallel to de. , 

And, consequently, as the circle and ellipse are 
composed of the same number of corresponding 
ordinates, which are all in the proportion of cg to 
ca, or of AB to ah^ it follows> from Euc. v, 13 and 
17> that 

K& \ ah x : circle on ab : ellipse aeb. 

But, by a weU known rule^ the area of the 
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circle ae'b = .7854 x ab*; wherefore, if this value be 
substituted iii the last proportiop, we shall have 

ellipse AEB = .7Sb4 x ab x ab. 

Which is the common expression usually given 
for its area. 

OF THE HYPERBOLA. 

1 . Let ab be a given right line, and ^ f, any 
two points, in its continuation, equally distant from 
A, B ; then, if the two indefinite right lines/s, fe, 
cutting each other in e, be made to revolve in a 
given plane, about those points, so that their dif- 
ference shall always be equal to ab, the locus of the 
point of intersection e will be an hyperbola ebg(p). 




And if the two lines fe, Je, be turned in a con- 
trary direction, and made to revolve, in a similar 
manner, about the same fixed points f,j^ tke locus 
of their point of intersection, in this case, will be 



(/)) The generation of this curve, like that of the ellipse, fur- 
nishes the following reacjy method of describing it mechanically 
by points. 

Take any number of points in the prolongation of the trans- 
verse axis Ah, and from the foci f, f, as centres, with the dis-, 
tances of a^ b, from those points, describe as many arcs of 
circles as may be thought necessary ; then, if a cuiye be drawn 
with a steady hand, through all the points of intersection of 
these arcs, it will be the hyperbola required. 
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another hyperbola dam^ equal to the former; or 
such, that if the parts of the plane were folded back 
upon each other, from the centre c, or micldle of 
AB, the two curves would coincide. 

Also, if an indefinite right line, ab, be drawn 
through the centre c, perpendicular to ab, andAa, . 
a6, be erfch made equal iofc, or FC, the points a, 6, 
will be the vertices of two other hyperbolas, dae^ 
mbgy which may be traced in the same manner as 
the former, using ab instead of ab. 
. Where it is to be observed, thatr either of the 
opposite pairs of these curves, as ebg, dam, are 
called opposite hyperbolas ; and any two of them, 
which are adjacent to each other, as dae, ebg, are 
called conjugate hyperbolas. 

Also, the fixed points jT, f, about which the re- 
volving lines J*E, FE, move, are called, as in the 
ellipse, the two foci; and the lines ab, ai, or ab, 
AB, are the transverse and conjugate diameters of 
the curves ebg and dam, or of dae and mb^, 
according as they are referred to one or the 
othier. 

And, if tangents be drawn to the four vertices 
of the curves, or the extremities of the two axes, 
forming the inscribed rectangle nlki, the diagonals 
NCK, LCI, of this rectangje, are called the asymptotes 
of the hyperbolas; being such lines^ that, when 
pro(linicepl« approach continually nearer to the curves, 
without ever meeting them, except they be con- 
sidered as extended to an infinite distance. 

2. It may here likewise be farther added, that 
when the transverse and conjugate axes ab, ab, are 
equal, in which case the asymptotes nk, h, will 

VOL. II. 2 a 
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he perpefidicnlar to eaeb other, the curve is Called 
j^n equilateral, or right angled byperbolii. 

3. This b^ing premised, let th^ semitraniivers^ 
axis AC, or cb = f, the fiemieoiyugate ac, or cb = C| 
Jb, QrcF = rf, ci)i^x\ findDE^jf. 




Then, sinceyED, fed, are right angled triangles^ 
we shall have, by Euc. i, 47, 

yE*=jfr)* + DE* and fe*=fd* + de% or 
fE = V{{d + xy^y-} and FE = V{(<i-a;')'+/j- 

But, by the consti'vietion of the figure, j^.— fe = 
AB, or a<; whfence 

Which last equation, by squaring each of its 
sides, and simplifying the result, will become 

And, if this be again squared and reduced, we^ 
shall have 

/y = {d^^ ^ f)x'' - f{d' - e). 

Whence, since Jb^ or xa = rf, by construction, 
and ac = c, there will arise, by substituting c* for it» 

equal c? -r /*, 

. ^ /y = cXo?'* - O. or 

Which is the equation of the curve, ttUqu the 
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04f%ki of the abscissa is taken at the centre of th^ 
hyperbola. 

And, if Bl> be denoted by x^ ani ^-^t be substi- 
tuted for x% th6 last expfes^ioR T'^ill tben become 

Which is tbe equation of the curve, when the 
abscissa bd is taken from the end of the transverse 
axis AB. 

4. Hence, also^ if dui la«t espressioi* be con-teffted 
into a propoirtioiay we $hall obtaih,^ by taking tlve 
whole diameters instelid of their halves, the fol- 
lowing proposition. H 

As the square of the transverse axis, is to the 
wjuare of the cofTJugate, so is the r-ect^ngle of 
ainy tw^o abscissae to the s^nsLte^ of their of dilute; 
tkait 18^ 

AB* : ab^ : : ad x bd : de*. 

Which theorem^ together with that arising , out 
of th« description of the* Curve, may b« co^fsidered, 
like those before given for the ellipse, as exhibiting 
the two fundamental properties of the hyperbola; 
or those from which moi&t of the others can be de- 
rived. 

And if the kyp^rbola bs ec|«iiateral', in whicb 
case ab^ ah, it is plain that the rectangle aiI^ x bi> 
wUrl be e^ial to de*, or 

Which last equation differs from that of the cirde 
only iw its sign, 

5w Again, if fe be ptrt equal to ^, ci}=sx\ and 
the ^tuince cVy of cj\ of the centre g from either 

2 A 2 
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of the foci = d, as before, we shall have, by fight 
angled triangles, and the description of the curve, 

2 = ^/{(d_^7H.y«}, and 

And, consequently, by squaring each of these 
expressions, there will arise 

^' = rf'-2rf^' + a?'*+/,.and 
Af + Atz + ;s* = rf* 4- 2(£r'-f x'Vy. 

Whence, if the first of these equations be sub- 
tracted from the second, we shall have 

Af + Atz^Adafy or 

6. Or, if FD, which is =cf — CD, be taken as 
the abscissa, instead of CD, and put = a/', there will 
arise, by substituting d—x" for of, in the last 
expression, . 

.% = ■ ♦ 

Btit, from what has been before shown, d^-rf^^ c'; 
whence, also, we have 

(f-dx'' 

Which expression, together with that giveo. 
above, furnishes two other equations, that may be 
considered as characteristic of (he hyperbola. 

7- Also, if the angle efd be denoted by ^, and 

the other parts of the triangle as before, we shall 

h|Lve . ' 

rad. (l) : fe(^) : : cos. efd(^) : FD(a^''), or 

a!'' = zcos.(p. 
. Whence, by substituting this value for x^' in the 



c» 
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last expression, the result, when treated in the 
usual way, will give 

^ =: — 3 r« 

t+ a COS. (p 
Which is the polar equation of the hyperbola; 
being the same as that for the ellipse, except with 
regard to its signs; as is the case with all the rest. 

8. And if fe, or s, in this expression, be con- 
sidered as a perpendicular ordinate at. the focus f, 
cos. ^ will then become o, and we shall have halif 

the parameter = -, as in the ellipse. 

9. It may likewise be farther shown, in a way 
perfectly similar to that before used for the ellipse, 
that a tangent et, drawn from any point e in the 
curve, to meet the axis ab, will bisect the' angle 

yEF, made by the right lines e^ j^f^ drawn froip e 
to the two foci (y). 




€1^ 



10. Also, if ED be an ordinate drawn from the 
point of contact e, perpendicular to ab produced^, 
the semitransverse axis cb will be a mean propor- 
tional between cd and ex. 

And as this ^ proportion will hold for any other 

{q) It may here be observed, as ii^ the case of the ellipse, 
that if a polished surface were placed perpendicularly to thcj 
curve at the point e, a ray of light fe, or any perfectly elastic 
body, proceeding from one of the foci F,wpuld be feflected by 
^t in the direction e/ of the other focus. 
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hypcFbola %'^g^ padding through the vertex b, it is 
plain that the tangents et, e't, &c. of any nnmber 
of hyperbolas, having the saiiie axis and abscissa, 
will all meet in the same point t. 

11. To this we may add, that all the parallelor 
grams gf, kh, &c. which are formed between the 
asymptotes cwi, c??, and the hyperbola Ese, by lines 
FE, HB, GE, KB, drawn parallel to the asymptotes, 
are equal to each other. 




For draw ah through the vertex pf the curve, 
perpendicular to the semitransverse axis cb; and 
an, or bA, as before shown, will be the semicon- 
jugate; also draw m^nen parallel to aK 

Then, by the equation of the curve, before given, 
when converted into an analogy, we shall have 



cb' : 



Ba* : : cd* — cb' : de*. 



And, because the triangles cna, cdtt?, are similar^ 
we shall also have 



CB* : Ba* : : cd* : pm% 



or, by division, 
CB* : Ba' :: cd' — cb' : Dm' — Bfl'. 

Whence, since the first three tenps of each of 
these proportionals J^r§ the §£tipe, de' will be = 



DW--^M% pr 



Ba' ^ Dm? -rr- n|;^ 
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Bat DE being =^i>e, and ii/ii, W d^, Dm* — t)E* 
will be = (om + De) x (pn — De), or me x ^ ; ^here<- 
forc, also, 

^ Bcf==mex en. 

Again^ because the triangles ans, mFE, are 
similar, as, also, the triangles bk/^, £Gn, we shall 
have 

Htt : b6 : : FE : Ew, or ew, and 
BK : bA, or Ba : : eg : Ew, or me. . 

Whence, by multiplying the corresponding terms 
of these two proportions, there will arise 

HB X BK : Ba* : : fe x eg : me x en. 

And, consequently, since it has been showa that 
3a* is = me X ew, we shall have 

FEXEG=HBXBK (r) 

But the parallelograms gf, kh, being equiangu- 
lar, are to each other as the rectangles fe x eg and 
HB X BK ; therefore, 

parallelogram gf = parallelogram kh. 

And the sanne may be showii of ^1 the in^ctibed 
parallelograms, or rectangles, formed as above 
mentioned. 

~CoR. Hence it appears, that the asymptote cm 



1 ■ If'. 



(r) If the abscissae and ordinates of an hyperbola, b6 re- 
ferred to one of its asymptotes, instead c^ to the transverse axis, 
the property above mentioned furnishes a more simple equa- 
tion of the curve, than either of those before given. 

Thiis> if H«, 6f €K, be put ^w, kb«*^, ge, or cf^x, and 
CQ, or FB «jf, t^^e shall hare 

xy^ab, &s a : x :: y '^ b. 

That is, the rectangle of the abscissa and ordinate is every 
wher^ of the same mag^nitCide^ or, any ordinate is reciprocally ' 
as its absc46sa«. 
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approaches continually towards the curve, without 
^ver meeting it. . 

For since, whatever may he thfe length and 
hreadth of the rectangle gf, wq shall have 

HP X BK 
EG ^ 

it is plain, that, hb x bk being constant, fe must hf 
always of some length, except when eg is infinitely 
great. 

12. Also, if the abscissae CD, ce, of, &c. of any 
hyperbola kbgh, be taken on one of the asymptotes 
CF, in an increasing geometrical progression, the 
ordinates db, eg, fh, &c. parallel to the other 
asymptote, will be in a decreasing geometrical prc>- 
gression, having the same ratio. 




For, from what has been above shown, all the 
rectangles CD x db, ce x eg,cf x FH,&c.beingequal, 
the ordinates db, eg, fh, will be reciprocally as the 
abscissae cd, ce, cf, which are geometricals. ' 

And the reciprocals of geometricals are, also, 
geometricals, having the same ratio ; but decreas- 
ing in a converse order. 

13. It may likewise be farther sho\Yn, that when 
the distances ce, cf, &c. taken on one of the 
asymptotes, as before, are in geometrical progression, 
the asymptotic^spaces degb, dfhb, &c. will be 
in arithmetical progression ; and are, therefore^ 
analogous to the logarithms of the fori^er. 
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Thus, supposing the hyperbola to be equilateral, 
or to have its asymptotes cf, cl, at right angles to 
each other, and that CD and db are each =1, 
CE = 2, CF = 4, &c.; then will the area, or space, 
DEGB = log. 2, and the area, or space, t)FHB = log. 4; 
and so on ; the logarithms, in this case, being of 
the kind that are usually called hyperbolic^ or iVe- 
perian logarithms, of which the modulus is nnity j 
being equal to the area of the inscribed square cb. 

And if the angle LpF, formed by the asymptotes, 
be considered as Variable, any other system of 1q- 
garithms niay be derived in the same way. 

Thus, supposing the angle to be 25° 44^" 25''^, 
and that CD and db are each =1, ce^2, cf = 4, 
&c. as before; the area of the inscribed rhombus 
CB, which is the modulus in this case, will be 
= .4342944819, and the asymptotic spaces degb, 
DFHB, &c. will be the common tabular logarithm's 
of 2, 4, &c. {s) 

OF THE PARABOLA. 

1. If F be* a given point, and ege a right line 
given in position; then, if another point d be made 
to mo^e in the same plane, so that the distance fd 
shall be always equal to the perpendicular de. 



{«) For a demonstration of the property of the curve above- 
mentioned^ which leads to the formation of these different systems 
of logarithms^ see Traitee Analytiepie des Sections Coniques, by 
the Marquisdel' Hospital^ Bookv, and the Elements of Planfe 
Trigonometry^ by Maseres, 1760, where this part of the sub- 
ject is clearly and amply explained. 
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drawn from d to the given line, tht locus of the 
point D will be a parabola (t). 




Where it is^ to be observed, that the fixed point 
r is called the focus, and the right line ege, which 
is at the sam^ distance from the vertex a of the 
curve as the focus F, is called the directrix. 

Also, the right line ah, passing through the 
vertex and focus of the curve, is called the axis of 
the parabola; and a double ordinate, drawn through 
the focus, is called the parameter. 

2. Hence, let the parameter dh, of the parabola 
man, be put =py the abscissa AP = a7, and the ordi- 
nate PK = z/; and join fk. 

ETE 
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^ 


A 


H 
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T. 


„/ 




P 


V 



Then, since, by the description of the curve, f |?, 
or FD = DE, or FG, aud fg= 2af, af, or its equal ag, 
will be = ^/>. 

(/) If the point f, in the annexed figure, be considered as 
the fot:us af an ellipse, or hyperbola; and >be poin4 x> be made 
to move in the same plane, so that the distance fd shall always 
be to the perpendicular de, drawn from that point to the di* 
rectrix ege, in a given ratio, the loctis of the point d will bt 
an ellipse when f» is less than db, aud an hyperbola when it 
is greater than de. 
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Also, for a like reason, TKi which is =« ke, or pg, 
will be ssj?4.AF, or x + Jp, and 'fps^x — af, or 

But, by right angled triailgles, pk* = fk* — fp^^ or 

Whence, by squaring each of the terms of the 
right hand side of this last expression, we shall 
have 

PK* = {of + lpx+ j^/) ~ (jo' ^ ^px +'^p% or 

y* = px. 

Which is the equation of the parabola; where it 
appears that the parameter /> is a third proportional 
to the abscissa and ordinate, as in the ellipse and 
hyperbola (m). i 

3. Also, if any other abscissa, as Aa, be put =x, 
and its corresponding ordinate Ma = Y, we shall 
bave^ by the abore property, 

Y*=|?x, and y^^px. 

Wherefore, by comparing these two equations^ 
there will arise 

px : px :: 1/^ : y^, or 
X : X :;. y^ : y^ 



(tt) This theorem, like those for the ellipse and hyperbola, 
affords a ready method of describing the parabola by points. 

Thus, since the distance of the extremity of any ordinate 
from the focus is equal to the distance of that ordinate from 
the opposite point g in the directi ix, if a number of lines dh, 
KL, MN, &c. be drawn paraUel to Bge, or perpendicular to the 
axis AQ, and the distances of, gp, gq, &c. be set oflf^ each way, 
from the focus r to these lin6$, their points of mieeting will be 
{K) many points in the ciLrve. 
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Where it appears^! that any two abscissae arc to 
each other as the squares of their ortlinates. 

Which theorem, as in the other curves before 
given, exhibits the leading property of the pa- 
rabola. 

4. In like ipanner, if aq, or af, be put =rf, 
jfz^x'j^ WK = z, and the angle KFP = <p, we shall 
have 

And, consequently, as in the former instances, 

rad. (l) : fk(«) : : cos. KFp((p) : FP(y)^ or 

a?' = ;scQS.<p. 

Whence, Jf this value be substituted for a?' in 
the last expression, there will arise 

z = 2d±zcos.^f or 

2d 



« = 



1 T COS. ^ ' 



Which is the polar equation of the parabola; 
using the sign +, or — , accqr^ing as the ordinate 
PK falls nearer to the vertex a than the focuSj or 
farther from it. 

5. Again, if it be required to draw a taAgent to 
the parabola, at any given point £, this may be 
done as follows : 
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Join the point E and the focus f, and through e 
draw H£D perpendicular to the directrix dbd, or 
parallel to the axis ak ; then, if £T be drawn sa a& 
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to bisect the angle fed^ it will be the tangent re- 
quired (oj). 

For let any other point e be taken in et, and 
having drawn ed perpendicnlaar to dbp, join eD, 
CF, and DF* 

Then, since^ by the description of the curve, ed 
is equal to ef, eg common to each of the triangles 
EDG, EFG, and the angle deg equal to feg, dg will 
be equal to gf, and the angle egd to egf. 

Also, because the sides eo, gd, of the triangle 
JEDG, are respectively equal to the sides eo, gf, of 
the triangle eFG, and the angles at g are equal, 
the side ev will be equal to eF. 

But the angle edu being a right angle, eD, or er^ 
will be greater than erf; whence the point e must 
fall out of the curve, or otherwise eF would be 
equal to, ed. 

And as this is the case for every point that can 
be taken in et, except the point e, it is evident that 
ET will be a tangent to the curve at E. , 

6. From what has been above shown, it will 
also be easy to determine the point t, in which 
the tangent et meets the axis produced. * 




(x) It may here be observed, that any right line bh, dra>yn 
within the curve, parallel to tlie axis ak, is called a di- 
ameter of the parabola ; and the point e, where it cuts tb0 
curve^ is called its vertex. 
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For draw hed parallel to ak, or perpencBcular 
to the directrix dbd, as before ; and make eo per* 
pendicalar to ak, and bk to £T. 

Then, since ED is parallel to FT, tbe angle Dirr, 
or, as has been before shown, its equal tef, will 
be equal to etf; and, consequently, ft is equal 
to fe. 

But, by the nature of the cnrre, fe is equal to 
ED, or GB ; wherefore, also, ft is eqnal to gb. 

Whence, if from these equals there be taken the 

equals af, ab, there will remain at equal to ag. 
From which it appears that the subtangent gt, of 

any parabola eal, is double the abscissa ga« 

Alao, because ft is equal to fe, and tbe angle 
KET is a right angle, the focus f will be the cenjtro^ 
of a circle passing through the paints t, e, k; and^ 
consequently, ft, fe, and fk, will be all equal to 
each other. 

But since fe is equal to gk, or to gf -f 2fa, and fk 
is equal to gf -h gk, gf + 2fa will be equal to ^f + gk, 
or gk equal to 2 fa. 

Hence it farther appears, that tlie. subuarHial gk 
is always the same constant quantity; beii^ double 
the distance fa of the tbcus from the vertex, or 
half the parameter of the parabola. 

So that, from what has been above shown, all 
parabolas, having the same vertex and abscissa, 
will have their tangents meet in the same point of 
the axis(y). 



(jf). Sioee KB,, in the above figure, is perpendicular to tbe 
cnrye at e« or to the tangent £T, and the angle KStt is equal to 
£Ki^ or KEF^ it is plain, fi om the optical principle before tasah 
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• 7- To this we may add, that the area of any 
parabola^ of the kind here treated of, is equal to 
two thirds of the area of its circumscribing paral- 
lelogram (z). 



A , B ..? ^.-^ff 




For let the semi-parabola anc be circumscribed 
by the parallelogram bd; and suppose ad to be 
divided into an indefinite number of small equal 
parts AB> ?F,. Fa, &c. and complete tho parallelo- 

^anvs EH, FK, GL, &c. 

Then, According to the method of indivisibles, 
the external space ancda of the figure, may be con- 
^dered as. composed of the sum of all the right 
lines EM, FN, GQ, &c. 

And since, by the property of the curve, ab : 
BC* : : Ay, or em, : hm% or ae'^ also, ab : BC* 



fioned, that if the concave side of the parabola were a polished 
surface, aU the- rays oi lighl, (as Ei&c.) falling oo nhat sur&oe, 
parallel to the axis ak, (which, on account of his great distance^ 
is tk^ Qa§e with the rays of the 5U%) would b^ tefloctied to the 
fpQUs^ or burning point, f. 

' (2) Besides the conic, or Apollonian parabola, here treated 
. of, there ar^ 9thoj?j| of a high^ kiad, wfakh 4Mre defiAed by th^ 
general equation 

where m and n may be any whole numbers whatever. 

Thus, if m^2, ^ndn^l, the expiession,^ in this caso«. be- 
comes a'x ^y, which is the equation of what is usually call^ 
the cubic parabola. 



I / 



s6^ awlicatiok dF algebra to 

« 

: : AK, or FN, : kn', or af% &c. the several pf o- 
portions^ so formed, will give 

EM = — r X AB* 
BC* 

AB 5 

■ FN4=--;XAr*' 

BC* 



&c. &c. 



AB 



Wherefore, as — ;, in each of these cases, is the 

BC 

same constant quantity, we shall have the sum of 
all the lines 

EM + FN&C +DC, 

or the space 

ANCDA = ^(0*+ AE* + AF®&C. . . . + DC*), 

reckoning the least term at a to be o, and the 
greatest to fee dc. 

Hence, since this last expression consists of a 
series of squares, whose roots are in arithmetical 
progression, we shall have, by putting n= the nam* 
ber of its tei-ms, 

0^ + AE* + AF^&C +DC' = -n', 

as is shown iu Art* l, VoL^i, of the preceding 
part of the work ; o being ,the first term, and »* 
the last. 

But AD, which has been supposed to be divided 
into n equal parts, is =?w, and, consequently^ 

- AD^ = r w* ; whence the space a^cda, or 
^(a* + AE* -h af' &c» . . . +dc*) = ^x^^ 

Or, since bc is = ad, the last expression^ or the 
areaDf the external space ancda, will be = -au k ad a 



fki 'DOCTkiNfi of cxii^ES. •*' 



^9 



dtid/ conseqoeiltly, -the remaining space^ or pai*al-^ 
lelogram^ • '"'' 'v •• '' 

• BD*='-AB X AD. 

8. In the ^ame manner it may also- be shown, 
that the solid contai^of aparaboloidj or %nre abca^ 
generated by the rotation of a semi-p9.rabiila abl>, 
about its axis al, is half the solidity of it^ circmu-^ 
scribing wlinder bk, , 




' i^' • 



For put p= the parameter; an^, having de- 
scribed the equal paraboloid lkhl, draw gfed pa-^ 
rallel to ha, or bl. 

Then, by the eq^ation of the parabola^ befpre 
given, p X ad = deV and jo x Lb = DF*; whenqp, by 
addition, 

P(aD + Ld), or px AL = DE* + DF*I 

But, by the same principle^ y x a.l = ah,\ . qt 
DO*; wherefore, also, . . v 

DO 

Whence, since circles are to each bdief as the 
squares of their radii, (Euc. xii, 2,} '^o^ circ)^ , de^ 
scribed upoii dg will be equal to the. aura ^6f *the 
circles described upon de and df.' \ ^ 

And the same property will bold for any sectiou 
whatever, that is parallel to the l}ase bl. 
. Hence, as the cylinder ba, and the two. equal 
lemiparaboloids bal^ hla, are cqmppstd pf.the 

vox.. ii« an 



»* — DE* -I- DF*. 
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som of these . auctions: eitber of tlie latter w3l he^ 
eqnal to half the former, or the whole paraboloid 

BAC = ^.cylinder.BK. 



. 1- 



Qfi. THE CONCHOID. 



"Lei" PV, HiK/ be any two ri^ht Hries, cutting each 
other at right. angles in a; thien, if pe, pf, tg, &c. 
be drawn froni' any fixed poiht p; in ap, so that 
AV, BE, CF/ DG, &c. may be all equal to each 
other, the curve drawn through the several points 
F, E, V, G, &c, wiUbethe superior conchoid, or 
the conchoid of Nichomedes (a). 




* o 



In like mariner, if the ^qnal lines av,jb£, cf, 
OG, &c» be t^ken on the other side of an, so that 
VA shall bp less than FA, the curve passpg through 



1(a) Nichome'des, k Greek matlieinatician of the school of 
Alexaadria, who was the Inventor of the conchoid^ af^o con* 
trived an instrument for describing the curve by a cb'minned 
motion, agreeably to the principles above laid do\)^h; ^hteb is 
highly praised by Newton in the Appendix to his UriiVersal 
Arithmetic, l^ho prefers it; for the cohstrtictiorf of determinafte 
€qtta^ioiiB of the third and fourth' degree; (as is the^case in 
finding two mean proportionals bet^e^n two given ri^ 1ki^s^> 
ap4.the dividing a given angle into three equal part^J' to my 
of the methods derived from the intersections of the conic 



1. 



sections. 

r 



'-He observes, ^'that certain curves are either not ^o be ad- 
nAted iata-goometry,. or else, ia tbe construction of "problems^ 



THBl XWf€tXiW% .OP OUKITSS^/ 



371 



tb^.pointft'F^ B| v^f^^.&c. in this. esie^:i9 le&lM 
the inferior conchoid. 




* J 






An4 if the eq^nal lines av, b£, x>a^ &c. lie ^till 
on the 9ame aide pf ^r^ as in the last ca^e, bmt.VA 
greater than pa^ the curve passing jtfanongh the 
points E, p, V, G, &c. is called the nodated Con- 
choid. 




The fixied fpoint p is called the pole^ or centre^ 



they are to be preferred to other lines of a more JifBcult de- 
tfcriptiaih; f<Mr which reason (lie adds) we appi^E'bf *tli^ trt- 
sectipns of an angle by a conchoid, whicrh Archi m e d e s, - in '-his 
Lemmas, an^ Pappus^ in his CoUectionss^ have preferr^ tq all 
<)ther inventions that have been emplayed.for-^tliis.-puj^g^aejj^ 
bectusewte ought either to exclude all Unes%^be5idei3 thjiQ: circle 
'fiidrtgkf Un«, out of g^ometcy, or aditoit.jthem^|coo|dixi^At(l 
the simplicity of tiieir descriptions [ iniiyhidt €aa«,^^)^'(joiif hei4 
yields to. none, except the circle/^ » . , ■ ^ - -. ^ ^-^ -, ^ ■^^^j.,^ ^ L ^^ 
' Farther, " that is iarithmetipally more simple,, which is deter- 
milled by the more simple equations, but ^^l^^h'r^^om^tricutiy 
mnt sinipiey^whiJDh is deteimkied by^helmpre4)krn^le;dr&Wk^ 
of , lines i and, ki geometry, that niethe^'^oi^t^Jl^i^^kfiived 
the best whicb is geometrically the laost easy ^'.^her^fp^^ \ 
ought not to be blamed, if, with that prince of mathe^naticiaiis, 
Archimedes, and other ancients, I make use of the conchoid 
i&l^ {^oostrVK^ioii of solM problems/' 

2^ 2 
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affucAtiok or algebra to 



pf tl^ ci>n«fapMl| wd s the . right line -^'it^ ib (faHclA 

the directrix* ^ .! . . ^ t ]. 

« 

Also^ the right. Ihi^ pay, cutting the directrix 
perpendicularly in a, and meeting the ciwve iit v, 
i^ called the axis of the. <}onehoid^ aj^td v is the yer- 
t^^ pf the axis. 

1. This being.prepiiaed^ it may be readily $howQ 
that the directrix aft, of the conchoid ^vg, otjvg^ 
is an asyin|>tote to the ^^rve, or approaches con-i 
tinually nearel* to it, AVithi6ut'^ver meeting it. * 







« « 



For, from any point e im the curve, draw ff 
to the pole p, and make :fd perpendicular to the 
directrix CiR. — 

Then, since the triangles cpa, cfd, aife similar, 
^e shall have PC : pa : r CF(^r av)> ; !Fi>; jwhenc^ 
», ■ ■ . yi>tKPC=PAx av. •.*' 

And, con€equently, since the rectangle pa x av 
is a constant quantity, the rectangle -fo x Pc will 
alM be cfoHsteiit, whatever may* be the^ vukies >of 

FD and PC?*- •»' M « -<N ''»' 1 ■ •'.' i'' • *'■{'* ' '**'* »f.»'< r» 

But it is evidetft; thatPt mcreasies as the distance 
of the point 'F fipoinithe axisW increas^9( wheie* 
fore the distance Ti> of that point froiu'^lieidirectrac 
must decrease id th^ ijiatoeprepon^Mitt, without evet 
beccmiing o^ or otherwise Fi> ^ pc would BOt be a. 
constant quantity, _ . .^ 

Hence the dijecttuf j^%; ^aiid. tfeeiTOj^^ Oftft^. 



other, without ever meetiiig^^apditbdsabiie method 
of reasoning rnaji be ^plie4 itQ tfa^ inferior con- 

\3-j;^n|ayI ^» J^i&tft)M)! ^bolrri/.that if any 
right line pf be drawn from the pole totthti curve, 
and iH^ fdrHM^^^i^WidkiilaV to^hpr axrt pv, pf 
wiU^j a,,foprjb .propfli^Qflal, to ah/ Xy, and phv 



V 



•« 




• » 



For, since dh is a-paraH^lo^ram, ah is equal to 
DF> .^n^i hyr the /desciiptioa of the carve, av b 
equal to LFi whence ,•, . 

AH : AV : : df : lf. 

But the triangles t>FL^ hpf, b^ing eqiiiaqgolarj 
pj ; LF :: ph : pf; and, consequently^. . . 

r • 

.^ . AH t Av : : WCi'PF. 

Which is the property' of thel curve that was to 
be shown. \, : '. 

a. ;^A^^n5 if with a as a cetitre^iandnAY as a 

Mdiui»^ th«re be*de9dril^ed th^ ^quadnifit vi&i atti- 

tiKg^FH in IjPH will be to hf as ah to hi. *. 

. For, since ai is equal tfo^ av^ ^*ig radii of ±he 

«9439.e cindbi men 8b|iJk(]^fe> frota what 'l^Ets beea 

)..,,••,. AH : AJ :: ?|| i.-PF., ;- ■ ■- • ^ ,v. . 

- Heaco, bacause "thk. angle h, \vliich is* a right 
angle, is common to each of the triangles arf, php, 
aii4!.filtc aUft about tke angles a and^ip are pro- 



3T4 AMn/tcAjtom "or 'MiifeisA ro 

4;' This iieiiig sDown^ Im^ ocjostion rf* Ac. tiifV6 
may he readily detenointd from the lost propmi- 
tion as fdllows^: ......: 

Pert Av^Oy PA s= ft, wr, w jiw^sii?, awl Mr »y.' 

Then, since, as bcfbi^ observed-, ai k cqical to av, 
we shall have (Eac. i, 47) 

HI = ^(a* — a;*), apdi»H = ft + x. 

But^ from- what has b«ieii .jabove shown, 

6 + ar(pH) : HF(y) r: AH(a;) : hi, or 

. • • . r - 

Whtofc^, ^equating tnisCHi-ith fhe yalne of nx be* 
fore found, we. shall have, by miutipficatidu and 

cuvisipp. ., . ...,.,.. } . .. 

Or, by clearing tJus last eispression of snrds, 
aijd simplifying the result, the equation jof the su-. 
peribf corichbicf I'vd'will^ iti thfat dase, become 

, . <iT 3.^ ±i^W ^i' tfYrM^ =. o!&< . .. 

. And,; ]b;f),p)l0oee«thig•^m';(l; «B|ilsit B|«i)Bejr, ithst 
eqaationsj l)oj^: jtf .|fie:V;)^qgr:'i^^'|iQdii|ed omk 

The only difference between this awf ttie former* 
being the change of sighs-ih liie second and fourth 
tisrms; owing to h-^x^ AneBxAi of these cases, be* 
coming 'ft'-* a?« , ., ^. 

To which we may add^ Mttoiig bthty»)NurtacolJirs 



^9H^ 606tklKS 0^ CukvBS; df^ 

*MfnigbU»JB«^^ the curve 

(fig. 3) will hanre a cusp ijiitV^^^^tli^ node between 
p and V will th^ vaqi^ks, 9^d> aiii^ther cases^ p 
^/llti^wn^^a.doi^^ tie ^arvo parsing 

twici^tlp9gghj^^ r o rf^x:.- < :. , 

Also/ if pf, in the last fignire^ "^ EP^ =^> ^^? 
an^e p^ ^/^indLt^^ fi^h^ letters, as before, the 
polar equation will be readily foiiiid, from tlie 
above proposition, . to be ^ 



(; Wkere the upper tign is to be taken fbr 'llieisu- 
iWier conchoid, and the under «ga= ftir.the urferibt 
and Updat^ otmcbeiidsl .. ' - . ,. •: 

OF THE CISSOfD. • • d - - 

At the extretaiity b of the diameter ab^ of a given 
nitcU A^B^y tofect the iriaefitt!t<J p\Bi*pendicnlar <be, 
aitdfroM'tilti'oth6r eirtreioiity a dr^tw any nnmBle^ 
of rfghf UA^^ac, Ai>, A^i 8te. cutting the circle in 
the points r^ o^ m^ &c.; tfien^ if cl b^ taken ^ Ak^ 
DO^AOy £lr^Aiif/&*6. fhe curve passfng through 
the points A^ &> d> i9j'^c.*wi]l Be the bissoid of Dio- 
ple8:(6)A --•* - •'• -y^'- " •• •; '•' •• -■ ^ 

* - - ' di • • "f • < 1 .'_ *• * s 

.y . (i^X Diockfib;^ tbeiawoi^ of thi^ cvfvi^ w^s pother Gre«k 
^omeiei^of t^ Sf^hpol ^pf. Alex$uadr|i^ but 9f a later date than 
Nichomedes. 

. He supposes the %ure to be descriVeS by means of points, 
in a maail^ Brmi^]^ to ^a4Ki$i|^ idoinr in ' tbt third propositix«» 
joif xt ^p^oyyingf ^Isu^^^ewto^iia the ,App«Qdif to his Universal 
Arithmetic^ has greatly improved the solution of Diocles, by 
showiYig now the curve* may be descrioed by a continued mo* 
ttoh> as was done by Nichomedes for his conchoid. 

It may here also be observed^ that this curve^ like that last 
mentiQned;^ afifords a ready method of finding two n^e$ui pro- 
portionals between two given right lines. 



*9§ A??^ICAp©! .or,>«ipiM^^ 



In which case, the circls aobo'is called yi.n^ ge- 
nerating circle ; and AB is , called (te a\is^of;the 
cnrves AL0I4, &c. Alon, &c. ^hich meet \^ ^ cusp at 
A, and, passing through the middle pointa o, o, of 
the two semicircles, tend coatinaalfy towards the 
directrix esE, which is their common asymptote. 

1. Hence, if lp,. Rft, be drawn perpe'ibdlcniar to 
the Hub AB^it'.may beireadily 'shown, from the de^ 
scription of the curve and the piinciples of-com- 
men geometry, , ^at , . > , ■ ; 

Ap : PB ;: pl* : +pV 

^or, ,hj.ihff consb^tiop.pf th? j}^re>i<:^ tiieing 

,,; ^^,. conseqa^fltly^sina^ tbe,4;ri^R^fti*PWiAR» 
we si^oilsrp.wie shall _twy;^ . .^. ,, ,-■ ^n:- : - 
_l,,., ;. , an : Aft(pB).:i PLii^AF^-Afi ,jii. ; >• . 
-.: : .■:.':... .aa'^i.fV.i-.'P;-',^ ^^^,'.afi:,( . ..■ 
■ But, hy the property of the circle,. aR^^A^'x^iM:^ 
oUEB.x^APi- whence, b y s u J i s t iurtioB, - — -, . 
-.- ■ PB)f'AP i'V8* :rM*--:'"A?'i or; 

3. Whence, potting, the axiaAa^o, theabsdssa 

AP=-x, 9nd the ordinate- Fi.=y!(' we shall ha*e ■ ■ ' 

AP(a:) _: pb(«-x)- : : pl*(.v')" : ap'(j;'), or 

«' = («-%'. 

Which expression is the equation of the curve. 

Also, since a — a: decreaws as x increases, y, or 

y% must 'likewise continually iucrease, or, other- 



r 



i THft: wjcHUke or curves.^ in. 



^m»,^^i M tb^ riK>vte w|B8tiwi|,43oi|ld not be equal 

And because w caji never be equal to a, as ar', in 
tbat case, woi3lFSB*s=€f, instead dF^ing =:a% it 
is pl^in ^ajt if, ^or.px., willrCQn.^if{lji?yy,ai^ 
warjdd BJ?, ; without, pvei;coin(({i^ it; whf;aQf 

B^ is^n V^mptotQ tp tl\e;CiirVe,^ " 3^, ; ., ^ ^ 
^ 3(. If pj^ be draFn^tbrcjngb any p.qt Ji of the 
ci^soi^^i^ON^ Pjcrpe^di^cnla^to Ap^^ndALRC^jbe dpwa 
i^uttirig the circle^ijj b>. tbe;aTG^Aj^will be,e^^aH9 
*5r; aucL if AM be take^ egjial tP j^r^ ^tba injer- 
awtiop. L, pf AR tad PM, will, Ije, a poiat in the cpirvei, 









' I 




, Fbr, by tbe co'nstruct/bn ^f the figure before 
given, CL being equ^l ta^K, or fea to af, tm taust 

alsol^e^ual.to'ftR; aq^^^^PJ^^^^^^^^Ti tb^ ^^ a.m 
j^qual to tbe arc br, / 

Also, if tbe arc am be taken equal to br, na will 
t|e e^u^l to AP, OP BP toym; ^nd, ^consequently, cl 
is equal to ar^ which being the satne as in the 
construction of the figure above mefntioned, l will 

An4J)|:,t9Jkj|ng;af^yMnj;^ber.pf eqi^ arcs on th» 
«eBli(^le^A0dlf' /i^m.s^towairdls ^ aad. from b to* 
wards a^ as manv points in the curve can be found as 
ihay be thought necessary? ' 

Cor. Since the arc am is equal to br, and o is 
the middle point of the sj^nyiic^rcley tbe arc cm will 



be equnl 4^ oRi ^hli^^lirc^, tfaetefore^ ifilay be ti«dl 
in the construction instead of the former (d). ; ^ 

_ OF THE QUADRATOiai. \ 

Let AH* be a semfcirde, tbtotigli ihe Centre c of 
wMth 'dratv^ CM pcrpetidicnjir to ab; stiid make hm 
eqnal to HC; then, if the Tifdins <5d; '6t 'cb pro- 
ifaced, fte supposed to' iijote' ilttffoffcly i-dttnd c, 
from B to^ardfe h, Whil^^iif «to^' Wri^fo^lV from 
CB towards M, eontiiitiitig'alwiys plaffAlfel'to itself, 
or perpendiculartd^eM, krid* sq^'fli^t the ^twd mo- 
tions hegiil atnd «nd%)^^b«^'l!he-^^^^^ ^ttl,'d€- 
scribed by the poin* of ihterseetlefi'^Vof the lines CD, 
B**, will be tb¥^aA^^ff ix^of DfpStetrates, - 



< . - • • "^ <x» 



I •> 




'The circle ahb is cdted'Hil^r gehi^itT^^^l^i^I^^^^ 
and the right line cm is' called' the ^ttti? -©J tSSh 
qnadratrix". ' ' ' '^ *' 

Also, if G be <he point at whitb the iiHfeg/c;D,*Er, 



'. ■} 



rrw ':/: i>^ 



(c) Among other properties of the cjssoid that might be 

« 

mentioned^ Newton, in his last Letter to Leibnitz', has shown 
how to find i* right, line equal ta one ©# the' fcfgs of the curve, 
by.meaai£^o£ the hyperbolir; ibe inrtesiigUkNi ^of which ma^ 
)^e seen in his Fluxions. 

He has also shown, that the infinitely long cissoidal space^ 
contained between the asymptote eBE, and the curves kola, &c. 
Aton, &c. in the first of the above figures, is equal to three times 
the area- of- the generating circle aob^. 



rtBE^ iwcxEiKE or cuRvis/ 075 



ImgimtU^^motlen^ :cb^ i^^ the tiase of tll# 

quadratrix; .tmd At n/. perpendicular to Gfitf, is th^ 
direetrbt'iiiwhtch is ali.a9}rin|)tot6 to the cuiTe(rf). 

: l..Jiiuj3e^'^^4he motioiYS of thi Im^s €D^ ef, 
ia^ti^^d^mpttoit of the figiitfe.ab6v^ givea^lart^ 
unif^Fm^* and begin an4 en^^vtqigether^ ft i^ plaiit 
tliat^a^ aro k>^ passe^l over by 00^ wilb.be to the 
UstBx^B' cE, {taisied' over by £Fy iii tl^ same^tiine^ 
MS th^^ 4]9adntiltal arc bh^ iB to the ra^us ch, 

Andy if GL^ be any other ftitoation of the revolr^ 
ii^iifie cuy afttr it baf |ii&9#d the <poim h^ and 
HI/ .beitheicorreipondiii^ situation of tb, the arc; 
SBo;will9 ialsOy^be to tbe distance ck ae the qua^ 
drantal are s» 15^ to the rttdms en, &t CB^ 

For the part of the curve hl, beyond the point Hy 
baog vdssciibed by the smive law ^s the ' part gh 
wiibhi itfae 4)xuuli^My ^it is ^vidient that the ai^c Bfid 
vnsnsi faav% tb ^edi^tafic^ ck the game I'atia as 
befoK; !'*■■• /•.'•• • •■!..*. . " ::.: -^ .. ' •■:. * • f 

V Afld'theaafitewillhelme of the iremaitting arc 
UDy and tiK' distaKliie ^tti^ which'ar^ likewise to 



Ji, . . '* ij 



{d) %hui curt^ whie^ jvf«5. i^^ei^t^d ^ l)im^SLtQs, a dis- 
ciple of the school of Plato, was jcalled t^e quadratrix, oa ac- 
count of the pirdpefty mebti<6ned in one of the following* ar- 
tfcles, where'Hiiis'showh,* that* the~ quadfantal arc, described 
froib thd''etliitlMr'^i'^ttll'>lhe<>bK8^'Cci^ ift fe^tial to the radiusf- 
cfliof >tb«'>gsetl^f«tki^«k«le'; m^^tseifkl^ntnt ^were possible to find 
the point g, by a simple * geometribat operation, yre should 
thence l^«aablecl to<d«lennine't!Me q«Kid^ature of the circle. 
* By fulother bf it* pt-operties-, also/ a given angle, upon the 
suppoAtion last mentioned, might- be divided into any number 
of equal parts, or in any given ratio; it being shown in ther 
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each other ^ the quadrantal arc hb is todieradxai 
HC, or CB. > 

Or, since angles at the centre of a circki are a^ 
the arcs which measure them, it follows, by alter- 
nation, that HE is to HC as the angle ucd/ or HCt^ 
IS to the angle hob, or.HCO. - . . 

Also, by. eqpality, any absmssa^iiE' is to any other 
abscissa> taken on the samt^.line^ ja5:t^e:angle hci> 
at the centre, qorT^spondsbgiHsith the'fbmier, is to 
the angle at the centre, corresponding with the 
latter; oir as the.^ir^s whi<^b(Sitbteod them. . 

3. Froin what'jsf^abQVf ahdwi], ifcis; ^Iso farther 
evident, tfefit, 4f the, c3dyve^:clf^tl^:qnaiiDatrix ghi; 
be prod|iced,:r$he MTphing Iine^5cye> tei1Ii!cnt off 
greater aidb^gn^ter af ji^sMrom the: geaoratin^i^tirde 

9PA. ' '^'^ \: - . '\ ';>-> JIB<T 9il.l lo'l 

And,^Qi^queQtly, asfthe d}^tarici8^tdt^i?x(>£9P«>of 
the moving lin^ £F, mtist^ intbat QJ^f^oiltiiifitill^fr 
incrci^se, the distances em^ km, &c, (pif tbec^amfetine, 
from the directrix mn, will continually decreaw.V \ 

(lenc^, the cnrve m^M: .4ppr9{|di;:^eritihiiilly 
nearer and nearer to mn; but ca^aeterjiteebjl^ if^^. 
otherwise, the revolving line would coincide with 
CA, and CA and mn would^iheet;"* wKich~is"iin^ 
possible, since, by the ccmistruction of the figtoie, 
they are parallel to each other. ' 



article next following^ that cE^ Jjie distance passed over by the* 
line EP^ moving parallel to cBj is to the radiufr ch« or cb, ki ths- 
arc<Aji> is to the qus^rsmt^sH; ^ » .^ 3 .'^v ..-- 

Tschirnbausen^ a Gennaa mathematKian, of the lat^f endof 
^e seventeenth century, also formed a curve of thiSf^il^d \>J 
means of poiutSj which h^ similar properties to those above'* 
medtionedf i. 
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^\ Yf hcupfore, the directrix mn is an asymptote to 
the ijQadcatrix ghl, as was to be «hown. 
, 3, The base cg, of the quadratrfx ghl, is a third 
projportioiial >t9 the quadrantal arc bh of the gene- 
rating c](tj[;lp^^j^^ aiul the nudius cb. . 







• A 

" For let the two moving , lines cd^ ef^ cut each 
other in .a point f of the cuiTe, so that the arc bd 
of the. generating circle may be indefinitely small; 
and draw x>% fp, perpendicular to cb. 

Then, by what has been before shown, the arc 
»D is to CE, as the quadrantal arc bh is to cb. 
.;.But ;$jpce EP is a parallelogram, CE is equal to 
FP; ^^^.thCjarc pp, wljen taken indefinitely small, is 
€qnal to its s^ne da, 

Irt^^ce, bj^ subsUtjatip^ ajid.^imilar triangles, dgl 
i^ to Fp,.or.c.ci to cpj^ as the quadrantal arc bh is to cb. 

But when the arc bd is indefinitely small, and 
equal to Dai ca is equal to the radius Cb, and cp 
bepomes equal to Cg. . 

Wherefore^ by inverting the last analogy, the 
quadrantal ^asc bh is to cb as cb is to cg. 

Co*. Since, cg : cb, or ch, : : cb, or ch, : 
(jpiadrantal arc j^^, and, by prop, i, ch : quadran-^ 
tal arc bh : : ce : arc bd, we shalUikewise have 
GG : CH :? CE : arc bd. 

* 4. Hence, from what is above shown, we may 
xeadily obtaiQ the ec^uation of the curve^ as follows : 
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, Pat the radius ch = a, the base cg, of the qtia- 
dratrix, = b, the arc bd =««, and the ordinate ff, or 
fcE, =y. ; ^ 

Then, from the last corollary, w/^ shall have 

cG(i) : CH(a) :rcE(y) : arc-B0(«)^; 

whence, by taiultiplying the means and extremes, 

ay = bz. 

Which is the equation of the quadratrix, as was 
required. 

5. If a right line cl be drawn from the centre 
of the generating circle, to any pont h in the qua- 
dratrix ghl, and the circle gdf be d^^pribed with 
the base cg as a radius, the arc>GE, pf this circle, 
will be equal to ck, ox that part of the axis which is 
contained between the centre c and the perpendi- 
cular LK. 




A !• C GB 

For since, as before shown, CB : quadrantal arc 
BH : : cK : arc BO, and CQ : cb : : cb : qua-, 
drantal arc bh, we shall have, by equality, 

CG : CB : : CK : arc bo. 

But, by the property of the circle^. C6 : cb :: 
quadrantal arc qd : quadrantal arc bht, or as arc 
GE : arc BO. 

; Hence, also, by equality, ck : arc bo : : arc ge 
: arc BO ; and, consequently, arc gb :^ CK, as was. 
tQ be sbowia- 

Cqh. From this i£ likewise farther aiMpsears; that 
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the quadrantal arc gd is equal to the radias ch. or 
CB, of the ge|)eratiiig circfe. 

Forsiuce^as above, C6 : cb :: cb : qaadrantal 
arc BH, and .ca : cb : : qaadrantal arc gd : qua- 
dranul arc iDf^ it follows^ that CB : quadrantal vc 
HU : : ^ qaa4i^£intal arc Gp- i quadraI^al arc bh. 

Whence, the second and fourth terms of this 
propqi^ign.heiiig equal, tl)e> qaadrantal' arc GD.wili 

OF THE CYCLOID, 

!• If f Qirck ^F,^ koepiif^ always in the same, 
plane., he ^ade to roll along the right line ab, till 
a. fixed point, P, in, its ^rcuniference, which, at fii'st, 
touched the line at a, comes to tonch it again, 
after a complete revolution, ^t b, the curve apvpb, 
described by the mp tion of the point p, is called a 
cjcloid(^. ' 



H t y tiii««» I I tt I ■««»»■> 



{e) Th6 cyclodd> or» as it was first called, the trochoid, is a 
curve of modern invention^ the first knowledge of which> be* 
yond that of its mere description, appears to be due to Galileo,^ 
who attempted^ though without success, to determine its area ; 
which, howeiner, was afterwards done by Roberval and Torri« 
celli; and the drawing of tangents to it was effected both by 
Descartes, and Fermat. 

To this we may add, that Pascal, in 1658, proposed^ under 
the feigned name 'of Detonville, several problems relating to 
this curve, to the mathematicians of that.time» offering a prijBe 
to any one who should answer them within a given time; which, 
was claimed by Wallis, but refused on account of some mistake 
in his calculation. 

Other solutions, without any regard to the prize, were ltke» 
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The circle EfF is called the generating circle ; 
and the right line ab, on which it revolves, is called 
the basfe of the cycloid. 

And as every pffrt 0f the circnniferenice of the 
eircle touches this line in succession, it is evident 
that the base ab is equal to the circumference of 
the generating circle i5pf* ) 

Also, the. right line, or diameter, cv, of the 
circle, wliich bisects the base aB at tig;ht angles^ 
is called the axis of the cycloid j and the point v» 
where it meets the curve, is the vertex of the 
cycloid. 

2. If p be a point in the fixed diameter af pro- 
duced, and the circle aef be made to roll along 
the line AB as before, so that the point a, which 
first touches it at one extremitv, shall touch it 
again at b, the cur\^e rvp, described by the point p^ 
is called the curtate cycloid. 

vise given by Sluse, Huygeas, and sir Christopher Wren; the 
latter of whom appears to have been the first who discovered 
the absolute rectification of an arc of the cycloid. It may 
also/ be observed, that Wallis, in his treatise upon the 
cycloid, and Huygens in his. H&rologiitm Oscillatoriumy have 
treated fully of the nature and properties of this curve; and 
John Bevnouilli found it to be the cm've of swiftest descent. — 
jSee Montucla, Histoiredes Mathematiques, new Edition, Tom. ir, 
p. 52, et seq. where the reader will find a full detail of all the 
most curious particulars relating to the history of this celebrated 
^orve* 
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5. And If the point p be any where in the nnprd- 
JSnced diameter AF, ahd the circle AEt? be made to roll 
along AB, from a to b, as above, the curve PvP, in 
this ifrase, 1!$ called liie prolafe/ot inflected cycloid. 



-•f*-:*' 




Where if is^toT^.observed^ that, in the two last 
figures, the gerieifatin^ circle, the base, and axis, 
are denoted by the same letters as in the common 

cycloid. . r . r; 

4. If an ordinate op, be drawn froni any point g, 
^ in the cycloid vgb, perpendicular to the axis ve, 
that part of it, eg, which lies between the circle 
and the curve, will be equal to the arc ve. 

V_ H 




For let HGKi be the position of the generating 
circle, when the describing point is at g, and the 
poipt of contact at>K; and through the centre L 
draw the diameters hk, gi. 

Then, since hk is perpendicular to CB, and gd 
to vc, CF will be a parallelogram; and, conse- 
quently, CD is equal to kf, and pf to CK. 

VOL. II. 2 c 
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But, from what has been, before observed, the 
semicircle gkx is. equal to the semibase CB ; and^ 
by the description of the curve, the arc gk is equal 

to BK. 

Hence, also, the remaining part of the base ck 
must be equal to the remaining part of the arc Kt^ 
or to its equal hg. 

Also, since cd is equal to kf, and, consequently, 
Dv to FH, it is evident, from the nature of the circle, 
that pE is equal to fg, and the arc ye to hg. 

Wherefore, since ck, or its equal df, or eg, has 
been shown to be equal to the arc hg, eg will also 
be equal to the arc hg, or ve, as was to be shown. 

CoR. Any ordinate dg, of the cycloid vgb^ is 
equal to the sum of the circular arc ve and its sine 

E0. 

6. Hence, from what is above shown, the equa-* 
tion of the cycloid may be immediately obtained, 
as follows: 

Put the ordinate DG=y, the arc vE=^Zy and its 
sine ED =^. 

Then, by the last corollary, we shall have 

Which is the equation of the common cycloid 

VGB. 

And if, in the cartate or prolate cycloid, a be put 
= circumference of the circle described upon the axis 
Vc, b = base ab, 1/ = any ordinate, z = circular arc 
cut off by it, and *= its sine^ it may be shown, by 
a mode of reasoning siniilar to that before nsed^ 
that 

y = — +^. 

^ n. ■ ■ , 
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Which is the eqn£ktian of either of the two cy^ 
doids last mentionjed {f). 

6. To this we may also add the following cu* 
rioiis properties of this elegant and useful curve; 
which, as they cannot^ except the first, he readily 
derived from the common principles of algebra, are 
here given Mdthout demonstration. 




1 . If DG be any ordinate, cutting the cycloid in 
4^, and the circumference of the generating circle 
in E, the circular arc V£ will be equal to the right 
line £G^ as has been above shown ; and the semi* 
circumference vec is equal to the semibase cb. 

2. The right line gt, drawn from any point g in 
the curve, parallel to the chord £V, is a tangent 
to the cycloid at that point. 

3. The cycloidal arc vg is double the chord ve; 
and the semicycloidal arc vb is double the diameter 
vc. 

4. The area of the cycloid avba is triple the 



/ 

(/} In addition to what is here said, it may be farther ob** 
seryed, that if the circumference of one circle be made to roll 
along the circumference of another, either on the outside or 
the inside, the curve described by any given point in its cir* 
cumference is called an epicycloid; which is a carve of great 
use in mechanics, being that commonly used in forming the 
teeth of wheels, and for other jpurposet; but as this is of the 
transcendental kind, its properties do not admit of a simple 
$ilgebraical inVisstigation* 

2C S 
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area of the generating circle vecv; and, conse- 
quently, the three spaces avca, the circle vecv, 
and VBCV, are all equal to each other. 

6. The upper segment of a cycloid, cut off by a 
right line parallel to the base, at the distance of ^ 
of the axis from the vertex, is equal to the regular 
hexagon inscribed in the generating circle. 

6. The solid, generated by the revolution of the 
cycloid about its base ab, is to its circumscribing 
cylinder as 6 to 8. 

7- The centre of gravity of the whole cycloid avb 

is in the axis vc, at the distance of - of that line 

from the vertex v. 

8. If AVB be any reversed cycloid, and oa, ob, 

. two other equal semicycloids, meeting at the point o, 

and each half the length of oa or ob, a pendulum ov, 

of twice the length of the axis cv, being suspended 

at o, and made to move backwards and forwards, 

through AVB, by the string plying round the two 

curves, will perform all its vibrations, whether 

the arcs it describes be greater or sinaller, in the 

same time. 

o 




9. In this case, it can also be proved, that the 
time of one vibration, in any arc of a cycloid, is to 
the time of a body falling perpendicularly through 
the axis ev, or half the length of the pendulum, 
as the circumference of a circle is to its diameter, or 
as3J4I59tol. 
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So that if X be put = 3, 141 59, /» the length of 
the penduhim^ and g^ space fallen through by a 
heavy body in one second of timey we shall haviB, 
by the well known law of gravity, in this case. 



The last term of which proportion is equal to the 
time of falling through ^L 

And, consequently, putting f= time of one vi- 
bration, the analogy before mentioned wil\ give 

1 : ;r : : V— : t, or 

^^ I 

From which, w and 2g being constant, it farther 



{g) It may be here worth observing^ that, if the length of 
the second's pendulum be first ascertained by trials which is the 
most easily done, this theorem will give the descent of a body, 
by the force of gravity, in a second, more accurately than it 
can be obtained by direct experiment. 

Thus, the length of a pendulum that vibrates seconds, in the 

latitude of London, has been found to be 39^ inches; whence, 

if this be written for / in the- above theorem, we shall h^ve 

391 

2g 
Which giv^s, l>y the common method of resolving an equs^ 

tion of this kind^ 

g^ Jir*/=» Itif" X 591- « 193.07 inches. 

Or 16tV feet, for the descent of a body by gravitv in $. 
second. 

And if, on the contrary, g be knoAyn, and the length of the 

pendulum be required, we shall have 

, 2ff 386.14. ^^ \^^. , 
/-_| = — -— «. 39.126 mchea 

for the length of the pendulum vibrating seconds in the latitude 
of London* 
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appears^ that the tiroes of vibrations of pendtilnms, 
in cycloidal arcs, are as the square roots of their 
lengths^ whatever may be their weights ; or 

And if the pendulum vibrate in small arcs of a ^ 
circle^ which it is evident will nearly coincide with 
the small cycloidal arcs at the vertex y, the times^ 
in this case, will also be nearly isochronus; and, 
consequently, the above formulae are equally ap- 
plicable to the circle and the cycloid, as far as re- 
gards 4ny practical purposes. 

10. Lastly, the cycloid has the remarkable pro- 
perty, mentioned in the last Note, of being the" 
curve of swiftest descent ; that is, a body will de- 
scend through the arc of the curve apv, from a to 
V, in less time than it would pass over the right 
Jipe AV, or by my other rout, 

OF THE LOGARITHMIC CURVJE. 

If from any fixed point a, in the indefinite right 
line pa, there be taken a number of parts ab, ac, 
AD, &c. in arithmetical progression, and the per- 
pendicular ordinates ae, bf, og, &c, drawn from 
the points a, b, c, &c. be taken in geometrical 
progression, the line efgh, &c, which passes 
through their ei^tremities, is called th^ Ipgarithmic 
curve (A), 



{h) This curve, of whith Gunter is commonly said to have 
given the first idea^ greatly facilitates the conception of lon 
garithms to the imagination^ and affords an obvious proof of 
%he very important property, that the fluxion of any Humbert 
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!• Hence, a^eeably to the description of the 
figure, here laid down, the line pet of the abscissae, 
which IS caUed the axis, may be shown to be an 
asymptote to the curve, as follows : 

Let the abscissae aB. ac, &c. taken on the left 
of AE, make ar part of the same arithmetical pro* 
gression with ab, ac, ad^ &c. on the right ; and 
the ordinates hf^ eg, &c. a part of the same ge- 
ometrical progression with ae, bf, cg, &c» but so 
as to decrease while the others increase, 

Then^ because the square of any term of a con« 
tinned geometrical progression is equal to tht» 
rectangle of any two terms that are equally distant 
from it (Art m. Vol. 11), we shall have 
bfx BF, or cg )J CG, &c. == AE% 

. And, consequently, since the square of ae is a 
constant quantity, any one of the rectangles bfx bf^ 
eg X CG, &c* will also be constant^ whatever may 



or quantity* is to the fluxion of its logarithm us the number 
itself is to the subtangent, 

It may be farther observed, that Huygens, in his Dissertatia 
de Catisa Gravitatis, as well as seyeral later writers, have treated 
very fully of all the principal properties of this curve, and 
shown their analogy to logarithms ; but, as has been observed 
in the Introduction to my Treatise on Plane and Spherical 
Trigonometry, the doctrine 6f logarithms, though it may admit 
of a clear illustration in this way, has no necessary connexion 
vith this or any other geometrical figure. 



N 
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be the values of the ordinates . of which they are 
composed. 

But, by the description of the figure, the ordi- 
nates bfy cg^ &c. decrease as bf, cg, &c. increase ; 
wherefore, the right line Pft and the curve ^eh must 
continually approach towards each other, without 
ever meeting; or otherwise the rectangles above 
mentioned could not be always equal to ae'. 

Whence, the axis pa is an asymptote to the 
fcurve, as was to be shown. 

Cor. As the absclsssa ab, ac, ad, &c. in the 

» 

above figure, constitute a series of quantities in 
arithmetical progression, and their ordinates ab, 
BF, CG, &c. a corresponding series in geometrical 
progression, the former may be considered as a set 
of natural numbers that are ianalogbas to the loga- 
rithms of the latter J from which property the curve 
has received its name, 

2. The equation of the curve may, also, be 
readily derived from the above description' of it 
in the following manner : 

Put AE=1, and BF = «; then^ 'from the nai:ure 
of the figure, we shall have 

1 : a t: a I cg, a : «• : : a* : dh^ &c. ; or 

CG = a% DH = a% &c. ' 

Wlience, if a: be made to denote any number of 
equal parts ab, bc, cd, &c. of the a^is pet, (f will 
evidently be equal to the ordinate drawn from the 
extremity of the segment which is represented by a^. 

And, consequently, if this ordinate be put equal 

to y, we shall have 

a' = y 

for the equation requiied ; from whicbj on accouqt 
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V 

of its form^ tbe figure is sometimes called die ear- 
ponential curve. 

3. The subtangent of the logarithmic carve is 
always of the same lengthy from whatever poiot of 
the onrve the tangent may be drawn. 




For let ET, Fv, be any two tangents to. the 
curve K£F6^ at the points e, f, which are indefi- 
jnitely Qeat each other; and having drawn the 
equidistant ordinates £By fCj^ gd^ make ^n, Fr, 
parallel to^AD. 

Then, since bc = cd, we shall have, from the 
description of the curye^, be : cf : : cf : jdg ; or, 
by division, BE : cf :: cf — be : dg — cf(Euc. v, 

19). 
But CF — be = »f, and dg — CF = rG; whei^eforc 

be ; CF : : nF ; ro ; or, alternately, be : nF : : 

CF : ro. 

Also, because the triangle Fn£ is similar to ebt, 
and the triangle orF tofcv, bt : nE :: be : nr, 
and cv : rF : : cf : ro. 

tience, since be : nF : : cf : rG, as before 
shown, we shall also have, bt : we : : cv : tf 
(Eucv, 11). 

But CB being = cd, we will be = rF; and, con- 
sequently, the other two terms of the proportion, or 
the subtangents bt, cv, will be equal. 

And tbe same will be true for any other points 
in the curve* 
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Note. The constant sabtangent of this cnrve 
is what was first called, by Cotes, the modnlos of the 
system of logarithms. 

4. The logarithmic space belg, comporehended 
between any two ordinates bg, e^, is equal to the 
rectangle of the snbtangent te, and the difference 
hK, of those ordinates. 




For let the ordinate di be indefinitely near el, 
and draw ir parallel to ae. 

Then, if lt be a tangent to the curve at l, the 
triangles lte, Lir,,will be similar. 
' Whence, since el : :rt : : rh : ri, we shall 
have EL X ri = et x tl. 

But DI being indefinitely near el^ the rectangle 
el X ED, or EL X ri, = the area of the space deli j 
wherefore, also, et x rL 5= deli. 

Hence, since, as before shown, et is a constant 
quantity, the sum of all the spaces deli, or the 
whole area BELG-is s^ et x sum of all the Lr's, or 

= JET X LK. 

CoR. From this it appears, that the area of the 
whole logarithmic space, indefinite towards a, is 
double the triangle let. 

5. To this we may addj that the solid formed by 
the revolution of the infinitely long space flea 
about the axis ae, is equal to half a cylinder of 
the base le, and of th^ altitude of the constant 
'subtangent et. 
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6. AIso^ the logarithms of equal numhers arc 
proportional to the sobtangents of the carves to 
which they belong; the latter being the moduli of 
the different systems of logarithms derived from 
those curves. 

7' And if any large numbers, as lOOOOOOO, 
1 0000001, 10000002, &c. .differ but little from 
each other in value, their differences will be nearly 
proportional to the differences of their logarithms. 

OF THE SPIRAL OF ARCHIMEDES. 

If any right line ca be moved uniformly, in the 
same plane^ round the centre c, describing the 
circle abda; and, at the same time, a point p be 
supposed to move uniformly along that line, from 
c towards a^ so that both motions begin and end 
together, the curve cfpga, described by that point, , 
is called the spiral of Archimedes. 

And if the same line produced, be made to move 
round a second time, while the describing point p 
continues its motion as before, the cur\^e described, 
in this case, will be the second spiral; and so on (i). 



(i) The first treatise on a spiral, or figure of the kind above 
mentioned, was given by Archimedes; in which he determined 
the relation of its area to that of the circumscribed circle, as 
also' the relations of its sectors, and other particulars. 

After him, Pappus, in his Mathematical Collections, con- 
sidered the nature of a spiral which is described, by similar 
motions, on the surface of a sphere, and found a portion of the 
-surface, terminated by this spiral,' to be equal to the square of 
ihe diameter of the sphere. — See Maclaurin's Fluxions, Intro- 
fluction, p. 31 — 33. 

Pr. Halley has^ also, treated of such spirals as are formed 
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The circle abda is called the generating circle, 
and the point c is called the centre of any one of 
the spirals^ described as above mentioned. 

Also, a right line, drawn from c to the point 

where each of the spirals end, is called the axis of 
that spiral ; and a right line, drawq from c to any 

other point in the spiral, is called an ordinate. 

1. If F be any point in the curve, and cfb be 
drawn, cutting the circle in b, then will cf : radius 
CB, or CA : : arc ab : circumference abda. 

For, by the description of the curve, the right 
line CA, in which the fixed point a is situated, re- 
volves about c with an uniform lAotion ; and the 
point which descriTbes the spiral also moves from c 
towards a with an uniform motion. 

Whence, the circumference of the circle abda, 
and the axis ca, are described by uniform^ motions 
in the same time. 

And, for similar reasons, the arc ab, and the 
ordinate cF, are described by the same uniform 
velocities in the same time. 

— ^-»^^— * " III' ■ ■»———». I I laii iriiii m 111 ■« »ii.i.i.ii. 

by the Rhumb lines on the surface of the globe ; which, on 
account of their making equal angles with every meridian, will 
also make equal angles with the meridians in the stereographic 
projection, formed on tl^e plane of the equator; ajid must 
therefore, as he observes, be proportional spirals about the 
polar point : from which he has demonstrated, that the raeri^ 
dional line is a scale of logarithmic tangents of the half com^ 
plements of the latitude. — See next Article. 
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But spaces that are described with the same uni- 
form velocities are to each other as the times in 
which they are described. 

Wherefore the circumference of the circle abda 
: arc ab : : timue of a whole revolution : time of 
describing the arc ab. 

Hence, also, since ca, or cb, is to cf as the above 
mentioned times are to each other, the circumference 
abda : arcAB :: cb, or ca : cf; or, inversely, 
CF : cb, or CA : : arc ab : circumference abda. 

Cor. If any other ordinate cp be drawn, and 
produced till it cuts the generating circle in d, the 
arc ab : the arc abd : : cf : cp. 

From which it is farther obvious, that if any 
number of arcs, or angles about c, be taken in arith- 
metical progression, the ordinates, or distances of 
the moving point from c, will, also, be in arith- 
metical progression. 

2. Hence, if the axis of the spiral, or, which is 
the same thing, the radius ca of the generating 
circle, be put =r, the ciraimference of that circle 
= TT, any arc ab = x, and the corresponding ordi- 
nate CF of the curve =y, we shall have 

t/ : r :: z : Ty ox 

rz 

Which is the equation of the first spiral cfpga. 

Also^ retaining the same letters as before, it may 

readily be shown, that the equation of the second 

spiral is 

zy = r(T + ;s). 

And if n be made to denote the number of spiralsjL 
the equation of any one' of them will be 

Try = r[?r(«-l) -^z}. : . 
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3. If the right line cpd be drawn through any 
point p in the spiral epa, and CT be niade per^ 
pendicuJar to it, and equal to a fourth proportional 
to the radius CD, the arc abd and the orctinate cp, 
the right line pt, joining the points fj t> will be a 
tangent to the curve at p. 



^n 




For draw cm indefinitely near CD, cutting the 
spiral in n, and make pr perpendicular to Cm. 

Then, by the corollary to the last proposition, the 
arc ABD : cp : : arc ABDm : en; or, by division, 
arc abd : cp :: arc Dm : nr; whence 

CP X arc T>m 

nr = ^. 

arc ABD 

And since, by similar sectors, CD : cp : : Dm : 
3Pr, we shall also have 

CP X arc Diw 
py = _^ 

rad. CD * ( 

But if TP touches the curve at p, the triangles n?r 
and TPC will be similar; wherefore 

^^ (^^ ^^ ^ ^^^ ^^\ ^ / CP ^ arc D?», 

nrlor ) : prfor z ) • • rp • rr- 

^ arc ABD ^ ^ rad. CD ^ • • ^^ • ^T, 

or rad. cd : arc abd : : cp : ex. 

CoR. If the arc pgir be described with the radius 
CP, and the perpendicular ex be made equal to it, 
TP will be a tangent at p. 

For, by similar sectors, cd, or ca : cp : : arc 
DBA : arc P€tR ; and, from what has been before 
shown, CA : arc dba :: cp : ct; wherefore cx=: 
arc r^R. 
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4. The spiral space c^rc is one third of the area 
of the sector CNRL^ whose radius is cn and arc nrl. 




For draw cia indefinitely near cpr^ and make 
Pr perpendicular to ca. 

Then, since cr% or'CN* : cp'^ : : sector CRa : 
spiral cpi, we shall have 

> i. ^t • 1 cp* X sector cRCt 

area ot the spiral CPi = — 



CN* 



Therefore, the sum of all the sectors cpi, will be 
equal to the sum of all the expressions 

cp" X sector crq 



CN« 



But if the arc NRL be divided into an indefinite 
number of equal parts, each equal to gir, and right 
lines be drawn to them from the centre c, all the 
sectors formed by them will be equal ; and all the 
cp's will be in arithmetical progression. 
' Wherefore^ by Art. p, vol. ii, the sum of all the 

cp*'s=-CN*x by the number of them; and tbeisum ^ 
i? Ti ^i_ cp*'s X sector cm 1 ^ ii ^i. 

of all the z =- of all the sectors CRa 

CN* 3 

I 

multiplied into the number of them. 

Whence the sum of all the cpi's, or the spiral 

* I 

space CNPC=- of all the sectors CRa multiplied by 

the number of them^ ^^ ^ 3 whole sector cnrl. 
CoR. The whole spiral space cpna is equal to - 
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of the generating circle abda ; since cn^ in this dse, 

■ 

become^ equal to the radius ca. 

It may, also, be farther shown, that if the area 
of the generating circle be A, the first, second, thirds 
fourth, &c^ spiral spaces will be 

17 Id 37 « 

3^^ 3^^ "s""^' 3"^* ^* 

OF THE LOGARITHMIC SPIRAL. 

If the curve cfdga be drawn about the fixed 
point c, so that it may every where cut y the right 
lines, or radii, cf, cd, cg, &c. in the same angle,, 
the curve, so formed, is called the logarithmic, or 
proportional spiral (k). 




Where it may be observed, that the point c h 
called the centre of the spiral, and the right lines 
CF, CD, CG, &c. drawn from the centre to the curve, 
are called the ordinates. 



{k) Descartes, according to the testimony of Montucla, ap- 
pears to have been the first inventor of this elegant curve, an 
account of which he sent, in a letter to Mersenne, in lQ38j who, 
agreeably to his custom, upon similar occasions, communicated ' 
it to some of the most eminent geometers of that time, several 
of whom investigated its principal properties, and even dis- 
covered some that were unknown to tlie proposer, particularly 
that the ^urve, though it makes an infinite number, of revolu- 
tions round its centre, without ever arriving at that point, is 
yet of a finite length ; being equal to a. certain right liiie, as is 
•hown in the third proposition next following. * 
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1. If any number of ordinates ca, cb, cd, ce, 
&c. be drawn to the logarithmic spiral abd12\&c. 
8o as to make equal angles at the centre c, they 
will be in continued geometrical progression. 




For if the equal angles acb, bcd, dce, &c. be 
taken indefinitely small, the portions of the curvo 
AB, BD, DE, &c. may be considered as right lines. 

And, therefore, since the angles cab,cbd,cde, &c. 
are supposed to be equal, by construction, the tri* 
angles cba, cdb, ced, &c. will be similar; or 

CA : cb : : cb : cD, and cb : cd : : ce, &c. 

Also, if the ordinates cb, cd, ce, &c. on the left of 
CA, be made to decrease, while those on the right 
increase, and the angles acb, Acb, bed, dee, &c. 
be all equal to each other, it may be shown, as 
above, that 
CB : CA : : CA : cb, and ca : c6 : : cb : cd, &c. 

CoR. Hence it also follows, as in the logarith- 
mic curve, that ca being a mean proportional be- 
tween any two ordinates that are equally distant 
from it, the spiral must make an infinite number 
of revolutions before it can come to the centre c. 

3. Also, since the angles acb, acd, ace, &c. 
are in arithmetical progression, and the ordinates 
CA^ CB, CD, CE, &c. are in geometrical progression, 
the former are analogous to the logarithms of the 
latter; from which circumstance the curve receive^ 
its name* 

VOL. u. 2 o 



\ 
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From this property it is likewise farther evident, 
that, in any system of logarithms, it will he as 

1 CB « CD 

/ ACB : z ACD : : loff. — : log. — . 

O CA ° CA 

And from what is above shown, if ca be put = 1, 
CB = a,a:= any angle in the arithmetical series, and 
y = the corresponding ordinate, we shall have 

a' = y. 

Which is the equation of the spiral ; being the 
same as that for the logarithmic curve. 

3. If MT be a tangent to the curve at m, and CT 
be drawn perpendicular to the ordinate cm, the 
length of the whole spiral mdfc will be equal to 
the tangent mt. 




J? 

For draw en indefinitely near cm, and make nr 
perpendicular to cm. 

Then, since, in the right angled triangle unr, 
all the angles are given, Mr will be to m« in a 
given ratio, which let be that of r to^; and, in 
this case, we shall have 

Mn=~Mr, and all the un's =- x all the Mrs. 

r ' r 

• That is, the whole length df the curve 

MDFC = - X MC. 

. But the triangles Mnr and mtc being similar, 
MT,: MC :: un : Mr, or as ^ : r; whence 

MX = - X MC = whole length of the spiral mi>fc. 
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Cor. If the angle cmt be taken = the angle 
which the spiral makes with any one of the ordi- 
nates cd, and ct be drawn perpendicular to cm, 
TM will be a tangent to the curve at m. 

For the tangent tm, and the indefinitely small 
part of the corvc at M, may, in this case, be sup- 
posed to coincide. 

From which it also follows, that tm is to cm 
every where in the same given ratio. 

4. Again, if mt be a tangent at the point m, 
and CT be perpendicular to the ordinate cm, tlie 
area of the spiral mdfc, described by a radius 
making an infinite number of revolutions, will be 
equal to half the triangle tmC. 

For draw the ordinate en indefinitely near cm, 
and make nr perpendicular to cm, as before. 

Then, since all the angles of the triangle Mwr 
are given, Mr will be to nr in a given ratio, which 
let be that of r to *; and we shall have 

nr=-x Mr, and amc«= — ;; — = ;r-x Mr x mc^-- 

Hence, if mc be divided into an indefinite num- 
ber of equal parts, each equal to Mr, the stim of 
all the Mr's, to c, will be equal to as many 
times the number of them as is denoted by MCj 
that is, the sum of the Mr's, to c*=Mc. 

Wherefore the sunt of all the — x Mr x mc ?» 

^ X -r-^or— X mc'; and, consequently, the sum of 
all the triangles licn^ or the whoW area of th# 
spiral, =^ Tj: X mc*. 

3 D 2 
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I A ^ m ^ m ^ ^ ^^ ' 



Also, since the triangles Mwr, mtc, are similar^ 
MC : TC : : Mr : nr, or as r : s; wherefore 

« X MC 1 

TCxr = MCx^, or — : — = -7TC. 

Whence the area of the whole spiral space 
MDFC = ^TC X MC = ^ triangle tcm. 

CF THE HYPERBOLIC, OR RECIPROCAL SPIRAL. 

If from one of the extremities c, of the right 
line OF, as a centre, with the distances CD, ce, of, 
&c. as radii, an indefinite number of arcs Drf, Eey 
f/J &c. be described, so as to be ail equal to each 
other, the curve cdef, drawn through their ex- 
tremities, is called the hyperbolic, or reciprocal 
spiral (/). 




The right line cf is called the axis of the spiral, 
and the point c its centre; also any right line cf, 
drawn from the centre to the curve, is called an 
ordinate. 

1. In the hyperbolic spiral eif, any two ordi- 
nates cf, ci, are reciprocally to each other as 
the angles gcf, gci, which they make with th© 
axis CG. 



(/) This curve appears to hsive received the above appella- 
tion, from the similarity of its equation with that of the com- 
mon hyperbola^ when referred to one of its asymptofes. 



t. 
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For let the circular arcs ih, tg, be described to 
meet the axis cg in h and*G, and produce ci to 
meet the arc gfk in k. 

Then, since cgk and chi are similar sectors, we 
shall have cg : ch : : arc gk : arc hi. 

But CG is equal to CF, and ch to ci, by con- 
struction ; therefore, since the arc hi is also equal 
to the arc gf, cf : ci : : arc gk : arc gf. 
- Again, the arc gk : arc hi, or gf : : angle gck, 
or GCi : angle gcf; whence cf : ci :: angle gci 
: angle gcf. 

2. Hence, every thing remaining as above, if 
the ordinate cf be put =r, the arc GF = a, the 
ordinate ci =y, and gk = a, we shall have 



r : 2/ : : z : a^ 



or 



Which expression is the equation of the spiral 

EIF. 

3. If CA be drawn from the centre of the spiral, 
perpendicular to the axis cg, and made equal to 
either of the circular arcs hi, gf, &c. the right 
line AB, drawn through the point a, parallel to cg, 
will be an asymptote to the curve. 

For through f, the extremity of the ordinate cf, 
draw the right line dfb parallel to ca, or perpea- 
dicular to cg. 
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Then^ since db is equal to ca (Eac. i, 34), and 
CA is equal to the arc gf (by constmction), db will 
also be equal to tbe arc gf. 

Bnt the arc gf, which is equal to the right line 
DB, being greater than its sine VF, the point b 
will fall without the curve eif. 

And if the ordinate cf be drawn at an inde- 
finitely great distance from ca, with respect to tbe 
ordinate ci, the angle gcf will be indefinitely small 
with respect to hci. 

But when an angle is indefinitely small, the ex- 
cess of the arc which measures it, above its sine^ 
is less than any assignable magnitude. 

Consequently, since fb is the e^^cess of the arc 
PF ahoyfi its sine df, if the curve be continued till 
the angle gcf becomes indefinitely small, its dis- 
tance fb, from AB, will be less than ftny assignable 
magnitude. 

Wherefore, the right line ab is an asymptote to 
the cui've eif, as was to be shown. 

4. If FT be a tangent to tbe curve at f, the ares^ 
of the whole spiral space ekf, formed by an infinite 
number of revolutions, is equal to half the rectan-. 
gl^ of the ordinate cf and the subtangent ex. 




For draw the ordinate cr indefinitely near pF, 
9nd make rn perpendicular to cf. 
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Then since^ by similar triangtes^ m : nr : : fc 
: CT, we shall have 

CTxrn^FCxnr. 

But the triangle Fcr is equal to ^ fc x nr; where- 
fore, it is also equal to^CT x wn. 

Hence, the sum of all the triangles Fcr, formed 
by an jinfinite number of revolutions, is 

=^CT X all the f»'s. 

And, therefore, since the sum of all the f» s is 
= FC, the area of the whple spi^-al space ekf, 
which is composed of all the triangles Fcr, is 

= ^CTX FC. 

Scholium. It might here, also, be proved, that 
the subtangent ct is equal to the arc gf, or to the 
distance ca between the centre and the asymptote^ 
but this, and several other properties of the curves^ 
here treated of, cannot be easily demonstrated 
without the assistance of fluxions (m)« 

OF THE DESCRIPTION OF CURVES FROM TlHEIR 

EQUATIONS. 

This branch of the subject, like that above 
given, is too extensive to be treated of at length in 
the present performance; but, if the following ob- 
servations, with the examples subjoined to them, 
be properly attended to, the learner will not be at 

(m) The reader, who may wish to see the investigations of 
other properties of these curves, may consult the small tracts 
that are giveo on these lines, by Emerson and Robert- 
son, at the ends of their respective Treatises on the Conic 
Sections; of some particulars of which the author has availed 
himself in the present article; in which he hopes, however, the 
subject will be found to be treated in a more methodical and 
perspicuous manner than has usually beei^ done. 
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a loss to perceive how any curve may be traced, 
and its limits and properties developed^ in most 
cases of this kind that usnaHy occur. 

1 . Supposing the abscissa of a curve to be re- 
presented by x^ and the ordinate by y\ then, if 
any particular vahie be assigned to x, in the equa- 
tion denoting the nature of the cun^e, there will be 
as many values of ^ as there are units in the index 
of its highest power in that equation, and no 
more(w). 

Thus, if y — a^y + ^ay* — clx^ = be the equation 
of some particular curve, and x be put =6, the 
equation^ in this case, will become 

y — a*y -h fey* — fl6*=5:0 ; 
which has evidently three roots, or values of y, 
corresponding to the value of x that is denoted 
byi. 

And by assigning any other value for x, as supr 
ppse c, there will arise the cubic equation 

y — a^y -^cy^ — d^ = 0, 
having three roots, or values of y^ corresponding 
to the value of x denoted by c; and so on^ for any 
other value of x. 

And the same mode of reasoning will hold good 
for an equation of any order, or power, whatever. 

2. Among the several values of the ordinate y, 
for any determinate value of x^ those that are af- 



(n) In order that the proposed equation ms^y be the proper 
representative of some particular curve> it must^ when irrational^ 
be rendered free from surds; and, if there should be fraction^ 
in it, they must be made to disappear ; which being done, the 
greatest number of dimensions, fonned by the quantities o^ and y^ 
win indicate the order to which the line belongs. 
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firmative must be drawn on the upper, or right hand 
side of the abscissa^ and those that are negative 
on the contrary side. 

3. Also, among the values of x, for any particular 
value of y, if those that are affirmative lie from the 
origin of the abscissa to the ordinate, on the right, 
those that are negative will lie from the origin of 
the abcissa, on the left. 

4. When such a value of j? is assigned, that some 
of the roots^ in the resulting equation, are im- 
possible, it is a sign that there are no ordinates 
answering to that supposition, as they cannot^ in 
this case, reach the curve. 

5. In assigning any value for x, if one root or 
value of y be 0, the curve will cut the abscissa in 
that point; but if y be infinite, the ordinate at 
that point will be an asymptote to the curve ; which 
runs out ad infinitum. 

6. Also, if X be infinite, and one value of y, in 
this case, becomes O, the abscissa will be an 
asymptote to some branch of the curve, which ruuf 
out indefinitely, as before. 

7. Hence, by assigning several values of x, we 
can determine the corresponding values of ^, and, 
by that means, find as many points in the curve as 
may be judged necessary ; and thus, by drawing 
the curve through them, obtain the hcus of that 
equation. 

8. Again, the equation of a curve, in order that 
it may have the greatest generality possible, ought 
to comprehend all the combinations of the co-ordi- 
nates X and y, which do not exceed the highest 
power of the equation. 
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Thus, for a line of the second order, for example^ 
wc ought to iind^^ y^ (ty, x, and a?*, in the equation, 
together with some known term ; and each of the 
terms mnst have some indeterminate coefficient, 
which may be either positive, negative, or O, in order 
that we may have all the varieties that the equation 
is susceptible of, both with regard to the signs of the 
terms, as well. as to those that may be wanting. 

9. Thus, the most general equation of the first 
degree is ay + ft<r + c = 0, of the second degree 
ajf* + bxy + cy^ + dx^ + ex +/*= o, of the third degree 
mf + ijy^ + cxy^ + dx^y + exy ^fy + gs? -h Ao?* + ir + 
A=0, and so on. 

In all of which cases, each term, except the first, 
which must be always affirmative, may be made 
either positive, negative, or O, according as we 
take the values of the indeterminate coefficients 
a, J, c, &c. 

But, it is more usual, for the sake of convenience, 
to arrange any equation of this kind, as, for ex- 
ample, that of the third degree, according to the 
order of the several powers of the ordinate, as 
follows: axf + {hx -f c)y* -f {dx^ -^ex -\-f)y + (gx^ + 
Ajf* -f- ir + A) = 0. 

Where it is evident that 6x -t c is the coefficient 
of the second term, dx^-^-ex+f that of the third, 
and gj^ + hj^ -f ir + A: the fourth, or absolute term. 

10. The equation may also be exhibited in the 
same manner, with respect to x and its powers, by 
putting y for the abscissa, and x for the ordinate; 
observing that the abscissa, in this case, must be 
taken from the same point as before, in a directiou. 
perpendicular to the former. 
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11. It may aldo be farther observed^ that the same 
equation may give different curves according as 
the ordinates fail perpendicularly upon the axis^ or 
obliquely. 

Thus, the equation y*=ax — a:* gives a circle, 
Trhen the co-ordinates are perpendicular to each 
other; but when they are oblique, the curve, re- 
presented by that equation, veill be an ellipse. 

12. Hence, although the magnitude of the an- 
gle which the co-ordinates make with the axis, does 
not alter the generality of the equation, yet, in sucli^ 
cases, where a particular equation is given, the curve 
which it expresses can only be determined whea 
the angle between the co-ordinates is known (o). 

13« Another circumstance to be remarked ia 
this doctrine is, that when the last, or constant 
term of the equation is wanting, it is a sign that 
the origin of the abscissa is taken from a point ii^ 
the curve. 

14. Also, if the point where this origin is taken 
belongs twice to the curve, which is the case with 
a double point, two roots of the equation, or values 
of the ordinate, will be equal to O ; in which case 

II I m^m-m^^,, I ^ I , II II. n . J .111 ^— ^i^i^ II I I «» ■ ■ W ' I I i«i I » II W 11 II » M l ■ 

(o) The chief, and almost general principle in the theory of 
curves, consists in the transformations of their equations; which 
are efl'ected by transporting the origin of their co-ord inmates, when 
necessary, to some other point that is more suitable to the pro- 
posed investigation; according to the manner pointed out in the. 
first part of the present article : as also, by giving a different 
inclination to the principal axis and its ordinates; and th^n, 
finding from the primitive equation, that of the curve resulting 
from these changes. But these, and various other particulars 
relating to this doctrine, are too numerous to be entered upon 
in the slight sketch of the subject here given. 
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the two last terms of the eqaation will be wanting, 
and vice versa. 

1^. If, therefore, in any equation of this kind, 
the constant term, and that which contains y, be 
wanting, it follows that the snmmit of the abscissa 
will be a doable point ; and if the terms- which 
contain y*, y, and y® (or the constant term), arc 
not found in the eqaation, that point will be 
triple; and so on. 

16- It is also to be observed, that the equation 
denoting the order of the carve, mnst not be de- 
composible into rational factors ; as it woald, in that 
ca^e, comprehend several equations, each of which 
would belong to a particular curve, and their re- 
union would be all that the proposed equation could 
represent* 

Thus, the equation y^ — ay — xy-^ax^O., which 
is composed of the factors (y — x) x (y — a), com- 
prises the two equations y — x = 0, and y — a = 0, 
each of which belong to the right line ; the first 
forming M'ith the axis, at the origin of the abscissae, 
an angle of 45^, and the second will be parallel to 
the axis, at a distance = a. ' 

17- To this we may add, that curves of the 3d, 
5th, 7^b^ or ^ny odd number of dimensions, must 
have, at least, two arcs, or legs, proceeding to- 
wards contrary parts ad infinitum ; since equations 
of these orders have always, at least, one real root; 
and, consequently, for every value of x in that 
equation, there must be a corresponding value of 3^; 
so that as x, or the abscissa, may be continually 
increased, on each side, it follows that there will 
he two branches of the curve, passing thropgh tl^Q 
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extremities of y^ that must go off indefinitely on 
both sides, or without limit. 

18. But in curves of an even number of dimen- 
sions, as the roots of the equations by which they 
are denoted may be all impossible, it follows that 
a curve of this kind may be of the form of a circle, 
or oval, that is confined within certain bounds, 
beyond which it cannot extend. 

19. The nature and number, indeed, of the 
branches of curves, form an important considera- 
tion in this doctrine ; it being chiefly from these 
circumstances that certain analysts have established 

. the first subdivision of them into orders and ge- 
nera; but, for the reasons already given, we can 
here enter no farther into this part bf the subject, 
than by illustrating it with the few following ex- 
amples. 

I. Let there be taken, in the first place, the 
equation fly = 6x-fc, which is that of the right 
line. 




Then, if the abscissa x be taken on the line aH, 
from any point D, towards B, it is plain, that 

when a?=0, we shall have y 5=?-. 

Consequently, if de be drawn at right angles to 

x&^ and made equal to ~, the line which belongs to 
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the proposed equation must pass throogb tbe 
point E. 

Also, if the ordinate y be taken =sO, we shall 

have j:= — r; wherefore, if DC be t^en on the 

contrary side of », and made = r, the line, to which 

the equation belongs, must also pass through the 
point c. 

Whence, as two points in the required line are 
now fixed, mcm must be the line answering to the 
proposed equation. 

CoR. If DP be made to represent any value of jr, 
and the ordinate MP be drawn parallel to ed, mP 
will represent the corresponding value of y. 

3. Let there be now taken the equation ^= 
ax 4- aJ, which is similar to that of the common 
parabola. 




>// 



Then, supposing ab to be the line of the abscissd?. 
We shall have y= ±_^/{aX'{^ah)^ where a and h 
being given quantities, if dp, or x, be taken on the 
right from D, and assumed of some known value, 
^iax^ah) will also be known. 

Whence, if pm and wt be' taken on contrary 
tides of AB, and be each made equal to V(aa:-f «i), 
M and m will be two points in the required curve. 

And, in like manner, it is phiin> that for e\^ery 
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positive value of the abscissa x^ taken in this way, 
-we shall obtain a point of the locus of the curve on 
each side of AB. 

It i^ also evident, that the greater dp, or x, 
is taken, the greater will \/(aj? + aJ) become; 
and, cpnsequently, also, the greater will be pm 
and pm. 

If DP, orx, for instance, be supposed indefinitely 
great, pm and vm will, likewise, become indefinitely 
great ; and, therefore, the curve must go oft' to aa 
infinite distance on each side of ab. 

Also, if X be supposed to vanish, y will become 
= ±Vab; so that the* curve, in this case, will pass 
through fi and e, and de, De will be each a meaa 
proportional between a and &• 

And if the point p be taken on the other side of 
D, J? will become negative, and we shall have 
^ = -f ^/(ab — ax) ; in which case it will have tw0 
values, as before, while x is less than 6. 

But if DA, or Xy be taken = b, and the point P be 
supposed to come to a, ab will be =ax, and .y=0; 
that is, PM and Pm will vanish, and the curve wiU 
cut AB in A. 

Again, if the point p be taken on ab, produced 
to the left of a, x will become greater than 6, and 
ax greater than ab; so th^tV{ab — ax), or the tw^ 
values of y, will, in that case, be imaginary. 

Hence there are no ordinates to the left of a 
that will meet the curve; and, consequently, aa 
part of the curve can lie on that side of a. 

3. Next, let there be given the equation y = ^i^j?, 
which belongs to a line of the third order> to de- 
termine the curve. 
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For this purpose, drair tbe twaindefiait^rigbt 
lines AB, DE, at right angles to each other; and 
suppose the vahies of ar to he taken upon CBfirom 
1^ point Q, and those of* y upon cv^ or tipoaiioes 
parallel to it. 

Then, from the nature of the proposed equirfUQS^ 
It is plulny ihat when x^Oy ywiil also he =8^ ^nd, 
-consequently^ the. curve inugt passi /dirpugh. itl*5 
,poin*€. ':. . 4 V , -^ 

V, In ]i)s:e iQ$iid|er^ if y = 0^ it ,« , ohviwe j tkitt i?? 
.^ivill aljM>;be «0; and^ therefare, . thje .currit oasiidt 
cut the axis ab in any other point than c^j^ . 

Wherefore^ takii^i^/ or cp^=*|;«, w# skidl have 
yml/^y or 3s;^a^4^ a^dy conse^ttently^df m^^he 
drawn parallel to cDy and nip.de » ^a^4^ M/Mtill hte 

Jkfeo^ l)y taking a?, . t)r xji^ra «, -y wilV became 
= Vc^y sor 4K; awSd^Jtherefdr^, diawing I*^^pa^aillel 
to CD, and making it =% M^' will be another point 
in the curve. 

And thus, by assuming jAther values of x, as 
many points in the curve ^may be found as shall be 
thought necessary. .^ ^ 

Again, taking x indefinitely great, it is plain, 
from the given equa^n, fhat y will also be inde- 

finibglygr^t; Iwd^J coefl^qwntiy, tb^ . cni;Te .must 
pass on to iufiiiity. 
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* 

Also, since when ««0, y is =0, and idien x is 
lAJ^nite y is infinite, it fdilows, tbat the curre can 
have no asymptotes that are parallel to iht co- 
ordinates. 

Farther^ let tbe right line cm^ be drawn, cittting 
PM in F; then^ becanse p'm' is ^cp^^ pf will be 
=scp, or fa. 

Bnt PM, as abore shown, is =5fa?/4, which is 
manifestly greater than fa ; wherefore, pm being 
greater than pf, the curve cmm^ must be concave 
to its axis cb. 

Also, if J? be taken negatively^ or on the other 

side of the point c, we shall havens V-^i^x, or 

^Vifxi from which it is evident tbat there will 

arise as many negative and eqaal values of y, falling 

below AB, as there were positive values of it falling 

above ab. 
Whence it follows, that the branch of the curve 

cmm^ will be similar and equal to theiumnch CMM% 

but having a contrary position. 

4. Again, let the proposed equation be i^n 

fffa^-^a^t which belongs to a line of the fourth 

order, or to the curve called the Lemniicaie. 




Here, taking AB for the line of the 
and making it » a, we shall have Jf » ± V(a* 
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tirliichr bein^ ^a when ^^asO^ tt i^ pli£n tkaiathe 
ou^ewiU p«£a^ tbrai»gh die pdootti Ay from "tvrhkk 
the values of x are ^stimated^ 

Aha^ if X be taWen on the vtppet side of a^ and 
mad&^A)'^^ oa die^ undei? sbte and n^ade »£ ^a^ 
Shrill be »Oji aiifd) nsonsequeally, th^ ctir^e will pass 
through the points ^, b, sopposimg a& to^ be »3 ab. ^ 

And 'if X b^ tlJieu greater tha» 41^ it is'plain that 
the twov valuer of ^ will be imaginary; and^ tWe;^. 
fare^ hq part of the Cjan!;e caii> Ue< beyond » or- d«^ > 

Again^ when at =» ± §a, or ±^ab, we skali httve 

y- ± 2^{«* - 4«^) J or = ± ^aV3 , and> therefiAre, 

if the ofdhiates T^ tm', in^ thisi c?a6e^ be tnade 

a»|:tfvfa3 M an4 M^ frill he tw6 pk>iilts in tile cimre. . 

And thna, by taking otheit Talne» o^ /f^ and 
sn^tltQting thei^ in the given e^uafftoo^^ as ma?ny 
points in the curve may be found as shall- be, 
tlioiigfa% neceetatry* > 

From which process/ repeated lU'^he way lltt"et 
mentioned) it wilt appear ^ar^e c^nh^ consists of 
fii^e^al'aildtsibBiilar parts^ Imping a'<dd«ble point 
at A; and thafi' a riglit lin6 Tmmi^f be^ ^drarwn t6 cat 
it in foitit diflbr«int ]>oiatg, a^eeaibfy' to what tias 
been before obfiieryed, :^ - 

5. Next, sj^ose y'^.{tix^--^ax-^*)y^+x''- 
a3f,JrfO, or a\ax\+2/^^4(d'r^y^^^j^ax)% to\f^^ 
given equation; which aUo belongs to. a li^se pfth^ 
fourth order, or to the curve called the Cardioide, 
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Ickre, left A(t( = ^) be the Jiae of tBe absdssae-^ 
£iit<f the pet^emcBail^ ad^ otwme right line paralld 
to it, the Kne of the oii^inates. 

. Then^ it i$ evident, from the given equation, 
that wh«Q j^ c±= 1^ X Will be =^a; an d> consequently, 
the curve will ptes through the extremity a of the 
line Aa, and have At> a tangent to it at that point* 

It is, also, equally manifest, that when sc^o 
y will be =^a; and^ therefore, if Aa, or ac, which, 
in this case, are the values of y, be drawn perpeu-* 
di^lar to Aa, and made = §a, a and c will be two 
ppints in the curve. 

, And by finding, in like manner, other values of 
y, the locus of the curve, or any uutaber of points 
in it, may. be ireadily determined. . 

, But its figure and constructions will be best, ur^ 
derstopd from the polar equation, which may be: 
formed by putting Aa, or v'(x* -hy*) = «f, aiid th^ 
single EACt :^ ^, as usiial. . 

In which ea9e> we shall have aQ,(z) : rad*():) 
ab(4?) : cos. 45, otx^zcos.^^ wA, eansequentiiy^; 

»,Or,^ cp^tra^^ting the square .root of- each «[dje*of 
this last equation, and dividing by ^ 

a=2)s — fl^cos. ^, or 5; = §a + §a COS. ^li ** 

- Also, if Aa be bisected in B, and BP be dtawn 
perpendicular to Aa, we shall have 

AB(|a) : rad.(l) : : ap : cos.^; or ap = §a cos. ^. 

Whence, substituting ap for this value of it in 
the last equation, there will arise « = §a-hAP. 

But Aa=sr, AB = fa> and Apa^Aa'-i-pa; where- 
fore, Aa = AB + Aa - P6, of AS *= pa. 



I ^ 



:.$ 



420 APPLICATION OF AVGJSBKA TO 

ft 

Hence, describing the circlej aw^, upon ab^ or 
^Aa^ as a diame;^r, and drawing apo, on each 
side of AOy so that pa shall be every where ^^am, 
the figure aooca will be the reqnired curve ; having 
a cusp at A, and co. or OlQ, == aa or 2ab. 

6. Lastly, let it be required to determine the 
locus, and other particulars, of the equation 
a^* — xjy* =^jfr\- bx\ which represents a line of the 
third order. 

M/ P> 
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For this purpose, take ab(»6() for the line of 
the abscissee, and the perpendicular bd, or a right 
line parallel to it, for the line of the ordinates, as 
usual. 

Then, since, by the pi*oposed equation, y= 

4- (-- y. it is plain that pm and p»», taken on 

different, sides, of ab, joaust be 'equal* to these verdl 
values of ( — ^^ — Vy obtained by assuming certain 

•%. T. .1. . <■ < 

;; ,*' < J . • ■ t • • /.I - 

particular values for x. , 

But if Xj in the above expression, be taken = ab» 
or a. 2/ will become infinite; and, consequently, 
DBE will be an asyijnptote to tlie cai^ve. 

And if X be supposed greater than a, or ap 

gveflrHar thitn ah, ^tfae fraction => » ^ ' ' - , being, in that 

case, negatite, its square root wiU be impossible , 
to that no j^art of th^ curve can fall beyond b. 
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H is also faftlier evident, tliat when a?= 0, y wUl 
be =0 ; frdm T^Mch it follows tliait the curve must 
pass through the point a. ^ 

• 'Again, if a? be supposed negative, or p he taten 
on the other side of a, we shall have, when or is less 

th^n J, y= ±( -y;, in which case, the twt> 

jTQotsi or values i of 1/, will be real and equal to each 
other. 

But if w^by the two roots, in that case, will 

both vanish, because y=^ ± (" — -rY = O ; and, there- 

ft 
fore, if AC be taken =i, the curve will pass 

through the point c, forming a nodus between Ji 

^nd c. 

And if X he tfiken greater than 6, y^ or its equal 

'± ( — -— )^j will become imaginary ; so that no part 

«v ^^ tqf 

of the curve can fall beyond c. 

Farther, if y be supposed = 0^ a?' + hx^ will, also, 
= 0; and as the three roots of this equation are 
^— ft, '6, and O, it is obvious that the curve lyill 
have a double point at a, or must pass twice 
through it. ' 

Also, if h be supposed to vanish, so that the 
equation becomes ay* — xy^ = 4?^, the nodus will like- 
wise vanish, ?ind the curve will consist of two arcs, 
forming a cnsp at a; being, in this case, what is 
called the d&sind of DiockSp before treated of. 
'Havirtg thus givfen a brief absti-act of siich partst 

l>f this, doctrine as seemed best- <^lcalated tb'af tr»Ct 

"■••••• «* ■ ". 

the attention of leaijaers, I qan here ent^r no far- 
^her into the subject^ than barely to Jaj bigfor^ tljf 
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reader a few particulars relating to the cbarai6Mr«^ :^ 
properties^ and species of lines of the third orders - 
as treated of by Newton, in bis celebrated triBatis^^ 
entitled Enumeratio Lmearum tertii OrtUnis, first ' 
published, at the end of his Optics,- io l/'OfiCjS')* ' • 

Here, among other preliminary rematks, re- 
specting the similarity of the parts and propertieet> 
of these lin$s with those of the codie s^ctidus, the 
author observes, that these latter curves have di* 
aiheters and a^es^ such that the right lines bisected 
by them are oidlnates, and the intersection of th# 
curve jind diameter the vertex. . , 

So, in lines of the third order,' if any two paral- 
lel right lines, meeting the curve in three points, be 
cut by another right line, so as to make the sum of 
the two parts between the secant and'the curve, on 
one side, equal to the third part, ie^mlhated by th^ 
curve on 'the other side, the sanie will be tnie of^ali 
other right lines parallel tp thesej that meet 'the 
curv^ in three points. ; 

Heiice, he pbseryes, that these paiis^ ^ taben^ 
may be called ordptates ; the cutting ; line th^ 

(p) A mor^ acc^)table present coxjid scarpely ^e imide to 
the"BTTtish*BtudeTrtrwko-has^ already actjuiyeda ceDiamportiox^ 
of scientific knowledge^ than a good translation of this work, 
and the Commentary on it, by Stirling, into the English lan- 
guage 5 with notes containing the observations^ and improve-^ 
ments of later writers : as there is no subject^ perhaps, witbiii the 
qpfups^si of pure mathematics, that can jbe considered as nk>re 
%aij|;if^l, or better calculated to deligjit the mind, .than the 
ingujar and unexpected harmony of thie properties of the 
various curves wBich arise out of this apparently complicated 
^quiry. 
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4iemtgfert aod^wbe© it meets tbe.ordinates at right 
lUii^^, th^M^; tbe.iiptf^rsectlon of the diameter 
and cufvej the vertex;, the concourse of two diame^ 
ters^.the c^r^l^e; ainl the .conoonrse of. all the di- 
limeters, the.oamman^ or general centre (q). 

He next :proceedji^ after some farther remarks of 
tbeilood aboye Hientioned, to ^observe, that the 
l|fMJchQ9» or Jc^^iof all lines of. the second, third, 
and other higher orders, are either of 'the hyper- 
bolic or pMrabciiic kipd; ap hyperbolic leg being 
th||.t which af^i:oach<^ indefinitely towards some 
asymptote, and a parabolic 1^, that whiph has np 
asymptote. . 

> These lQgS)i he considers as best distingoisbed by 
tibetr tangents^ sinoe^ if the point of contact be at 
ao: infinite distance, the ^angent ^of an hyperbolic 
]^;will caia^ckle^ wi& the asynoiptote, a^id that of 
9. puah^ltc leg Fill. recede indefinitely^ or be nq 
wh^re tp be found.. « . 

- So that the..asyixiptote of any leg of a curve 
win foe IbnoiH^hy seeking the taogent of that leg at 
ft.^point infiaitely iiistaht;: and the direction, or 
course, of an infinite leg will be found, by seeking 
the position of a right line which is parallel to the 



• - . ' • Si 

I * * II ■■ ■ I I I <■ I ■ <■ 111! i> II <^«<. II ih*^^»i^l>ti*llfc— Ufa 



{q) .From this it appears, tna,t Newton considers the dianietei: 
pf any curve, to be a rigtt line, which (fivides two other pa- 
rallel right linbs in such a manner, that, in each of theiii, all thef 
a^^ei^ta^ 9T;ord.ina^s, on on^ side^ bet\yeen the diameter and 
diflevenl points of, tjie curve, are equal to all those on the othec 
side. But, accordinff to others, a diameter is that line, whether 
right or curved, which bisects all the parallels drawn from one 
point of the curve to another. 
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tangent where the point of contact gdes cMkd mfi-^ 
nitum; this line havings in that ease^ the saolitt 
direction as the leg. 

He then reduces all linea of the third order to 
four cases of equation^, expressinig-^f^he r^Iationtf of 
their abscissse and ordinates; wd gises tfatoiif en»^ 
meration^ together with diagrams eiliibiting aU di« 
forms of the several corves; the <rs(8(B& hMei vsMk* 
-tipned beings -v. , r , i 

1st. xy® + €y.= ajf -f ft-^'+to+'rf • ' *• 
2d. , , . x^ =^-h&P' + Wrf 4 
3d. . . . ^'=5:.a*' + i^4-cj?.+ rf . 

' Where it is to be ofaservedj that thje^ coefficients 
a, i^ c, d, e, denote give^ qjaautiti^R, wfaicb mesf 
betaken eithep positively or uegatiy^ly ; and that 
^Y one^ or more^ of liie terms of thd'e^nattow nqiy 
be wanting, provided the. figuxei hf ^ this .meaas^ 
does^not become a conic section* ; ..» . m >< 

Xo this we may s^d, that mfid^{;tlie8e four <iasfiS>< 
considered in thia.way, a |preat ^va^i^ty «f 4ifieresdr 
forms of corves ante found to arise^ ' to wbik^j 
author has given the follpiy^ngHfiiiM8^4 / 

1. An hyperbola, lying wholLj iw^iof the (Sttgler 
Qi([ the asymptotes,, like.th^..c;opi(U^ he caUsi 
aii inscribed hyperbola; and tha.^ whi<di cuts ittifc 
asymptotes^ and contains^th^ p^^ ^ut, 9jB[.^ithiuil^ 
own periphiery, a civcumscribedii^pi^Mfh^. '■< '- \i 

2. When the hyperboUl](;^s^j((^j0fr itaidiinito 1 
le^s inscribed, or falling withiu ofja aayiU]^tirtiev'> : 
and^nothex circumscribe^, or faU^iig; he^oodtttou 
asymptote^ it isc^d (intbi^^ffiq^M^. ij i .»' > v o .^v\^^ 
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.- jk That wKicb'Ims its legs looking towards each 
afcber^ and direeted the same way, is said to be 
converging ; and that which has its legs looking 
0Datfary -wa^A, Merging. 

? .44 When the -legs are convex different ways, it 
kcalkd/cross^-^^M; and when they cut the con* 
jugate aerosol, cruciform. 

Bi&^.That wfateb is applied to its' asymptote, with 
a concave vertex and diverging legs, is called con^ 
choidal; and that which cuts its asymptote with 
contrary flexures^ and has its legs produced each 
way, is said to be anffuneal^ or serpentine.' 

6. When the curve returns round again, and 
oats itself, it is called nodated; and if its parts con-, 
car, and terminate in the angle of contact, it is 
said to be cuspidated. 

'7* That whose conjugate has ^ri oval, which, 
vanoishes, or becomes indefinitely small, is said to 
he pointed^ or to have a conjugate point ; and that 
^icli, on account of two of its roots being im- 
possible, has neither an oval, eu^p or point, is 

called /itire. 

8. Also^ when the hyperbblic legs exceejd in 
number those of the bonic hyperbola, or are mpre 
than two, it is called aredtf^ddnt hyperbola; and 
when it has^ fewer le^ tlidn the cdriic hyperbola, it 
is said to bea ^e/^it)lj hyperbblal 

9. He likewi^ fcalls such 6f these figures as 
h»ve their ordinMe^ determined by dividing the 
re^Qiilg}^ of thb' ordliiate of a given coqic. section 
and a; gi^n x^ltt line by the commbnf abscissa, 
htfperbolismce q{ an hyperbola, ellipse, ot* parabola; 

^0. And in a similar manner, to what is above ^ 
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sliowii of the hyperbola, tie a&o JtnvmukaAes li 
parabola, redundant, d^ecti^ JBverging^ eantet^ 
twjg*, crucijhrm, &c 

This being premi^^ it oiay Miw^* be obstpvedl 
ihat the four cases .of eqnotionr above mentiaited 
furnish the foHowing classes and varieties of tlieae 
curves, 

. 1. Nine rednndaut hyperbolas without diameters^ 
. having three asymptotes including a triai^le ; thc^ 
first consisting of three h3rperbolas, one inscribed/ 
another circnmscrihed, and the third ambigeMa) 
with an oval ; the second nodated ; the third cas-* 
pidated; tlie fourth pointed ; the fifth * aad siztii 
pare; the seventh and eighth ctaciform; aod dhcr 
ninth anguineaL 

2. Twelve redundant hyperbolas vrith only one 
diameter; the first oval ; the second nodated; this 
third cuspidated; the fourth pointed; the iiftb^ 
sixth, seventh and eighth, pure; the ninth aind 
tenth cruciform; and the eleventh and twelfth' 
conehoidal. ' ^ • t 

3. Two redundant hyperbolas with three diaizie**.' 
ters, and nine others with three asymptotes,' con- 
verging to a common point ; the first being formed' 
of the fifth and sixth redundant hyperbolas, whose 
asymptotes include a triangle; the second formed 
of the seventh and eighth ; the third and fourth of 
the ninth ; the fifth is formed of the fifth and se-^^ 
Tenth of the redundant hyperbolas with one diame^ 
ter; the sixth of the sixth and seventh; the ^vtas^ 
of the eighth and ninth ; the eighth of the tenth 
and •le^'enth ; and' the ninth of the twelfth 9(n4 
thirteenth; all^of which conversions arc^ effected* byv 
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4. Six defective iiyperbolas having no diametei9i' 
tba^mst evfd; iteiBecoiid obdated; the third ens- 
|id3ited;j)the'^otirtfa>point)Bd; and the fifth and sixtir 

5. Seven defective hyperbolas having diameters^ 
tlie;&r8fe aild-siBCond ^oonchoiida:! with an oval; the 
Ijiird UDdeuted.; dbe f0artb> cnsptdated (which 
il thb cigsoid «of the ^ ancients) ;. the fifth and sixtllk 
jiiwatiBd; a¥)4 tbe seventh- put^. 

r £L Seven parabolic Iiyperbolas having diameters $ 
tiuovfirst ovali; the second nodated; the third ens* 
pifllated; the; £i>ufdi pointed; the fifth pure; ti», 
' sixth cruciform; and the seventh angoineaL. . 

'. rifi {kwir pamboHc hyperbolas ; four hyperbolisms 
of.thekj^rbola; three hypearbolism^ of the ellipse ;;' 
arid^ two liyperbolisms of the parabola. 

Im8; Six diverging parabolas; the first a trident; 
thef .second ovil; the third nodated; the fourth 
pointed; the fifth cuspidated (which is Neil's para-'- 
bala);:and die sixth jmre. 

9* Lastly^ one, commonly called the cubical pa^ 
nabola* 

> 111 which leases it may be observed, that, amongthe 
rtamber here mentidned, sixty-five are derived from 
the first of the I four equations above given; <ine 
fronf the second; five from the tbTrd; and one "from 
tbip fourth; itiaking in all, according to the enutne-^ 
rlr^ion of Newton, seventy-two different specids. ^* 
But Stirling has shown this enumeration to be 
ie^rf^tt, having added to the number four more: 
rtdoidbnfe hyperbolas; and Nicholas B^n^libi 



